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BIFURCATION OF SOLUTIONS TO SEMILINEAR ELLIPTIC
PROBLEMS ON S? WITH A SMALL HOLE
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ABSTRACT. In this paper we prove the existence of non-positive or non-radial solutions
to semilinear elliptic problems on S? with a small hole. When the hole is sufficiently
small, we prove that the multiplicity of eigenvalues to the corresponding linearized
problem is 1 or 2. Thus, by using the result, we show those eigenvalues are bifur-
cation points, and the corresponding bifurcating solutions are not positive except for
a bifurcating solution which is corresponding to the first eigenvalue. Moreover if the
multiplicity of a eigenvalue is 2, then the corresponding bifurcating solution is not
radially symmetric.

1 Introduction We investigate the existence of non-trivial solutions to
(11) Agnvu+ Au+ |ulP~tu =0 in Byg,,
' u=20 on 0By,

where Agw is the Laplace-Beltrami operator on the N-dimensional unit sphere S (N > 2)
and 1 < p < co. Here By, is a geodesic ball on S with the geodesic radius . In addition
the origin of By, is at the North Pole (0,0, ...,0,1) in the (N + 1)-dimensional Euclidean
space RVFL. In this paper we consider a classical solution to (1.1) (in fact we shall prove
the existence of a solution u € C%%(By,) to (1.1) with some «a € (0,1)).

When (N —2)p < N+ 2 and A < Ay (A is the first eigenvalue of Agn on By, with
the homogeneous Dirichlet boundary condition), we can prove the existence of a solution
to (1.1) by using the mountain pass lemma (e.g., see Theorem 6.2 in Chapter IT of Struwe
[17]). In fact, by the Rellich-Kondrachov theorem (e.g., see Theorem 2.34 in Aubin [2]), the
compactness of Hg(By,) < L?(Bs,) is guaranteed, and we can apply the mountain pass
lemma.

In the case of N > 3 and p > (N +2)/(N —2), the compactness of H}(By,) — L*(Ba,) is
lost, and hence we need other approaches to prove the existence of solutions. The first result
on this problem is by Bandle, Brillard and Flucher [5]. For N > 3, p = (N 4+ 2)/(N — 2)
and A = 0, they proved the following result: there exists some 6. € [0,7) such that (1.1)
has a positive and radial solution if and only if 8y € (6., 7) (the radial solution means a
solution depending only on the geodesic distance from the North Pole). Additionally if
N > 4, then 6. = 0. On the other hand, if N = 3, then 6. # 0. Later Bandle and Peletier
[8] investigated the case N =3, p =5 and A = 0 in detail, and they showed that 6. = /2.
Moreover the author of this paper [14] also focused attention on the case N =3, p =5 and
A = 0. Namely, instead of the Dirichlet boundary condition, the author assumed the Robin
boundary condition and clarified the structure of positive and radial solutions to (1.1) under
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N =3 and p = 5. In addition, for p > (N + 2)/(N — 2) with N > 3, a solution to (1.1)
seems to exist, but it seems difficult to investigate the structure of solutions to (1.1).

The case A # 0 is also studied. Bandle and Benguria [6] proved that, for N =3, p=5
and A > —3/4, there exists a unique, positive and radial solution to (1.1). Here A = —3/4
is the second eigenvalue of

Agsw+4 w=0  inS3

which is the linearized equation of Agsu+\(|u|*u—u) = 0 around u = 1. On the other hand,

Brezis and Peletier [9] showed the existence of positive and radial solutions for negatively

large A\ (they proved that many positive and radial solutions exist). Furthermore Bandle,

Kabeya and Ninomiya [7] investigated the bifurcation structure for A < —3/4 in detail. In

studies above positive solutions are only treated, and no one investigates the structure of

non-positive or non-radial solutions. Thus we focus our attention on those kinds of solutions.
Linearizing (1.1) around v = 0, we obtain

(1.2)
w=0 on 0By, .

{Asww—i—)\w:O in By,,

In this paper we only consider the case N = 2 and shall prove that eigenvalues of (1.2) are
bifurcation points of (1.1). For the purpose we shall apply the Lyapunov—Schmidt reduction
method and construct bifurcating solutions (for the Lyapunov—Schmidt reduction method,
e.g., see Section 5.3 in Ambrosetti and Prodi [1]). To apply the method, we are required to
know the multiplicity of eigenvalues for (1.2). Moreover, to see the positivity and the radial
symmetry of the bifurcating solutions, we need to know profiles of eigenfunctions. Hence
we shall investigate eigenvalues and eigenfunctions.

Let the polar coordinates
y1 = sinpsin f
Yo = sin p cos f

y3 = cosf

with (y1,v2,y3) € S C R3, 6 € (0,6p) and ¢ € [0,27]. Then the operator Agz + A is
expressed as

1 0 [ow 1 0w
Ag2 = — | =i — .
s2W + Aw sin939< Sln9>+sin293<p2+)\w

Additionally, for convenience below, we define v > 0 satisfying
(1.3) Ai=v(v+1).

Solutions to (1.2) are expressed by using the separation of variables. Namely let

with
r = cosf.

Here, by considering the regularity of solutions, |P(1)| < oo, ®(0) = ®(27) and ®'(0) =
®'(27) must be satisfied. Functions P(z) and ®(yp) satisfy

d*pP apr

m2
(1.4) (l—xQ)W— T +{y(y+1)—}P_o,

1— 22
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and

d*®
(1.5) d—(pQer?cb:o.
From the periodicity of ®(¢), m is a non-negative integer, and any solutions to (1.5) are
expressed as ®(p) = Cy cosmy + Co sinmep.

On the other hand, (1.4) is known as the associated Legendre equation. The equation
(1.4) has two kinds of solutions P = PJ*(z) and Q!'(x) such that |P)"(1)] < oo and
|Q7(z)| — o0 as & — 1, respectively. In addition these solutions are linearly independent.
From the condition |P(1)| < oo, we have only to treat P = PJ*(z). Each P}"(z) satisfies

B = { 0 (m=1,2,..),

and
(1.6) sgn(P)*(z)) = (=1)™ mnear x =1,

where sgn(a) denotes the signature of a (see (4.1) and (4.3) in Appendix).
We assume v = j > 0 which is an integer. Then, from (1.6) and

PP (—x) = (=1)"7"P}"(x)

(e.g., p.131 in Moriguchi, Udagawa and Hitotsumatsu [15]), it follows that

m _ (_1)j (m = O)a
Fr=n = {o (m=1,2,..).

Hence A = j(j + 1) and C1P["(cos 0) cosmp + C2P"(cos 0) sinmep are an eigenvalue and
an eigenfunction of Agaw 4+ Aw = 0 on S?, respectively.

On the other hand, to solve the eigenvalue problem (1.2), we are required to find solutions
to (1.4) satisfying the boundary condition

(1.7) P(cosbp) = 0.

For any fixed m = 0,1,2..., there exist infinitely many A = v(v + 1) satisfying (1.4),
(1.7) and P(1) = 1 or 0 (e.g., see Chapter 10.6 in Ince [13], which is a general result
on the Sturm-Liouville equations). But, in general, it seems difficult to investigate the
multiplicity of eigenvalues for (1.2). In fact, for any m and n (m # n), it is not known
whether P} (cosfy) = PJ'(cosfp) = 0 holds or not (partial results are obtained by Baginski
[3], [4]). Hence, for any 6y € (0, 7), we does not see the multiplicity of eigenvalues for (1.2).
Thus, in this paper, we set
Op=7m—¢

and only consider a sufficiently small € > 0, that is, B,_. is S? with a small hole. Then we
can exactly prove the multiplicity of eigenvalues A. Hereafter we use the notation
I(a+ k)

(1.8) (a)r =ala+1)(a+2)...(a+k—-1)= ()

where k£ > 0 is an integer and I'(z) is the gamma function ((a)o = 1 and (1) = (k — 1)!).
The result on eigenvalues of (1.2) is as follows:
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Theorem 1.1 Assume N =2, 0y =7 —¢, 1 <p < oo, and arbitrarily fir an integer j > 0.
Then there exist (j + 1) positive values {v"}),_o such that each NI := v (V" + 1) is an
eigenvalue of (1.2). Moreover, as € — 0, it holds that

2j+1 1

. _

(1.9) AT = i+ )+2llogel+0(llogel> m=0),
GG+ 1)+ (27 + 1)ejme™™ +o(¥™) (1 <m < j),

where ¢j o = (§+m)!/[4"m!(m — 1)I(j —m)!].
The asymptotic formula (1.9) implies that, for sufficiently small € > 0, it holds that

G+ <M <N P<NTZ <<\

7,€?

and each A7 is located near j(7 4+ 1). In addition the eigenspace corresponding to ARE is

spanned by 7PSQ (cos ). On the other hand, for 1 < m < j, the eigenspace corresponding
J

to A, is Spanﬁgd by P% (cos ) cosme and P4 (cos ) sinmy. Therefore the multiplicity
’ J:€ Js€
of eigenvalues of (1.2) is 1 or 2.
By Theorem 1.1, we can apply the Lyapunov—Schmidt reduction method, and the fol-

lowing result is proved:

Theorem 1.2 Assume the same assumptions as in Theorem 1.1. Let ji:= X — A]'.. Then
the following statements hold:

(i) For m =0, there exist a constant 6; > 0 and a non-trivial solution

_1
U?,e( R ;/~L+/\?,e> = |‘LL|P_1{t?_’€(ILL)’U* +ljo,e( Ty 7#’)}
to (1.1) for p € (=0;,0), where t9 (n) € R and I (-, - ;p) € C**(Br_.) are of
class C* with respect to p. Heret) (0)=1,13 (-, -;0) =0 and

v, = MyP% (cosf),

ijé
with some constant My > 0.

(i) Arbitrarily fiv t. € R and s. € R such that the condition t2 +s2 =1. For 1 <m < j,
there exist a constant 0; > 0 and a non-trivial solution

ufe( s s p AT = P {o( (), sTe () + (-5 - 50}
to (1.1) for p € (=6;,0), where t7(p), s7%(u) € R and I7".( -, - ;1) € C**(Br_) are
of class C* with respect to p. Here t1’.(0) = t., s7%.(0) = s., I7%.( -, - ;0) =0 and

u(t,s) = M, {tP,j?ﬁ (cos @) cosmep + sPlZ%LE (cos B) sin mgp} (t,s € R)

with some constant M,, > 0.

Since I}, (-, - ;) — 0 uniformly as u — 0 and P9 (cos6) (the first eigenfunction of (1.2))
) 0,¢

is positive on (0,7 — €), the bifurcating solution ug’e(u) is also positive. On the other hand,
u. with j # 0 are not positive on (0,7 — €). Especially, for each m # 0, u7" () is not
radially symmetric since eigenfunctions Plf;ln (cos 6) cosmep and P;’;}Le (cos 0) sinmep are not
radially symmetric.

In Section 2 we investigate zeros of associated Legendre functions and show Theorem

1.1. In Section 3, by using this result, we prove Theorem 1.2.
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2 Zeros of associated Legendre functions and Proof of Theorem 1.1 In this
section we prove Theorem 1.1. In arguments below, we set N = 2 and 6y = m — €. Since
our aim in this paper is to investigate (1.1) with a sufficiently small ¢ > 0, it suffices to
investigate zeros of P (x) near x = —1. In fact the following proposition holds:

Proposition 2.1 Assume j and m be integers satisfying 0 <m < j. If j < v < j+1, then
PJ(x) has j —m+1 zeros in (—1,1). Moreover let 2" (v) be the smallest zero of P)*(z) in
(=1,1). Then 2"(v) € C*((j,j +1)) and 2*(v) \, =1 as v\, j. Furthermore it holds that

—1+4+2(1+o0(1))exp (— ! ) (m =0),

v—=7
—1+ (djm + 0(1)) (v — )= (1<m<j),

(2.1) zjm(z/) =

where dj = 2[m!(m — D)5 —m)!/(G +m)|/™ and o(1) — 0 as v\, j.

By the monotonicity of z7"(v), we obtain a unique solution v = v, to 27"(v) = cos(m — €)
for any sufficiently 5mall e > 0. Moreover (1.9) follows from (2.1). Therefore, to show
Theorem 1.1, we prove Proposition 2.1. Before the proof of Proposition 2.1, we state some
preliminaries.

First we define

Y(@) = - log(x) =

For I'(z) and ¢ (x), the following lemma holds:

Lemma 2.1 (Theorem 2.1.1 in [10]) Functions I'(z) and (x) are analytic on R except
for non-positive integers, that is, x = 0,—1,—2,.... Moreover, for an integer k > 0, it holds
that

[(z)

,limk(a: + k)T (x) = o and limk(l’ +k)p(z) = —1.

Second we state some properties of P (z). For P*(x), the following two lemmas hold:
Lemma 2.2 It holds that P{(z) = 1 and P (z) = 0 in (—1,1) (m > 1). Moreover if
m > v, then P"(z) > 0 in (=1,1) (v is not an integer) or P"(x) =0 in (—1,1) (v is an
integer).

Lemma 2.3 Assume that v > 0 and v is not an integer. If m is an integer satisfying
0 <m < v, then it holds that, for any x € (0,1),

m -DH"™"TI'(v+m+1) m m
P (—1+2$)=(F()V_(m+1)m,)az?(l—x)Q
m+1
e P"(1 —2z)logz
2 (—v+m)p(v+m+ 1)
— k
+Z:O (m + D)kl {Y(=v+m+k)

+¢(y+m+k+1)—¢(kj+1)—¢(m—|—/€+1)}mk]

m— 1
(m — 1)'m' —HL V + 1 k
+F(—u+m)F(u+m+1 Z 1 —m)ik! NIET

with (—1)! := 0.
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Concerning proofs of Lemmas 2.2 and 2.3, see Appendix. Lemma 2.3 implies that if v is
not an integer, then P"(x) tends to oo or —oo as ¢ — —1.

Next we prove a result on the number of zeros of PJ*(x). For integers j > 0 and
m =0,1,...,j, it is known that P]"(z) has j —m zeros in (—1,1) (e.g., see p.246 in Sansone
[16]). On the other hand, when v is not an integer, the following lemma holds:

Lemma 2.4 Let j and m be integers satisfying 0 < m < j. If v € (j,j + 1) is fized, then
P (x) has j —m + 1 zeros in (—1,1).

Proof. Let m = 0. Then, from Lemma 2.3, we see that, as x — 0, the leading term of
PY%(—1+2z) is logz. Hence, from PJ(1) = 1 and

(2.2) Ly)l(-y+1)=

sin 7y’
(e.g., see p.1 in [15] or Theorem 2.2.3 in Beals and Wong in [10]) it holds that, as  — 0,
1

Po-1+422)=——— " PY(1—22)1 1
(2.3) .
smuym
= "2 Jloga| + o(log 2]

On the other hand, let 1 < m < j. Then, from Lemma 2.3, we see that, as x — 0, the
leading term of P/*(—1+ 2z) is #~™/2. Hence, from (2.2), it holds that, as x — 0,

()"m-DI(1—2)% _n _m
F'v—m+1HI'(—v+ m)x +ol@™?)

— [ _
=(—1)m“(m Dlsin(v —m)r _n

Hence, from (2.3), (2.4) and

PI(—1+ 2z) =
(2.4)

™

sgn(sin(v —m)m) = (=1)7"™ for v e (5,5 + 1),
it holds that
(2.5) sgn(P7(—1 4 2x)) = (—1)7+* near x = 0.

Now the number of zeros for P"(x) (z € (—1,1)) is denoted by #§(P.)*), and we recall
§(P") = j —m. We apply the Sturm-Liouville theorem (e.g., see pp.224-225 in [13]) for
(1.4), and, from v € (j, j + 1), we see that §(F,") > §(P]") = j — m. Similarly, we compare
PJ'(z) and P (x), and hence it is proved that §(P)") < §(P/4,) = j —m + 1. Thus, for
ve(j+1),4Pr)=j—morj—m+1.

From (1.6), sgn(P*(z)) = (—=1)™ near z = 1. If §(P*) = j — m, then sgn(P"(z)) =
(—1)7 near z = —1, which is inconsistent with (2.5). Therefore §(P*) = j —m + 1, and
Lemma 2.4 is proved. B

Now we show Proposition 2.1.
Proof of Proposition 2.1. Fix an integer j > 0 and an integer m € [0, j]. The number

of zeros is already known by Lemma 2.4. Thus it suffices to prove the asymptotic formula
(2.1). The following arguments are divided into three steps.
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Step 1. We prove that the smallest zero 27"(v) is of class C! with respect to v € (4,7 + 1).

Let = 2]"(v) be the smallest zero of PJ(z) for v € (j,j +1). By Lemma 2.4, the
number of zeros for P*(z) (x € (—1,1) and v € (j,7 + 1)) is identically j —m +1 > 1.
Hence 2} (v) always exists for v € (j,7 +1).

Arbitrarily fix v = vy € (j,j + 1) with 20 := 27" (1), and we prove that 2" (v) is of class
C! near vy. In fact, by differentiability with respect to a parameter, P™(z) is differentiable
with respect to x and v. If (P]),(20) = 0 holds, then, by the uniqueness of a solution

o (1.4), P'(z0) = 0 and (P}})z(20) = 0 imply Pm( ) = 0, and it is a contradiction to
P (x) #0. Thus (P]).(20) # 0 holds.

Hence, from the implicit function theorem, there exists an implicit function = z(v) such
that P™(z(v)) = 0 and z(v) is of class C* near v = 1y (for the implicit function theorem,
e.g., see Theorem 2.3 in Chapter 2 of [1]). By the uniqueness of the implicit function
z(v) near v = vy, 2]"(v) = 2(v) holds near v = 1. Therefore, from the arbitrariness of
vo € (4,j + 1), 2*(v) € C'((4,j + 1)) holds. Step 1 is finished.

Step 2. We prove that 2" (v) \, —1 as v\, j.

First we prove that z]m(z/) — —lasv\,j. Werecall the Gauss hypergeometric function,
and P(z) is expressed by using the function (see (4.1) and (4.3) in Appendix). Since the
series (4.1) uniformly converges in any closed interval of (—1,1], P/"(z) is of class C! as v
in x € [-1+ 6,1] with arbitrarily fixed 6 € (0,2). Hence, when v varies sufficiently near
j, the number of zeros of PJ(z) in [~1+4,1] is equal to the number of zeros of P/"(z) in
[—1+6,1].

Assume that 27" (v) /> —1 as v \, j. Then we can take § > 0 such that
(2.6) zM(v) € [-1+6,1] as v\, J

J

and all of zeros of P["(v) are contained in [—~1 + 6, 1]. Since the number of zeros of P} ()
does not varies near v = j, there exists j —m zeros of P*(z) in [-1+ J,1) near v = j.

On the other hand, by Lemma 2.4, P)"(x) has j —m+1 zeros in (—1,1) if v € (4,5 +1).
Thus 27" (v) € (=1,~1+ ) for v > j near j, and it is inconsistent with (2.6). Therefore
(V) — —lasv \/J.

Next we show that 2J"(v) \, —1 as v\, j. Arbitrarily fix a zero 29 of P,"(x). By the
uniqueness of a solution to (1.4), P"(x) = 0if (PJ")x(20) = 0. Hence if PJ*(z) # 0, then it
holds that

(P} (20) # 0.

On the other hand, a solution v of P (zp) = 0 is simple (e.g., see p.241 in [13]), that is,

(P)")w(20) # 0.
Thus, since
0= % [P (V)] = (P (2] () + (P))o (2] (v)) - (2])u (v),
it holds that
P, (2 (v
27 ) =~ L0 e )

Since 2" (v) — —1 as v\ j, there exists some v = v, > j such that (2]"),(va) > 0.
If there exists some v = v}, € (j,v,) such that (7). () < 0, then, by the continuity of
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(27")u(v), there exists some v, € v, v,] such that (2]"),(v.) = 0, and it is a contradiction
to (2.7). Therefore Step 2 is finished.

Step 3. The asymptotic formula (2.1) is proved.

We define ) )
+ 2" (v
)=

Since 27" (v) \, —1 as v\ j, it follows that (7" (v) \, 0 as v\, j.
We assume m = 0. Then, from Lemma 2.3, it holds that ,

(28)  —P)(1 -2 (v)log (G (v) = v(-v) + (v +1) = 20(1) + RIG (V)  as v\ J,

where

29) 8= Y EPE k)t k1) - 200 DHG)
k=1 ’

Now we prove

(2.10) (v —J)RY <Co  asv\.j

where Cy > 0 is independent of v near j.
To prove (2.10), we first show that

(2.11) (v = (v +R)| <k+C ﬂnu€($j+;>,

where C' > 0 is independent of v and k£ > 1. In fact, from Lemma 2.1, we obtain

lg%u—ﬂwpw+ky=—ng%ﬁ&+u—kﬂ¢@)

(2.12) 1 k<))
R CRCE))

with an integer k. For k < j, (2.11) immediately follows from (2.12).
On the other hand, we assume k > j. From the following equality (e.g., see p.34 in [10])

(2.13) v(r+1) =v(z) + %,

it follows that

k—

(2.14) v +k)=d(—v+i+1)+ Y

j—1
=1

v
-v+k—1
with Z?:1<—l/ +k—1)"t=0. Here (v — j)(~v+j+1) — 0 as v \, j. Moreover, from
le[l,k—j—1], it holds that
v—3 < v—j
Uk —1" “vtj+1

|
<1 fOIVE(j,j+2>.

Hence we obtain (2.11) for k > j.
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Similarly, from (2.13), it follows that

(2.15) 1/)(V+k+1):¢(u+1)+2$,
=0
k—1 1
(2.16) Pk+1)=91)+ Yy —.

—1
1

Il
o

Since (2.15) and (2.16) do not have singularity as v \ 7, it holds that, for v € (4,5 +2-1),

(2.17) (v =W +k+1)<k+C,
(2.18) (v =)k +1)[ < k+C,

where C' > 0 is independent of v and k& > 1.
Let

(2.19)  ap(v) = ’(_'/)’“(’/_Fl)k

i — k! {(—v+k)+ v +k+1) — 20k + 1)} ()

Then, from (2.11), (2.17) and (2.18), it follows that

k

(2.20) 0= Dl <[ SRt s o),
Now we prove that
(2.21) ‘W —1  ask—oo

and the asymptotic formula (2.21) is uniform with respect to v sufficiently near j. For the
purpose we use the following result (e.g., see Corollary 2.1.4 in [10])

: % b—a __ F(b)
(2.22) et T )
where a,b # 0,—1,—2,.... From (2.22), we obtain
hm(—muu+nk_ r()
k—oo (k=D T(-v)T(r+1)’

and hence (2.21) holds. Moreover, since [I'(—v)| — oo as v \ 4, (2.21) is uniform with
respect to v near j.
Therefore, from (2.20), (k+ C)'/¥ — 1 (k — 00) and ¢J(v) \, 0 (v, j), we obtain

(2.23) (v — fap(v)| < for sufficiently near v = j,

where a constant ¢ € (0,1) is independent of v (near j) and k. Hence, by (2.9), (2.19),
(2.23) and the majorant test, it holds that

o0
|ROV—] Z v—7ap(v)] < Co
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with some Cy > 0 which is independent of v near j.
Hence, from PJ(1) = 1, (2.8), (2.10) and (2.12), the singularity coming from log CJO(Z/)
must be canceled by ¥(—v) as v\ j. Namely we obtain

(v =) log(F(v) = ~1+0(1)  asv\j,

where o(1) — 0 as v \. Therefore, from 2J"(v) = —1 + 27" (v), (2.1) holds for m = 0.
Next we assume 1 < m < j. The proof is similar to that of the case m = 0. Namely,
from Lemma 2.3 and P"(—1+ 2¢"(v)) = 0, it follows that, as v\ 7,

mi(m — 1) e (DRI Q=20 w)
F(—V+m)1“(1/+m+1)(1+LJ GG w) ™™ + )T 1) log (" (v)
()"

= F T (P )+ 9 m 1) = (1) =m0} + RY G,

where 1
— V + 1) _
E e o,
k=1 ™)k
and
B i(—u—i—m)k(y—f—m—l— D
J — (m + 1)gk!

X Y(—v+m A k) + (v +mt k1) =k +1) = d(m+k+ D)} ()
By similar arguments to the case m = 0, we obtain

(2.24) <,
(2.25) |(v — j)R§”| <C,

where C' > 0 is independent of v near j (we apply (2.12), (2.13) and (2.22)).

Now we remark that, as v ™\, j, it holds that ((;"(v))™ log(j"(v) = o(1). Hence, from
(2.12), (2.24), (2.25) and P*(1) = 0, the singularity coming from (¢}"(v))~™ must be
canceled by ¥ (—v + m). Namely we obtain, as v\ j,

()" (—v+m)T'(v+m+1)

(2:26) (=) (o) (G () " =+ A R S S g m) (1),

where 0(1) — 0 as v\, j. From Lemma 2.1, it holds that

_ D(v4m)  (Z)mt Gt (=T
(2.27) 31\11; o)~ G—m) x (=13t (G —m)!

Thus, from (2.12), (2.26) and (2.27) and I'(j + m + 1) = (j +m)!, it holds that

(4 +m)!
ml(m — DG —m)!

Therefore, from 2" (v) = —1 + 2¢j"(v), we obtain (2.1) with 1 < m < j. Now all of steps
are finished, and Proposition 2.1 is completely shown. B

lim (v — )¢ (1) ™" =
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Theorem 1.1 follows from Proposition 2.1.

Proof of Theorem 1.1. We prove the existence of v satisfying
P]*(cos(m —€)) =0

and investigate its behavior as e — 0. Here we take 27" () which is the same definition as
in Proposition 2.1.

m

Since 27" (v) \, —1 as v\, j (see Proposition 2.1), the equation

(2.28) 2" (v) = cos(m —€)

has a unique solution v = v7; for a sufficiently small € > 0. Moreover A7, := v (V] + 1)
is an eigenvalue of (1.2).
Next if m > v, then, from Lemma 2.2, P*(cos) does not have a zero in (0,7 — €) or
P (cos ) = 0. Therefore, for v € (j,7 + 1), there exist exactly (j + 1) eigenvalues.
Finally we show (1.9). From (2.28), it follows that

1
' (i) = -1+ 562 +0(e*) ase—0.

Thus, from Proposition 2.1, it holds that

2(1+o(1)>exp<— = ) (m =0),

(djm +0(1)) (U — j) (1<m<j),

%62 +0(eh) =

where 0(1) — 0 as € — 0. Hence, as € — 0, we obtain

e o — (m = 0)
Y= J 2| log €] ¢ | log €| m=a

J,€
J+ cime™™ + o(€™) (1<m<j),

where ¢;m = (2d;,m)”"™" = (F+m)!/[4"ml(m —1)1(j —m)!]. Recall A = v(r+1) (see (1.3)),
and (1.9) is shown. Now Theorem 1.1 is proved. B

3 Proof of Theorem 1.2 In Section 2, we investigated eigenvalues {7} of (1.2). In
this section we prove that {7} are bifurcation points of (1.1).

We use the Lyapunov—Schmidt reduction method, that is, we consider our problem by
dividing C%“(B,_.) into the eigenspace corresponding to AT and its orthogonal comple-
ment.

We introduce the Banach spaces

X:={ue 02,a(37r,6) | u=0on dB,_.},
Y :=C%Br_).
Then the following function
FOvu) = Agou+ M+ [ulP~lu

satisfies f € CH(R x &X;Y) for 1 < p < co. We see that u = 0 is a solution to f(\,u) = 0.
In arguments below, we show that there exists a non-trivial solution u € X to f(A\,u) =0
near A = A7, and u = 0.
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For convenience let A, := )\;-”6, and we define
;

L:= f,(A\,0) = Ag2 + A,

V = Ker(L),

R := Ran(L),
where Ker(L) and Ran(L) denote the kernel of L and the range of L, respectively. From
Theorem 1.1, the dimension of V is 1 or 2. Moreover L : X — ) is continuous, and V and

R are closed subspaces of X and )Y, respectively. Moreover we define the following inner
product

T—€ 2m
(u,v) = / / v sin 0dfdp (u,v €)).
0 0

For this inner product, the orthogonal complement W of V is defined, and it holds that
X=VaWw.

We remark that L : WW — R is one-to-one and onto.
On the other hand, as for R, the following lemma holds:

Lemma 3.1 Let u € Y. Then u belongs to R C Y if and only if
(u,v) =0 for any v € V.
Lemma 3.1 is proved in Appendix. Lemma 3.1 implies that ) is expressed as
(3.1) Y=RoV.
By (3.1), we define orthogonal projections
R:Y—R,
P:Yy—V.

From preliminaries above we show the existence of non-trivial solutions to f(A,u) = 0.
Let u:= X — \,, and we seek a solution whose form is

(3.2) u = |u|ﬁ(v + w) withv €V and we W.
Namely we solve

Flu+ X, [p[7=T (v +w)) =0,
We define

1 1
P .) = e S A P 04 0)
7
= Lw + p(v +w) + |p||v +wP~ (v + w)

For pn # 0, h(u,v,w) = 0 is equivalent to f(u+ A, /P~ (v +w)) = 0.
In fact we can find a non-trivial solution to h(u,v,w) = 0 for pu < 0, where

h(p, v, w) = Lw + p(v +w) — plo +wP~ (v +w).

On the other hand, by arguments below, we cannot find a non-trivial solution to f(u +
Ay u) = 0 with g > 0 (in fact, for u > 0, we only obtain a trivial solution by the implicit
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function theorem in proofs of Proposition 3.2 or 3.3 below). Therefore we only consider the
case u < 0.

By orthogonal projections @ and P, h(u,v,w) = 0 is equivalent to the following simul-
taneous equations

(3.3) Qh(p,v,w) =0,
(3.4) Ph(p,v,w) =0.

Arguments below are divided into the following two steps:
(s1) we show that there exists a function I(p, v) such that Qh(u,v,l(p,v)) =0,

(s2) we solve Ph(u,v,l(p,v)) =0 and find a non-trivial solution v = v(u).
Step (s1). Let

(3.5) I (1, v,w) == Qh(p, v, w) = Lw + pw — pQv + w[P~" (v + w).
For J(u,v,w), the following proposition holds:

Proposition 3.1 Assume v, € V. Then there exists | € C1((—dp,0] X Vi; W) such that
J(p,v,w) = 0 implies w = l(u,v), where 69 > 0 is some constant, V. CV and Wy C W
are neighborhoods of v, € V and 0 € W, respectively. Namely 1(0,v.) = 0 holds.

Proof. From (3.5), we obtain
J(0,v,,0) =0,

and
Juw(0,v4,0)[€] = LE for any £ € W.

Therefore, by the implicit function theorem, Proposition 3.1 holds. B

Here we remark that v, is arbitrarily fixed, and [(u,v) depends on v, € V. In addition,
for I(p,v), the following Lemma 3.2 holds:

Lemma 3.2 For l(u,v) defined in Proposition 3.1, it holds that
1,(0,v,) = 0.

Proof. From J(u,v,l(p,v)) = 0 and (3.5), it holds that
(3.6) Li(p, ) + pl(pt,0) = pQlv + U, v) [P~ (v + U, v)) = 0.
Differentiating (3.6) by v, we obtain

Ll (11, 0)[€] + pul (1, 0) [€] = ppQlv + U, 0) P~HE + Ly (1, 0)[€]) =0 for any & € V.
Hence, by substituting ¢ = 0 and v = v,, we obtain
(3.7) L1, (0,v.)[¢] =0  for any £ € V.

From (3.7) and Proposition 3.1, it follows that 1,(0,v.)[¢] € VNW = {0} for any & € V.
Therefore, from the arbitrariness of £ € V, Lemma 3.2 is shown. l

Lemma 3.2 is required in arguments below.
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Step (s2). Next we consider (3.4). Hereafter let w = [(u, v) which is defined in Proposi-
tion 3.1. Let

(3.8) K(p1,0) := Ph(p,v, (1, 0)) = po = pPlo + 1, 0)[P~ (v + U, ).

We show the existence of v = v(u) # 0 satisfying K (u,v) = 0 by dividing a proof into two
cases, that is, the dimension of V is 1 or 2.

First we consider the case that the dimension of V is 1. Then, from Theorem 1.1, it
follows that

(3.9) V = {tP’(cosh) | t € R},
where v}, is abbreviated to v. Then the following proposition holds.

Proposition 3.2 Assume 1 <p < oo and v = 1/?76. Let My > 0 satisfy
(3.10) / {|PB(COS 0)> — MY~ PY(cos 9)|p+1} sin §df = 0.
0

Then there exist a constant § > 0 and a C*-function t(u) such that
K(p,t(p)MoP]*(cos9)) =0 for p <0,
where t(0) =1 and [t(p) — 1] + |u] < 6.

Proof. Let

vy := MyPP(cos9).
Then, by Proposition 3.1, there exists an implicit function w = I(u, v) satisfying (3.3) and
1(0,v4) = 0. From (3.8) and (3.9), it follows that

K(p,tv,) = pa’N(u,t)P°(cosh)
N(p,t) = <PB(COS 0), h(p, tvs, U, tvi)))
= (P)(cos ), tv. — [to, + 1, tv.) [P~ (bon + Up, to) [v.])).

Here (a%)~! =2 [ |P)(cos 0)|? sin fdf. We remark N(u,t) =0
K(u, tv*) = 0. We show that there exists some () satisfying N (u

function theorem. For the purpose it suffices to prove that N(0,1)
From (3.10) and {(0,v,) = 0, we obtain

(1 # 0) is equivalent to
t(p)) = 0 by the implicit
=0 and Ny(0,1) # 0.

N(0,1) = 27 M, /H {|P3(cos 0)|2 — M2~ PY(cos 9)\?“} sin A0
=0. ’
Moreover, from direct calculation, it follows that
No(jis£) = (P2(c088), 0. — pltv, + 1(pu, o, )P~ (v + Ly (1, . [v.]).

Hence, from [,(0,v,) (see Lemma 3.2) and (3.10), we obtain

N (0,1) = 27TM0/ {|P3(cos o) — ng*1|P3(cos9)|p+1} sin 0df
0

= —27(p — I)Mg/ | P2 (cos 0)[PT sin §df < 0.
0
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Therefore, by the implicit function theorem, there exist a constant § > 0 and a C''-function
t(p) such that

N(p,t(p) =0 for p <0,

where £(0) = 1 and |¢(p) —1|+|p| < §. Since K (u, t(p)v.) = 0is equivalent to N (u, t(u)) =0
(1 #0) and t(0) = 1, Proposition 3.2 is proved. W

Second we consider the case that the dimension of V is 2. Then, from Theorem 1.1, it
follows that

(3.11) V = {P]*(cosf)(tcosmp + ssinmyp) | t,s € R} with 1 <m < j.
Then, for K (u,v) defined in (3.8), the following lemma holds:

Proposition 3.3 Assume 1 <p <oo,1<m <j andv =v],. Let My >0 satisfy

| irr ooy

(312) 1 2
—MmPt {/ |cosmgop+1d<p] | P (cos 9)|p+1} sin 0df = 0.
T Jo

Then there exist a constant § > 0 and C*-functions t(u), s(p) such that
K(p, t(p) M, P (cos 0) cosmep + s(u) My, Pl (cos ) cosme) =0 for u <0,

where 0 < m < j, £(0) = t. s(0) = sx and [t(p) —t| + |s(p) — 84| + || < J. Here ty,s. € R
is arbitrarily taken such that t> + s> =1, t, # 0 and s, # 0.

Proof. Let
v(t, 8) := My, (tP)*(cos 0) cosmyp + sP* (cos 0) sinmp) .
Moreover we arbitrary fix t, and s, satisfying t2 + s2 = 1. In addition let v, := v(t, s.).
Then, by Proposition 3.1, there exists an implicit function I(u, v) for v,.

From (3.8) and (3.11), K (u, v) is expressed as

K(p,v) = pag {N1(u,t) P (cos ) cosme + Na(u, t) P (cos ) sinmep},

and
(313) il t,s) = (B(cos0) cosmep, v — v+ ()P~ (0 + U(s, ),
(3.14) Na(p,t,8) == (P™(cos @) sinmp, v — v 411, v) [P~ (v + (1, v))),

where (a!)™' = [P (cos )[* sin 0df fo% |cosmp|?dp = m [ | P (cos 0)[* sin 6d6.

The equation K(u,v) =0 (u # 0) is equivalent to
(3.15) Ni(p,t,s) = Na(p,t,s) = 0.

Thus it suffices to show the existence of non-trivial solutions t = ¢(u) and s = s(p) to (3.15),
and we prove it by using the implicit function theorem.
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From direct calculation, it follows that

Nl (0, t*, S*)
T—¢€ 2m
=M, / | P (cos 0)|? sin 9d9/ (t. cos? mp + s, sinm cos me)dyp
0 0

3.16 e
(3.16) - MP / | P (cos 0)[PT sin 0d6
0

2m
X / |t cosmep + s, sinm|P 7L (t, cos? me + s, sin mep cos mep)dep.
0

We see that foh cos? medp = T and fozﬂ sin my cos medp = 0. Moreover let
cosfB:=t, and sinf:= s,.

In addition, since | cos me|P~! cos my sinmy is odd and periodic, it holds that
s

2m
(3.17) / | cos m|P~! cos my sinmedp = / | cos m|P~! cos my sinmedyp = 0.
0

—T

Hence, from (3.17), it holds that

/27r |t cosmep + s, sinm[P 71 (t, cos? my + s, sin mep cos mep)dyp
’ o
= / | cos(my — B)|P~! cos(myp — () cos mpdyp
0277
= / | cos m|P~! cos my cos(my + B)dy
027r
= /0 | cos me|P~! cos my(t, cosmy — s, sinmep)dp

27
=t Dy + s, / | cos mep[P~! cos mep sin mpdyp
0
=t.Dpm
with
1 2m 1 1 2m 1
D, = — |cosmp|PT dp = — [cosp|PT dp (m >1).
T Jo T Jo
Thus, from (3.12) and (3.16), we obtain
N1(0,ts, 84) = t*Mmﬂ'/ {|P*(cos 0)|* — MP Dp| Py (cos 0) [P} sin 6d6
0
=0.
Similarly, since it holds that
2m
/ |t. cosmp + s, sinmp[P~ (L. cosmy + s, sinmep) sin medp = s, Dy,
0
we obtain
No(0,ty,84) = S*Mmﬂ'/ {|P(cos0)|* — ME " Dy| P (cos 0)[PT'} sin 6d6
0

=0.
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Next, from direct calculation, it holds that

(N1 (, t, 8) =(P)*(cos 8) cos mep, M, P, (cos 6) cos my

— pMialv + ja, 0) [P~ (14 1, (1, v)) P (cos 6) cos mig).

Thus it holds that
(N1)£(0, 24, 84) = Mmﬂ—/ | P (cos 0)|? sin 0d6
0
(3.18) - pr,’ﬂT/ | P (cos 0) [P sin Od6
0

2m
X / |t cosmep + s, sinme[P~! cos? mpdp.
0
Here, from (3.17), it follows that
2m
/ |, cos mep + s, sin mg0|p_1 cos? medp
0
2
= / | cos [P~ cos? (my + B)dy
0
27
= / | cos [P~ (t, cos mp — s, sinmep)?dyp
0

27 2
= t2 / | cos [P~ cos? mpdp + 52 / | cos me|P~ ! sin? medp.
0 0

Since
27
/ | cos m|P~ ! sin? mepdep
0
1 27 1 27
_ [—|Cosmcp|p1 COSm(psinmga} + 7/ \Cosm<p|17+ldg0
mp 0 PJo
1 27
p / | cos mp[P T dyp,
0
we obtain

2T 2
s
/ |t cosmp + s, sinmep|P~! cos? mpdyp = D, (ti + ;) )
0

Hence, from (3.18), it holds that

(N1)£(0, s, 84) = MmW/ | P (cos )| sin 0d6
0

— (pt? + s?) M. D, | P (cos )P sin 8d6.
0

From (3.12) and pt2 + s2 > 1, we obtain (N1):(0, %, s.) < 0.
On the other hand, it holds that

(N1)s(p, t, 8) =(P]"(cos 8) cosmep, M,,, P)"*(cos 0) sin mep
— plv 4+ 1, v) P71 4 1y (1, v)) M, P (cos 0) sin mep).

71
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Thus, by similar calculation above, we obtain
T—€ 27
(N1)s(0, 8, 84) = MmTl'/ | P (cos 6)]? sin 9d9/ cos mep sin mpdy
0 0
- pr;LDpﬂ/ | P™ (cos 6)[PT! sin §d6
0

X /27T |t. cosme + s, sinmep|P~! cos m sin mpdyp
=0. i
Similarly, since (3.12) and t2 4 ps? > 1, it follows that
(N2):(0,t.,54) =0,

<N2)s<07t*73*) = Mmﬂ'/ |P;n<(3089)|2 sin 6d6
0
— (t2 + ps?) MP. D, | P (cos 0) [P sin 6d6
0
<0.

Therefore, by the implicit function theorem, there exists a constant 6 > 0 and C'-
functions t(p) and s(p) such that, for |t(u) — t.| + |s(1) — s«| + || < 6, it holds that

(3.19) Ni(ps t(p)s s(p)) = Na(ps t(p), s(p)) =0
with ¢£(0) = ¢, and s(0) = s.. Since K (u, t(u)v(t(p), s(1))) = 0 is equivalent to (3.19) with
u # 0, Proposition 3.3 is proved. B

Proposition 3.3 is considered in the case of ¢, # 0 and s, # 0. If t, = 0 (or s, = 0),
then (N1)¢(0,0,1) =0 (or (N2)s(0,1,0) = 0), and hence the argument in Proposition 3.3 is
not valid (we cannot apply the implicit function theorem). Thus we show Proposition 3.3
in the case of ¢, = 0 or s, = 0 by another method. Namely we prove that Ni(u,0,s) =0
(N2 (p,t,0) = 0) holds if t, =0 (s« = 0), and we follows the same argument as in the proof
of Proposition 3.2.

We prepare for a proof of the case t, = 0 or s, = 0. For J(u,v,w) defined in (3.5), we
remark that

(3.20) J(p, —v, —w) = —Lw — pw — pQ|v + wP = (—v — w) = —J(u, v, w).
From Proposition 3.1 and (3.20), it holds that
I (1, —v, =l v)) = J (v, 1(p, v)) = 0.
Hence we extend I(u,v) for —v (v € V) by
(3.21) Iy, —v) = —=l(p,v).
and then J(p, —v,I(p, —v)) = 0 holds. Thus, from (3.8) and (3.21), it follows that
K(p, —v) = Ph(p, —v, (1, =v)) = =Ph(p, v, 1(p,v)) = =K (u,v).

Hence if K (u,v) = 0 holds for the extended I(u,v), then K (u, —v) = 0 also holds.
Now we prove the following lemma.
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Lemma 3.3 Assume the same assumption as in Proposition 3.3 and extend l(u,v) by
(3.21). Ift. = 0 (s« = 0) for Ni(u,t,s) and Na(p,t,s) as in (3.13) and (3.14), then it
holds that N1(11,0,8) =0 (No(u,¢,0) =0) near u=0and s=1 (u=0 and t = 1).

Proof. First we assume t, = 0. Let v; = v1(0,p;8) := sM,, P"(cosf)sinmep. Then,
from fozﬂ cos my sinmepdy = 0, it follows that

T—€ 27
Ni(p,0,8) = st/ | P (cos 9)|231n9d0/ cos mep sin mpdp
0 0
T—€ 2
- Mﬁl/ {/ V1(8, p; 8) cos mgodgo} P]"*(cos 0) sin 6df
0 0

T—€ 2m
= —M,’jl/ { V1(0, ¢; s) cos m<pd<p} P! (cos 0) sin 6df
0 0
with

Vi(6, ¢ 5) == |v1(8, @3 5) + L, v1(8, 03 8)) [P~ (v1(6, @3 5) + L, v1(8, 3 5)))

The function vy (6, p; s) is odd and periodic with respect to . Moreover, from (3.21), it
holds that

I, v1(0, —; 8)) = (1, sMp, P (cos 0) sinm(—¢))
= Il(p, —sM,, P]"*(cos 0) sinmy)
- 71(;“‘7 U1 (07 2 S))
Hence V1 (0, ¢; s) is odd and periodic with respect to ¢, and it holds that
2 s
/ V1(0, ¢; s) cos mepde :/ Vi(0, ¢; s) cosmedp = 0.
0 —T

Therefore we obtain
Ny (p,0,8) =0 near (u,s) = (0,1).

Next we assume s, = 0. Let va = vy(6,p;t) := tM,, P (cos ) cosmp. Then, from
27 . .
fo cosmyp sinmpdp = 0, it follows that

T—€ 2m
No(p,t,0) = fMTﬁ/ {/ Va(0, p; s) sinmgodgp} P (cos 0) sin 6df
0 0
with

Va(6, 5t) == |va(6, @5 8) + L, v2(6, @5 8)) [P~ (v2(6, 5 5) + L1, v2(6, 05 5)))

Since v2(0, ¢;t) is even and periodic with respect to ¢, I(u,v2(6,¢;t)) is also even and
periodic with respect to . Therefore, since cos mepsinme and Va(6, ;) sinme are odd
and periodic with respect to ¢, we obtain

No(p,t,0) =0 near (u,t) = (0,1).
Lemma 3.3 is proved. B
Lemma 3.3 implies that if V is restricted to V. := {tP}*(cosf)cosmyp | t € R} (or
V, = {tP*(cosf)sinme | t € R}), then the dimension of the range of P(u,v,l(u,v))

(v € V.) is 1. Hence, by similar arguments to Proposition 3.2, we can prove the existence
of a non-trivial solution:
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Proposition 3.4 Assume the same assumptions as in Proposition 3.3. Then, for t, =0
or s. = 0, there exists a nontrivial solution of K(u,v) = 0.

Proof. First we assume s, = 0, and then ¢, = 1 (2 + 52 = 1). We define
V. = {tP)*(cosf) cosmep | t € R}.
For V., we define

Xe=V.dW,
V. =V.dR.

Let v.(t) := tP*(cosf) cosmep. We restrict f(A,u) : X. — V.. Then, by almost the
same arguments as in the proof of Proposition 3.1, we can prove that there exists an implicit
function I(u,v) near (u,v) = (0, P*(cos 8) cos my) such that
(3.22) Ni(p,t) =0 for|ul+t—1]<d
with some § > 0. On the other hand, by Lemma 3.3, Na(u,t) = 0 also holds. Since
Ny(p,t) = Na(p,t) = 0 is equivalent to K(u,v.(t)) = 0, Proposition 3.4 with s, = 0 is
proved.

Next we assume t, = 0, and then s, = 1. Let v,(t) := sP!"(cos ) sin mep, and we define

Vs = {tP*(cosf)sinmep | t € R},
)(s =V, & W7
Vs =V, ®R.

Now we replace V., X, and ), with V,, X, and ), respectively. Then, from almost the
same arguments above, Proposition 3.4 with ¢, = 0 is proved. B

From Propositions 3.2-3.4, Theorem 1.2 follows.

Proof of Theorem 1.2. Recall (3.2) and Proposition 3.1. If m = 0, then, from arguments
above and Proposition 3.2, we see that, for ;4 < 0 near u =0,

1
(O, 3+ AJ ) = |l 7T {t (s + L, t(p)va)}
is a solution to (1.1). Here t(0) =1, {(0,v,) = 0 and
v, = MoPY% (cosf).
€

Similarly if 1 < m < j, then, from arguments above and Propositions 3.3 and 3.4, we
see that, for 4 < 0 near p = 0,

_1
u(l, @3 i+ Af) = [pl 7 {o(t(w), s () + U, v(E(n), 5(1)) )
is a solution to (1.1). Here £(0) = t., s(0) = s, [(0,t4,5.) =0, t2 + 52 =1,
v(t, 8) = tM, P)*(cos 0) cosmep + sM,, P} (cos 0) sinmep,

and t(u) =0 (s(u) =0) when ¢, =0 (s, = 0). Theorem 1.2 is proved. B
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4 Appendix In Appendix A we show Lemmas 2.2 and 2.3. Additionally, in Appendix
B, we prove Lemma 3.1.

4.1 Proofs of Lemmas 2.2 and 2.3 In this appendix, we prove Lemmas 2.2 and 2.3.
Arguments below follows results in [10].
Recall (1.8), and we define

(4.1) F(a,b,c;x) := Z C(Likk' ,

k=0

where ¢ is a non-positive integer. The function F(a, b, ¢; z) is said to be the Gauss hyperge-
ometric function. The radius of convergence of (4.1) is 1, and F' = F(a, b, ¢; x) satisfies the
Gauss hypergeometric equation

2

d*F dF
4. 1l—2)—5 — Dx}— — = —1 1).
(4.2) x(1—x) 772 +{c—(a+b+ 1)z} . abF =0 (-l<zx<1)

In Appendix we use some properties of F'(a,b,c;x), and those results follow from [10].
First, for P*(z) and F(a,b, ¢; z), the following relation holds (p.319 in [10]):

m
2

(=)™ (v +m+1)(1 — 2?)

P (x) =
v (@) 27T (v — m+ 1)m!

(4.3)

11—
><F<—1/+m,u+m+1,m+1; 296).

By (4.3), we can prove Lemma 2.2.

Proof of Lemma 2.2. First we assume that v is an integer. If —v 4+ m = —n (n be a
non-negative integer), then
L(n+2v+1)(z2-1)%

Fw) = 27T (—n + 1)m!

v

1—
xF(—n,n—i—Zl/—l—l,m—i—l; 233).

If n =0 (v = m), then, from (4.1), it follows that

F(0,2u+17m+1;1_‘x> ;f (0)1(2v + 1) (1—x)k

|
2 = (m + 1)k! 2
0

Hence PM(x) = 0 holds. On the other hand, if n > 1 (v > m), then, since I'(z) has
singularity at z =0, —1, —2, ..., the identity Pr’nﬂn( x) = 0 holds (see (4.3)).
Next we assume that v is not an integer. Then, from (4.1), it holds that

1—
F<V+m,1/+m+1,m+1,2x>>() for —1l<ax<1.

Therefore, from (4.3), P"(x) does not have a zero for —1 < = < 1, and Lemma 2.2 is
proved. W
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Next we show Lemma 2.3 by using properties of F(a, b, ¢; z). To investigate the behavior
of P"(x) near x = —1, it suffices to consider that of F(a, b, ¢; ) near x = 1. For the purpose
we use the following formula (see p.273 in [10])

Tla+b+1—c)T(1-c¢) |
F(U:+1—c)1_‘(b+1_C)F(a,b,c7x)
Ta+b+1—c)(c—1)

F(a,bya+b+1—-¢l—2z)=
(4.4)

' °Fla+1—c,b+1—c¢2—cm).

['(a)I'(b)
In addition we define
L r(l—c¢) .
U(a,b,c;x) e tl— Tl C)F(a,b,c,ars)
(4.5)
I'(c—1)

L3 Fla+1—¢c,b+1—¢2—cz).
F(a)I‘(b)z (a + c,b+ c, ¢ x)

The function U (a, b, ¢; ) is also a solution to (4.2), and moreover F'(a, b, ¢; x) and U(a, b, ¢; x)
are linearly independent (see p.274 in [10]). Thus, from (4.3)—(4.5), it follows that

mn
2

P (=1 4 20) = (=D)"T(v+m+1)I'(m+1z= (1 —x)
(4.6) I'v—m+1)m!
xU(—v+m,v+m+1,m+1;z).

Furthermore if ¢ is an integer (¢ = n), then, for U(a,b,n;x), the following formula holds
(see p.275 in [10]):

N (=" .
U(a,b,n;x) = a1 nTh+1—n)n 1) F(a,b,n;z)logx
+o0
(4.7) Z ‘(17)1’; +n) + b +n) =Pk +1) —w(n+k>}x’“]
k=
( - )' pl-n a+1_n) <b+1_n)k k
OO ,;) (2 — n)pk! o

Proof of Lemma 2.3. Lemma 2.3 follows from (4.6) and (4.7). B

4.2 Proof of Lemma 3.1 In this section, H*(Q2|R?) denotes the usual Sobolev space on
Q) C R2. Before beginning to prove Lemma 3.1, we introduce the Sobolev spaces H*(B;_.)
on B, . CS?(k=0,1,2and H°(B,_.) = L?>(Bx_.)). Now we introduce the stereographic
projection from S? to R2. Namely let

2 2 1—|z/?
xl b I2 b |x| e 827
T+ ]z 14 |227 1+ |z|?

where (v1,72) € Qr, = {x € R? | |#| < R.} (R := tan[(m — €)/2]). Then norms of
H*(B,_,.) are expressed as, respectively,

k
(4.8) s, =3 [ DGl dasdes
s=0 Re
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Here
(4.9) |Dgzul? = |uf?,
ou |? ou |2
4.1 Disul? = |=— —_—
(4.10) Dyl = |22+ ||
and
2 2 2
0%y ou
4.11 D2,y = 7 rm—1
( ) | SU‘ igl 8zi8zj ngl zgaxn
where
o 2
q L 1+ |x|27

—Tjy = —T%, = —T3 = 221/(1 +|2*) and I'Yy = —T'jy = —T3, = 223/(1 + [2]*) (e.g., see
Definitions 2.2 and 2.3 in [2] or Definition 2.1 in Hebey [12]). Moreover we define H}(By—_.)
as the closure of C§°(B,_.) in H*(B,_.).

From the definition above, it follows that

(4.12) Ag2u = ¢ 2 Au,

where A is the Laplace operator on R2.
The relation between the stereographic projection and the polar coordinates is as follows:

0
T = tan <2) Cos ¢,
(9> !
To = tan B sin .

4 tan (g)

(1+ tan® (£))? 2c0s? (3)

= 2tan <0) cos? (0) dfdy
2 2

= sin 0dOdp,

Thus, from

¢*dridzy = dfdy

it follows that
(u,v) :/ wgdxydzs.
Qr.

Therefore we prove Lemma 3.1 with the stereographic projection. Now recall definitions of
the operator L and subspaces of V, W, R (see Section 3).

Proof of Lemma 3.1. We remark that, for any g € L*(B,_.), there exists a unique
solution u € H} (Br—c) N H*(B,_.) to

Agru=g in Br_.
u =0 on 0B, _.
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(e.g., see Theorem 4.8 in [2]). Hence there exists a unique inverse operator G : L?(B,_.) —
H?(Br_.) C L*(By_) of Ag2 : H*(By_.) — L?(Br_.). Now we prove that G is compact
and self-adjoint.

First we show that G is compact. From (4.11), the Minkowski inequality and (a + b)?
2(a? +b?), it holds that

2

1
2
oy

2

D3.ul? < E

[Dgeul” < 81:18% f
inj= ij=

2 9 2 2 B o
<13 {5l 12l

Hence, from (4.8)—(4.10) and (4.13), it follows that

Z F” 8z

n=1
2}

(4.13)

(4.14) lullzrzp, ) < Killullg2(op, r2),

where K7 > 0 is some constant. In addition, from (4.8) and (4.9), it holds that
(4.15) lullz2(p, 1r2) < KollullL2(B,_.);

where some constant K5 > 0. Moreover we apply the regularity theorem of elliptic equations
for

g ?Au=yg in Qg,,

u=0 on dg,,

where g € L?*(Qg,.|R?) (e.g., see Theorem 8.12 in Gilbarg and Trudinger [11]). Then we
obtain

(4.16) ull fr2(0p, m2) < KsllgllL2(on, r2) = Ksllg > AullL2p, |r2)
with some constant K3 > 0. Hence, from (4.8) and (4.14)—(4.16), we obtain

||UHH2(BW_E) < K1K2K3Hq_2AU||L2(QR€|R2) < 2K1K2K3HA52’U,||L2(B

w—e)'

for u € HY(Br—¢)NH?(By_.) (see (4.12)). Thus the operator G : L?(B,_.) — H?*(B,_.) is
bounded. Furthermore the imbedding H?(B,_.) < L?*(B,_.) is compact by the Rellich—
Kondrachov theorem (e.g., see Theorem 2.34 in [2]). Thus G : L?(B,_.) — L*(Bn_.) is
compact.

Second we show that G is self-adjoint. Let G* be the adjoint operator of G. Then, for
any u,v € L?(B;_.), it holds that

(u, G"(As2v)) = (As2(Gu),v) = (u,v).

Thus, by the uniqueness of the inverse operator G, it holds that G = G* on L?*(B,_.).
Thus we can apply the Fredholm alternative theorem (e.g., see Theorem 3 in p.284 of
Yosida [18]) for G. Namely, for any a € L?(B,_.),

AMNlu+Gu)=a  foru€ HY(Br_o) N H*(Br_.)

has a solution u if and only if (a,b) = 0 for any b € Ker(A\~! + G). Especially, for any
w € R C L*(Br_.), a:=A"1G(w) € L?(B,_.) holds. Hence it holds that

0= (a,b) = (A\7'G(w),b) = A7*(w, \G(b)) = ~A"*(w, b).
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Thus, for any w € R and b € Ker(A~! + G), we obtain (w, b) = 0.

On the other hand, if b € Ker(L)(= Ker(Agz + A)), then, from A~'b = G(b), we obtain

G(Ag2b+ Ab) = XA+ G(b)) = 0.

Thus it holds that b € Ker(A~! 4+ G). Similarly if b € Ker(A~! + G), then b € Ker(L),
and hence Ker(L) = Ker(A~! + G). Therefore, since (w,b) = 0 holds for any w € R and
b € Ker(L). Lemma 3.1 is proved. W
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