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A NOTE ON RATIONAL OPERATOR MONOTONE FUNCTIONS

MASARU NAGISA
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ABSTRACT. Let f be oeprator monotone for some open interval I of R. It is known
that f has the analytic continuation on H4 U I U H_, where Hy (resp. H_) is the
upper (resp. the lower) half plane of C. In this note, we determine the form of rational
operator monotone functions by using elementary argument, and prove the operator
monotonicity of some meromorphic functions.

1 Introduction. We denote the set of all n x n matrices over C by M,, and set
H,={Ac M, |A*=A}and HI ={Ac H,| A >0},
where A > 0 means that A is non-negative, that is, the value of inner product
(Az,z) >0 for all z € C".

Let I be an open interval of the set R of real numbers. We also denote by H,,(I) the set
of A € H,, with its spectra Sp(4) C I. A real continuous function f defined on the open
interval I is said to be operator monotone if A < B implies f(A) < f(B) for any n € N
and A, B € H,(I). In this note, we assume that an operator monotone function is not a
constant function.

Let f be a real-valued continuous function on the interval I. We call f a Pick function if
f has an analytic continuation on the upper half plane H; = {z € C | Imz > 0} into itself.
It also has an analytic continuation to the lower half plane H_, obtained by reflections
across 1.

We denote by P(I) the set of all Pick functions on I. It is well known that f € P(I) is
equivalent to that f is operator monotone on I ([1], [4], [5]).

We characterize the rational Pick function (rational operator monotone function) by
an elementary method in Section 2 and give some examples using this characterization in
Section 3.

2 Rational operator monotone functions. Let I be an open interval and f(t) =

t+b
at—td (a,b,¢,d € R, ad — bc > 0). It is well known that f is operator monotone on
c

d

d
(—o0, _E) or (_E’+OO) (see [1], [5]). So the following rational function is also operator

monotone on I:
n

@
bo-’-dot— E d y
pari el

where by € R, ag,a1,...,a, >0 and aj,as,...,a, € R\ I
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Let g € P(I) be rational. Then there exists polynomials p(t) and ¢(t) with real coeffi-
cients such that )
p(t
g(t) = —= tel),
m=25  en
where common devisors of p(t) and ¢(t) are only scalars and a coeflicient of the highest degree
term of ¢(t) is 1. The polynomial ¢(t) with real coefficients is represented as products of
the following factors:
t—a, t*+at+b (a,b € R).

Since g has the analytic continuation to the upper half plane H and the lower half plane
H_,

and g has no poles on Hy U I. So we may assume that ¢g(z) has the following form:

B p(2)
g(Z) - (Z _ cl)n(l) (Z _ 02)n(2) . (Z _ Ck)n(k) ’

where c¢1,¢0,...,cx € RN I and each n(i) (¢« = 1,2,...,k) is a positive integer with
n(l) +n(2) + -+ + n(k) = degq(z). By the partially fractional decomposition of g(z),

o) =)+ >

where 7(z) is the remainder of p(z) by ¢(z) and {b; ;} C R.

Lemma 2.1. In above setting, g € P(I) satisfies the following conditions:
(1) There exist rg,71 € R such that r1 > 0 and r(z) = ro+r12.
(2) n(i)=1and b;1 <0 foralli=1,2,...,k.

Proof. (1) We set

r(z) =ro+riz+ - +rqz?

where d = degr(z). Put
0 g—g ifd>2and ry >0
& fd>landrg<0
For a sufficiently large R > 0 and z = RefV—1 ¢ H., we may assume that

n(1)

d—1 k
|’I“d‘Rd = |szd| > |Z7“i2’i + ZZ
=0 Z — Cl

i=1 j=1
Then we have

k n(7)

Img(2) = Im <—|m|RdW+Zm+ZZZ_C

=1 j=1
k. n(i)

|rd|Rd+|anl+ZZ G—c)

1=1 j=1
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This contradicts to g(z) € Hy. So we have that r(z) = 79 + r1z and 7 > 0.
(2) In a suitable neighborhood of ¢; in Hy UTUH_, g € P(I) has the form

bi1 bi n(4)
P S PO

+ h(z),

where h(z) is holomorphic on the neighborhood of ¢;. Put

if n(i) > 2 and b; ,,;y > 0

if n(i) > 1 and b; () < 0

For a sufficiently small » > 0, z = ¢; + 7Y ~! € H, and we may assume that

n(i)—1

|bi,n(i)‘ z (i)
0) _‘( — n1)| | Z Z—CZ (Z)‘

Then we have

n(i)—1

1bin(i)] — bi j
fmg(2) =Im(= () o j=1 (z — ;) ()
n(1)—1
b3, n () b;,;
< - n(0) + | Z m—‘rh(zﬂ < 0.
j=1
This contradicts to g(z) € Hi. So we have that n(i) =1 and b;; <0 foralli=1,2,... k.
O
We can now prove the following theorem:
Theorem 2.2. The following are equivalent:
(1) feP(I) is rational.
(2) There exist by € R, non-negative numbers ag, ai, . .., a, and real numbers ay, g, ..., 0, &
I such that .
Q;
t)="» t— .
f®) 0+ ao Z t—

i=1

(3) There exist ag,c > 0, by € R, a1,0q0,...,a, & I and (1, B2, ..., 0h—1 € R satisfying
that
c(t —p1)(t — Ba2) - (t = Bn-1)
(t—a)(t—az) - (t—ay)
and oy <ﬂ1 <a2<ﬂ2<~~</6’n,1 < Q.

f(t) = by + apt —

Proof. (1) & (2) This is proved by Lemma 2.1.
(2) = (3) We assume

n

f(t) = bo—l—aot—z

i=1

ai

t—oy’
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where by € R, ag,a1,...,a, > 0, a,a9,...,an ¢ I and a1 < as < -+ < ay,. We define
g(t) as follows:

~_a g(t)
i:lt_ai (t—al)...(t_an)’
that is,
g(t) = Zai(t —a1) (=)t — i) (E— ag).
Since
g(a;) = (g —aq) - (o — 1) (@ — 1) -+ (o — @),
we have

sign g(a;) = (=1)"7° (i=1,2,...,n).

By the fact degg(t) = n — 1 and the continuity of g, there exist a positive number ¢ and
B1, B2, ..., Bn1 such that

g(t) =c(t = Bu)(t = B2) -+ (t = Bn—1)
anda1<ﬂ1<a2<ﬂ2<~~<ﬂn_1<an.

(3) = (2) Set
(t) _ C(t — ﬁl)(t — 52) s (t - ﬁnfl)
N = o) t—an) - (t—an)
where ¢ > 0, a3 < /1 < ag < 2 < -+ < Bn_1 < ap. Then ¢(t) has the following form:

n bi
g(t)ZZtiai,

i=1

for some b; € R\ {0}. It suffices to show that b; >0 for i =1,2,...,n — 1.
When we choose ¢ such that 3;_1 <t < a; and «; — t is sufficiently small, we have

sign ¢(t) = —sign b;.
Because oy < -+ < Bim1 <t <y <o < ap,
sign g(t) = (—1)n D=0 Gm = g

So we have b; > 0. O

For a rational function f(t), we can choose polynomials p(t) and ¢(t) such that

_r®)

and common devisors of p(t) and ¢(t) are only scalars. Then we call f of order n if

n = max{degp(t), degq(t)}.
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Corollary 2.3. The followings are equivalent:
(1) f eP(I) is rational of order n.
(2) f has one of the following forms:
a(t — B2)(t — B3) -~ (t = Bnt1)

(@ 0 = = e =)
_ alt=B)(t=52)- - (t= )
(0) f(t) = (t—o1)(t—as) - (t—an1)
c :_a(t_ﬁﬂ(t_ﬁ?)”'(t_ﬁ")
) = = e (= an) —~(t — )
(@ fty = =Bt =B0) - (= )

(t—a)(t—ag) - (t—ay)’
where a >0, a; ¢ I and
Bi<ar <fo<an <<y < Byt

Proof. (1) = (2) When f(t) has the form

n—1

;
ft) =bo+aot— ) —,
© ; (t — o)
where aq,as,...,a,—1 > 0. Since f is rational of order n, we have ag > 0. We set

g(t) = (bo + aot)(t —ar)(t —az) -+ (t — an—1)
n—1
=D ait—an) - (= @)t = @) - (= ane),
i=1

that is,
g(t)

0= et —an) -

Then we have

Sign(tlim g(t)) =1, signg(an—1)=-1, signg(a,—2)=1,

n—1 n

w, signg(an) = (1), sign( lim _g(t)) = (=1)"

So f has the form (b).
When f(t) has the form

n

Q;
Ft)=bo+apt — > ———
(t) ; oy
where a1, as,...,a, > 0. Since f is rational of order n, we have ag = 0. We set

g(t) = bo(t —a1)(t —az) - (t —ay)

- Zai(t —ay) -t —aim)(t— i) (E— ag),
i=1
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that is,
9(t)

(t—ar)(t —az) - (t—an)
Using the same argument as above, f has the form (d) if b = 0, the form (a) if b > 0 and
the form (c) if b < 0.

(2) = (1) When f has the form (a),(b),(c) or (d), f is rational of order n.

When f has the form (d), f € P(I) by Theorem 2.2.

When f has the form (a), f is represented as the following form:

flt) =

=% 2 ta

t—
i=1 v

where @ > 0 and some b; € R (i =1,2,...,n). Since

7 3

. o a(t=PB)(t—B3) - (= Bny1)
t_l>log1+0f(t) o t—1>g§l+0 (t—a)(t—az) - (t—ap) -

we get b; < 0 from the fact

n

b;
lim +a = —o0.
t—a;+0 Z t—

So f e P(I).
By the similar reason, f € P(I) if f has the form (b) or (c). O

3 Examples. The following Example 3.1 has been announced by M. Uchiyama in many
Conferences (cf. [7], [8]).

Example 3.1. Let {p,(x)} be the orthogonal polynomials on a closed interval [a,b] whose
leading coefficient is positive. It is well known that the zeros {c1,ca, ..., cn} of pn(x) satisfies
that

a=cyp<c<cg--<cp<cCpy1=Dh,

and each interval (c;,civ1) (i = 0,1,...,n) contains exactly one zeros of pni1(x) ([6]).
S0 pry1(x)/pn(x) has the form (b) in Corollary 2.3. This means that ppy1(x)/pn(z) is
operator monotone on any interval which does not contain any zeros of pp(x).

Example 3.2. Let 0 =qap < a1 <ag <+ -+ < agp_1 < a2, =m. Then

cos(xz — ay) cos(x — ag) -+ - cos(x — azp—1)

fz) =

cos(x — ag) cos(z — az) - - - cos(T — agp—2)

2m+ D)7

is operator monotone on any interval I contained in R\ { 5

0,1,....,n—1}.

0
In particular, tanz is operator monotone on any interval contained in R\ {mm — 5 |

—l—a2i|m€Z,i:

m € Z} (whenn =1, aozo,alzg).
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Proof. The function cos z is represented by the infinite product as follows:
cosz = lim f,(z),
m—0o0

where
m—1

:1__[ 2k+1) @+ Dr)

Remarking the fact

—1)m24m=2( (1 _ 1)1)2 m—1
O it (UAED gy § PR LAR

((2m —1)!)2 et 2
we have that
g (I) _ fm(z - al)ffﬂ(x - QB) s fm(x - a2n—1)
" fm (m_aO).fm(x_a2)"'fm(x_a2n72)
_ H <<2’“*” t+an))(@ = (ZEUT 1 ag)) - (@ = (P74 ay,y))
hm (2= (BT 4 o)) (2 — (ZHEUT 4 ay)) - (o — (DT 4 ay,s))

belongs to P(I) by Corollary 2.3. Since
fla) = lim_g,(x).

f(x) is operator monotone on I. O

Example 3.3. Let ap < a1 < ag < -+ < agn—1 < ag + 1 and k(1),k(2),...,k(n) € Z.

Then
Iz —ap— k(1))I(x —az —k(2)) -+ T(x — agpn—2 — k(n))

xTr) =
/(@) Dz —a; —k(1))T'(z —as — k(2))---T'(z — agn—1 — k(n))
is operator monotone on any interval I contained in R\{ag;—1+k(i)—m |i=1,2,...,n, m =
0,1,2,...}, where I'(z) is the Gamma function, i.e.,

I(z) = /000 e "t (x > 0).

Proof. We use Gauss’s Formula of I'(z) as follows:
I(z) = lim gn(z),

where g, (z) = % and the convergence is uniformly on any compact subset of

R\ {0,~1,-2,...} ([3]). Fora<b<a+1,
gm(@—a) o (@—b)@—(b-1))(z—(b—m)
gm(x —b) (z—a)(z—(a—1)) - (z—(a—m))

is operator monotone on any interval contained in R\ {a,a — 1,...,a — m} by Corollary
2.4. Then we have that

gin (& = ap = k(1)) g (@ — a3 = k(2)) - - gun (& — azu_s — k(n))
9o (@ — a1 — (D)) g (@ — a5 — £(2)) - g (@ — azn1 — k(n)

also has the form (a) in Corollary 2.3, and is operator monotone on I. So is f(x), because
f(x) = lm hy,(x). O
m—00

hm(z) =
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