Scientiae Mathematicae Japonicae 1

THE EDGEWORTH EXPANSION FOR THE NUMBER OF DISTINCT
OBSERVATIONS WITH THE MIXTURE OF DIRICHLET PROCESSES

HAJIME YAMATO anD MASAO KONDO

Received August 17, 2014; revised September 22, 2014

ABSTRACT. Let a random distribution P on the real line R have the mixture of Dirich-
let processes. Let S = (S1,---,S5,) be the random partition of the positive integer
n based on a sample of size n from P. For the number K,, = S1 + --- + S, of distinct
observations among the sample, Yamato (2012) gives the asymptotic distribution of
K, and the rate O(1/log/3 n) of its convergence. In this pager we give the Edgeworth
expansion for K, with the rate O(1/log?®n) and the rate O(1/log®" n).

1 Introduction. Let Hy be a continuous distribution on the real line R and B be the
o-field which consists of the subsets of R. Let 6 be a positive random variable having the
distribution . Given 6, let the random distribution P have the Dirichlet process D(6Hy)
on (R, B) with parameters 6 and Hy. Then this random distribution P has the mixture of
Dirichlet processes D(0Hj) with the mixing distribution v (Antoniak (1974)). For a sample
of size n from the random distribution P, S; denotes the number of observations which
occur only once, Ss the number of observations which occur exactly twice, ... and so on.
Then K,, = S1 + -+ S, denotes the number of distinct observations among the sample.
For the convergence of K,, Yamato (2012) gives
1
o <log1/ 3 n> .

Ky
sup ’P( < a:) —7(x)
—oo<r<oo IOgn

In case the distribution + is degenerate at 6y, that is the € equals to a positive constant
o, the random distribution P has the Dirichlet process D(0yHy). Then, K, has the well-
known Ewens sampling formula and the asymptotic normality, whose Edgeworth expansion
is given by

K, —fOylogn B B 1 2 4 1
P( Vo logn = x) = () 66 10gn¢(x) [ac 1 6901/)(90)] + O(logn)’

which holds uniformly in € R (Yamato (2013)). Here ® and ¢ are the distribution func-
tion and the density function of the standard normal distribution, respectively, and ) is the
digamma function defined by v (x) = I' (z)/T'(x), where I'(z) is the gamma function. The
purpose of this paper is to give the Edgeworth expansion for K, in case P has the mixture
of Dirichlet processes D(0Hj) with the mixing distribution v which is not degenerate. We
denote the distribution function (d.f) of the distribution v by G(x). Let g be the bounded
density function of the d.f. G.

In the section 2 , we give the Edgeworth expansion for K, with the rate O(1/ log?/® n).
In the section 3, we give it with the rate O(1/log® " n). In the section 4, we show numerical
examples.
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2 The Edgeworth expansion with the rate 1/ logz/5 n. We first note the random
variable P, which has the Poisson distribution with the mean 6(logn — (), given 6. By
Lemma 2.1 of Yamato (2013), we have:

Lemma 2.1 Under the condition that E.6 and E,0~" are finite ,

1
(2.1) sup \P(KneB)—P(P;;eB)\:O( ) n — oo,
BCZy logn
where where Z, = {0,1,2,---} and E, denotes the expectation with respect to the distribu-
tion .

In this section 2, we suppose that E.(0~!), E,(6?), and E, [6?4(6)?] exist. The following
conditions are necessary for the proof of the proposition 2.2 using the smoothing lemma (see,
for example, Petrov (1995; Theorem 5.2)); (i) g(x) is twice differentiable, (ii) x¢(z+1)g(x),
g(z) and z¢'(z) are the functions of bounded variation, (iii) ¢'(z), x¢”(z) and [z¢(x +
1)g(x)]" are bounded, and (iv) g(z) — 0, z¢’(z) — 0 as © — 0, and z¢(z + 1)g(x) — 0,
xg'(z) — 0 as * — +oo. Note that for x > 0, ¥»(x + 1) is monotone increasing and
Y(x+1) > (1), where —t)(1) equals Euler’s constant (= 0.57721---). Then we have:

Proposition 2.2 Forn > 3, we have

(2.2) sup

—oo<r<oo

p(li"n < z> - {G(x) + 213%{[2:61/;(“ 1) — 1]g(2) erg’(ac)}H

1
log?® n

In the following proof, we use the well-known relations for any complex number z such that

(2.3) e = 1+z+%\z|2,
1
(2.4) = 1+z+522+%2|z|3,

where for i = 1,2 ¢; is a complex number satisfying | ¢; [< 1.

Proof of Proposition 2.2. Given 6, the characteristic function of P}/logn is given
by the following; For —oco <t < o0,

(2.5) E[exp {z’t L } ) 9} = exp {O[logn — ¥(0)] [/ 18" — 1]},

logn

which is written as

exp@{[lognlb(@)]{ ; el ]}

logn 21log*n ?log?’n

by (2.4), where ¢y, is a complex number such that | ¢;, |< 1. Thus we have

P )
(2.6) E[exp {it z } ‘ 9] =expf{it + A;} = e'? x M
logn
where
it t2 t? cin |t cin | t]?
Ar = —(6 —— 40 —_— —P(0) =" ——
! v )logn 2logn W )210g2n 6 log”n V) 6 log®n
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By using (2.3) to the term ¢4t of the right-hand side of (2.6), we have
E{exp{ }‘9]—6”9{1+0A +02"( Vg2 | 4, 2}
1ogn
where ¢z, (6) is a complex number such that | ¢, (6) |< 1. This is written as
P ; it 612
E it ’ ol = 01— 6o f By b,
{exp {Z lo n} ] ¢ { i )logn 2logn 1}
where
C2n() 2 2 |: t cin [t]° Cin |t|3}
2.7) By =0Bio+—=>0" | A By = 0 0)— .
@7) B 10 AT, 10= | )210g2n 6 log’n —v() 6 log®n
Thus we get
P ; it 0t?
2. E it [0 = i1 -9 <|Bi|.
(28) [exp {Z lo n} } ¢ Vi )logn 2logn <| B
About By, for | t |< log¥®n (n > 3) we have
] 12
2.9 B l< — L 124 200) ] |,
( ) | 10|— 10g4/5n 6+3|’(/)()|
because of the following relations,
[ ] - 1 - 1 t? 1 - 1 q t? 1
5 5 ) an .
logZn  log®°n  log?"n’ log’n log®°n  log?°n log®n  log?°n
The similar inequalities to these are used, hereafter. About |A;], for |¢| < logg/5 n (n > 3),
by t? < logn and logn > 1 we have
t] t? 2 [t ] [t
A ]2 < 0 | 0 —_— 0) | ——
ar < {iu >‘1ogn+21 E ot lu >|210gn Al e L
7 ALY 2
= 115 G (0) 1 +1)
6 6 logn 2logn
1 2 tt }
< — P(0) | +1
B {( (0 > v | ) 4log?n
1 1 [ ]
2.10 < - - - 1 —_—
(2.10) B {( (0 6) +4 o) 1+1) }10g4/5n
By applying (2.9) and (2.10) to (2.7), for |¢| < log¥°n (n > 3),

(2.11) | By |<

[t ] {1
— | =0
log*/®n |6

Therefore, for |¢| < log?/®
(2.12)

P*
‘E[exp {it L
logn

n (n > 3), by E,(6%) and E, [6%1(0)?] <

: it : t?
}:| _ {EveztG _ JEE’Y [ew(e)ezw] _

2logn

v 20100 1+{ (01001 +50) + S0 1001407 )]

00, (2.8) and (2.11) yield

; |
E, [fe te]}‘ <dn a5,
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where dy1 is a positive constant. Since Eveita is the characteristic function of the distribution
function G, that is, it is the Fourier transform of the distribution function G(z). Similarly,
—itE,[0y(0)e?] is the Fourier transform of the function z¢)(2)g(z), and —t?E, [0e'?] is
the Fourier transform of the function {zg(x)} = g(z) +zg (). Therefore, by applying the
smoothing lemma to (2.12), we have the following.

(213) sup P(kﬁlgx) [G(w) lognwu 210g {9(z) + 24 ( }]

2/5
dll /log n d12 < 1 )
< ———— dt + =0 ,
log4/5 n Jo logz/5 n 1og2/5 n

where dj5 is positive constant depending only on di;. We get (2.2) by (2.1) and (2.13),
using the relation zy(z) = z¢p(x + 1) — 1.

3 The Edgeworth expansion with the rate 1/ log " n. In addition to the assump-
tion of the section 2, we assume that g(z) is differentiable four times, {z%g(z)}® is the
function of bounded variation and {z?g(z)}* is bounded. Besides, we suppose E.(6?) and
E[631(0)]3] exist. Then we have:

Proposition 3.1 Forn > 3, we have

P(p <) - |6+ 2101gn{[2xw<x 1) = 1]g(a) + a9/ (@)}

1
=0 —— ).
<1og3/7n>

In the following proof, in addition to (2.4) we use the well-known relation for any complex
number z such that

(3.1) sup

—oo<r<oo

o)

810g n

1 1
(3.2) eZ:1+z+§zQ+6z3+§|z\4,

where c¢3 is a complex number satisfying | c3 |< 1.

Proof of Proposition 3.1. Given 0, the characteristic function (2.5) of P}/logn is
written as

P} it t2 it3 csn  tt
Ele it—= ‘ 0| =e Ologn — (0 — —_ 4 3 7
{ Xp{ logn} } Xp{ [log v(0)] Logn 2log’n  6log®n 24 log4n}}

by (3.2), where —co < ¢ < oo and c3, is a complex number satisfying | cs,, |< 1. Thus we
can write

P )
(3.3) E {exp {zt"} ‘ 0] = exp Oit + Ay} = e x 42,
logn
where
; 2 2 13 13 ) 4 4
A2:—¢(9) it t _’_1!}(9) t B 1t —Hb(@) 1t c3n, U C3n, t

- +2 —_—
logn 2logn 2log’n  6log’n 6log>n 24 log®n 24 ()1og4n
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By using (2.4) to the term 42 of the right-hand side of (3.3), we have

« ‘ 1 (0
E{exp {itlfg”n} ] 9} - 6”9{1—1-9142—# 50243+ %Tf)(ﬁ | Ay |? }

where ¢4, (6) is a complex number such that | ¢4y, (6) |< 1. This is written as

P : it 6t> 62t
4 E it ‘9:“91799 - By b,
(34) {exp{z logn} } ‘ { id )logn 210gn+810g2nJr 2}
where
62 n(0
By = 6By + 5322 + CALT()QS | Ag |?,
t? it3 it3 csn  t* Cam, tt
By = u( - (o Cn L Cnyigy T
2 W 2log*n  6log’n 1Z)()6log3n 24 log®n 24¢()log4n
4
Byy = A} - .
* 2 4log®n
For |t| < log®"n (n > 3), by |t| < log'/?n we have
5 17 It 5 17 It
. By < | —+— 0 — + — 0 .
@5 1Bal (545100 )i < (G55 1901 ) o
About | Ay |, at first for [t| < log® " n (n > 3), by |t| < log"/?n we have
[t ] 2 2 [t
A |< 0 + + 0 +
| 2\_|1/1()|10gn Slogn W()\Qlogzn 610z n
T )Y K1)
6log®n = 24log®n 241og* n
|t ] t? |t ] |t ]
<| (6 0
<UU0) | o+ gt 1900) | 5 o
|t ] |t ] 1]
+ | (0 +|vl)| ———
[¥0) | 610g2n 2410g3/2n [9®)] 2410g5/2n
Thus, for |t| < log®"n (n > 3), we have
|t ] t2 41 5
. Ay |< 0 h 0)=— 0 —.
(35 x| TELu0) 4 o here (0) = 51 100 [+
Therefore, for |t| < log®"n (n > 3) we have
t)? ; t6 1] |¢]
3.7 A 3<4{| 0)® + }<4{ 03+} :
(3:7) Az < log?’nn() 8log®n | — n(6) 8 log6/7n

For the evaluation of Bss, at first we write As as

t2

Ay =—
2 2logn

+ Aoy
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where
it 12 it3 it3 csn  t* s t*
Aoy = —h(0 + (0 — + (0 + = — Zah(0) ———.
> 4 )logn i )210g2n 6log”n ¥ )6log3n 24 log®n 24 W )10g4n
Then we
(3.8) | Bay |<

We note that As; is obtained by deleting —¢2/(2logn) from As. Similarly to (3.6), for
|t| <log®"n (n > 3), we have

t
(3.9) [ Aa |< L o),

Applying (3.9) to (3.8), for |t| < log®"n (n > 3), we have
| |3 t2

(3.10) | Bao 1< - n(0) + ——n(0)° < {n(6) +n(6)°}
og'n log”n

|t
logn’

From (3.4) we get

p* . ot2 6%t
n b 6] - e a1 - 0u(0) +——5—¢| < Ba,
logn logn 2logn  8log®n

and from (3.5), (3.7) and (3.10) we have

(3.11) ‘E{exp {z

|t ]
logn

2 1 [ t]
Zp3 0)3 + =
+3 {n() +8}log6/7n

5 17 It ,
312 By < 0( 55+ 57 100) | ) e+ 502 000) 000} o

Therefore, for |¢| < log® " n (n > 3), under the condition E,(6%), E,[03v(0)]%] < oo, (3.11)
and (3.12) give

P , it ,
E . n _ itd itf
‘ [exp {ZtlognH {Eve 710gnE7 [6(0)e™]

t2
B 2logn

1

6/7,,

E, [06”9] + <dyn

)

8log”n log

where dg is a positive constant. Since t1E. [6%¢"?] is the Fourier transform of the function
{xg(x)}®), by the reason similar to (2.13) we have

313) sup P <o) - |6) + sialgle) {g(w) + 29’ (@))

1
=0 ——— |-
<10g3/7n)

Therefore we get (3.1) by (2.1) and (3.13), using the relation z¢(x) = z¢p(x + 1) — 1.

210gn

+ S e}
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4 numerical examples. We examine the Propositions 2.2 and 3.1 graphically by using
the gamma distribution as v whose density is given by g.(z) = 2¢"1e=®/T'(c). The distri-
bution function of K, /logn is obtained approximately by using the random numbers of R
and described by the step function.

At first, for the examination of (2.2) by taking ¢ > 1. Then, the conditions of the
Propositions 2.2 are satisfied. The approroximate function Gy (z) = G(z) + {[2z¢(z + 1) —
1g(z)+zg ()} /(2logn) is described by the broken curve. The distribution function G, of
ge(z) is described by the dotted curve. For n = 50, the Figure’s 1, 2, 3 and 4 give the cases
ofc=1.1,¢=1.5,¢c=2and ¢ = 3. If ¢ is small and near 1, then the function G1(x) is good
approximation to the distribution function of K, /logn. Even if ¢ increases, the function
G1(x) is better than G.(z) as the approximation to the distribution function of K, /logn.
But, the tail is not good approximation, similar to the usual Edgeworth expansion.

Figure 1: c=1.1, n=50 Figure 2: ¢=1.5, n=50
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0.0
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Figure 3: ¢c=2.0, n=50 Figure 4: ¢c=3.0, n=50
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Fn(x)
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Next, we examine the relation (3.5) by taking ¢ = 4. Then, the conditions of the
Propositions 3.1 are satisfied.

The approximate distribution G; is described by the broken curve. The approximate
function Ga(z) = G(2) + {[22¢(z + 1) — 1]g(z) + zg(z) } /(2logn) + {22g(x)}®) /(81log® n)
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is described by the dot-broken curve. The distribution function G, of g.(z) is described by
the dotted curves. For ¢ = 4, the Figure’s 5 and 6 give the cases of n = 50 and n = 100,
respectively. Both the functions G; and G5 give a little good approximate to the distribution
function of K,,/logn. But there are no obvious difference between G and Ga, becuase the
value of Go(z) — Gy (x) = {22g(x)}®) /(8log® n) is small. The little difference may be seen
at the left tail.

Figure 5 : c=4, n=50 Figure 6 : c=4, n=100
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