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Approximately derivative in a vector lattice

TOSHIHARU KAWASAKI

February 7, 2014

ABSTRACT. In previous paper we defined the derivative of mappings from a vector lat-
tice into a complete vector lattice. In this paper we define an approximately derivative
of mappings from a vector lattice into a complete vector lattice. Moreover we consider
a relation between these two derivatives.

1 Introduction The purpose of our researches is to consider some derivatives and some
integrals of mappings in vector spaces and to study their relations, for instance, the funda-
mental theorem of calculus, inclusive relations between integrals and so on; see [9-17].

When we consider extending from restricted Denjoy integral to improper Denjoy integral
for real valued functions, the derivative is transposed to more general derivative, called
approximately derivative. Therefore in this paper we consider approximately derivative for
mappings from a vector lattice into a vector lattice.

In [15] we defined the derivative of mappings from a vector lattice into a complete vector
lattice. In [12] we defined the approximately derivative in the case where the domain is finite
dimension. This derivative seemed to be a subset of bounded linear mappings generally,
however in [14] it was proved that the subset consists of a single point. In this paper we
consider an approximately derivative of mappings from a vector lattice into a complete
vector lattice. Moreover we consider a relation between these two derivatives.

In this paper we use notation and definitions in [15,16]. Let X be a vector lattice. An
element e € X is said to be a unit if e Az > 0 for any z € X with x > 0. Let Kx be the
class of units of X. Let Zx be the class of intervals of X and ZKx the class of intervals
[a,b] with b —a € Kx. Let £(X,Y") be the class of bounded linear mappings from X into
a vector lattice Y. If Y is complete, then £(X,Y) is also so [2,20,24,25]. A subset D C X
is said to be open if for any z € D and for any e € Kx there exists ¢ € Kg such that
[x —ee,x + ece] C D. Let Ox be the class of open subsets of X. For an interval [a,b] and
ee€ Kx let

[a,b]® = {z | there exists € € K such that x —a > ce and b — = > ce}.

Let A be an upward directed set. Then let Ux (A) be the class of {vy | A € A} which satisfies
the following conditions:

(Ul) vy € X with vy > 0;

(U2)u Ux, > Un, i Ap < Ags

(U3)  Ajeavr=0.

Moreover we consider the following condition:

(M) There exists an interval function ¢ : Zx — [0, 00) such that
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M1) q(Il) < q(IQ) if I1 C Ir;
(M2) q¢(I)>0if I € ZKx;

(M3) For any = € X, for any e € Kx and for any ¢ € Kg there exists § € Kg such
that g([z,z + de]) < e and q([z — de,z]) < e.

Ezample 1.1. Let X be a Banach lattice, that is, it satisfies that |a| < |b| implies ||a| < ||b]].
Suppose that Kx # 0. For any a,b € X with a < b let ¢([a,b]) = ||b— a||. Then X endowed
with ¢ satisfies (M). Indeed, if [a,b] C [¢,d], then 0 < b —a < d — ¢ and hence ¢([a,b]) =
Ib—al <||d—c|| =q(lc,d]). If b—a € Kx, then a # b and hence ¢([a,b]) = ||b — a| > 0.
Moreover for any z € X, for any e € Kx and for any € € K, taking § < ﬁ, then it holds
that g([z,x + de]) = d|le]| < € and q([x — de,z]) = d|le|| < e. For instance, since C(K),
where K is a compact Hausdorff space, and L?, which 1 < p < oo, are Banach lattices with
unit, these spaces endowed with the above ¢ satisfy (M).

Example 1.2. Let X = R? x X, where X, is any vector lattice with unit. For any a =
((a1y...,aq4),a"),b = ((b1,...,b4),b") € X we define a < b whenever a; < b; for any i =
1,...,d and o’ <¥'. Then Kx = {((e1,...,€4),¢') | e; > 0forany i =1,...,dand ¢’ €
Kx,}. Moreover for any a = ((a1,...,aq4),a"),b = ((b1,...,bq),b") € X with a < b let
q([a, b]) = H?=1(bi — a;). Then X endowed with ¢ satisfies (M). Indeed, if [a,b] C [c,d],
then b; —a; < d; — ¢; for any i = 1,...,d and hence ¢([a,d]) < ¢q([¢,d]). If b —a € Kx,
then a; < b; for any ¢ = 1,...,d and hence ¢([a,b]) > 0. Moreover for any = € X, for
any e = ((e1,...,eq),€’) € Kx and for any ¢ € Kg, taking § < d;e-’ then it holds that

=1 "7
q([z,z + de]) = 5]_[;.1:1 e; < e and q([z — de,z]) = 5]_[?:1 e; < e. For instance, since R,
where S is an arbitrary nonempty set, is such a space, this space endowed with the above
q satisfies (M).
In general a lot of interval functions satisfying (M) in X can be considered. Hereafter
in the case of X = R? we always consider the Lebesgue measure as an interval function q.

2 Definitions

Definition 2.1. Let X be a vector lattice with unit, zo € D € Ox and E C D. Suppose
that X satisfies (M).

xo is said to be a right density point of E if for any e € Kx and for any £ € Kr there
exists e; € Kx such that for any h € Kx with 0 < h < e; there exists {[ax, bx] | K =1,2,...}
which satisfies the following conditions:

(RDS) E N [zo,z0 + h] C Upeylar, brl®.
(RD) 2211 Q([a/ﬁ bk]) < EQ([x()? To + h])

x is said to be a left density point of F if for any e € x and for any € € Kg there exists
e1 € Kx such that for any h € Kx with 0 < h < e; there exists {[ax,bx] | & = 1,2,...}
which satisfies the following conditions:

(LDS) E€nN[zo— hyxo] C Upe; lar, brl®.

(LD)  >2%l allaw, be]) < eq([wo — R, o).

xo is said to be a density point of F if it is a right density point and a left density point.

x is said to be a right dispersion point of F if for any e € Kx and for any ¢ € Kg there
exists e; € Kx such that for any h € Kx with 0 < h < e; there exists {[ak, bx] | K =1,2,...}
which satisfies (RD) and the following condition:
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(RDP) EnN|[zg,z0+ h| C Upelar, bi]®.

xg is said to be a left dispersion point of E if for any e € Kx and for any € € Ky there exists
e1 € Kx such that for any h € Kx with 0 < h < ey there exists {[ag,bx] | K = 1,2,...}
which satisfies (LD) and the following condition:

(LDP) En|[zo — h,zo] C Upeylar, bi]®.

Zo is said to be a dispersion point of F if it is a right dispersion point and a left dispersion
point.

Definition 2.2. Let X be a vector lattice with unit, Y a complete vector lattice, D € Ox
and F' a mapping from D into Y. Suppose that X satisfies (M).
For any [ € £(X,Y) and for any right density point g of {z |z € D,z — zp € Kx } let

Ef,(;F,x0) = {x|zeD,x—xecKx,F(z)— F(xo) £ l(x —x0)},
le L(X,Y)
+ _ 9 )
Liup(F o) - = {l To is a right dispersion point of E;Zp(l; F,x) }

and 0 AD F (o) the class of I € £(X,Y) which satisfies the following conditions:

(a-S1g) TFor any I’ € L(X,Y) with I’ > 0 there exists I" € L,

sup(Fy o) such that I <" <
I+

(a-S2r) 1" £ lfor any I” € L}, (F, xo).

sup
Let

Ef (L F,m0) = {x|zeD,z—x€Kx,F(x)—F(xo) # l(x — x0)},
{z le L(X,Y), }

+
Linf(F’ o) T is a right dispersion point of E;;f(l; F,x)
and 0-AD" F(x) the class of [ € £(X,Y’) which satisfies the following conditions:

(a-Tlg) Forany I' € L(X,Y) with I > 0 there exists I” € L}, .(F,xo) such that [ > 1" >
1-0.

(a-I12g) 1" ¥ lforanyl’ € L;;Lf(F, Z0).

For any | € £(X,Y) and for any left density point zg of {z |z € D,z¢g — x € Kx } let

B, F,r0) = {z|x€D,xo—2z€Kx,F(xo) — F(z) £ l(z0 — )},
_ B le L(X,Y),
Louwp(Fy20) - = {l o is a left dispersion point of E,(I; F, o) }

and 0-AD  F(x) the class of [ € £(X,Y) which satisfies the following conditions:

(a-S1y) For any I’ € L(X,Y) with I > 0 there exists I € Lg,,(F,xo) such that [ <" <
I+

(a-S2p) 1" £ lforany " € L, (F,xo).

sup
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Let

E;Lf(l;F,xo) = {z|zeD,xg—z€Kx,F(xg) — F(z) # l(xo — )},
{l le L(X,Y), }

Li—nf(F’ o) xo is a left dispersion point of Ei_nf (I; F, x0)
and 0-AD™ F(xg) the class of [ € £L(X,Y) which satisfies the following conditions:

(a-Ily)  For any I’ € L(X,Y) with I’ > 0 there exists I € L;, .(F,zo) such that [ > 1" >
1-1.

(a-I2p) 1" # Ufor any I” € L;, (F, zo).

F' is said to be approximately right upper differentiable, approximately right lower differ-
entiable, approximately left upper differentiable and approximately left lower differentiable
at xg if 0—E+F(xo), 0-AD" F(xg), 0-AD F(x¢) and 0-AD™ F(x¢) are not empty, respec-
tively. If 0-AD* F(z0) = 0-AD  F(xo) N 0-AD" F(z) and 0-AD~F(x0) = 0-AD F(z0) N
0-AD™ F(z) are not empty, then F is said to be approximately right differentiable and
approximately left differentiable at xg, respectively. If 0-ADF(zg) = 0-ADTF(z) N
0-AD~ F(z9) is not empty, then F is said to be approximately differentiable at xg.

3 Properties

Theorem 3.1. Let X be a vector lattice with unit, Y a complete vector lattice, xo € D € Ox
and F a mapping from D into Y. Suppose that X satisfies (M).

(1)  If F is approzimately right upper differentiable at right density point xo of {x | x €
D,z —x € Kx}, then any two different elements in O-EJFF(.%O) are incomparable.

(2)  If F is approximately right lower differentiable at right density point xo of {z | x €
D,z —x0 € Kx}, then any two different elements in 0-AD™ F(x0) are incomparable.

(3)  If F is approxzimately left upper differentiable at left density point xg of {x | x €
D,zo—2x € Kx}, then any two different elements in 0-AD  F(x0) are incomparable.

(4)  If F is approzimately left lower differentiable at left density point z¢ of {z | x €
D,zo—x € Kx}, then any two different elements in 0-AD™ F(x) are incomparable.

Proof. Assume that I; < Iy for Iy,ls € 0—E+F(x0). By (a-Slg) for Iy there exists I €
LT, (F,xo) such that Iy <1"” <l + (I — I1) = ls. However it is a contradiction to (a-S2g)

sup

for I, that is, I #£ Iy for any I” € Lf,,(F,x). Therefore any two different elements in
0-AD" F(x() must be incomparable. The rest can be proved similarly. O

Lemma 3.1. Let X be a vector lattice with unit, Y a complete vector lattice, zyg € D € Ox
and F a mapping from D into Y. Suppose that X satisfies (M).

(1) Ifle L;tup(F, x0) and I € L(X,Y) with I' > 1, then I € LE, ,(F, xo).

(2)  Ifle Ly, (Fxo) and ' € L(X,Y) with I! <1, then ' € L, ((F, o).

Proof. 1t is clear by definition. O
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Let X be a vector lattice and A, B C X. We write A < B if a < b for any a € A and
for any b € B. Similarly we write A < B and A £ B if a < b and a £ b, respectively, for
any a € A and for any b € B, and so on. Moreover we write A < B if for any a € A there
exists b € B such that a < b and if for any b € B there exists a € A such that a < b.

Lemma 3.2. Let X be a vector lattice with unit, Y a complete vector lattice, xg € D € Ox
and F a mapping from D into Y. Suppose that X satisfies (M).

Then
(1) L, (Fm0) N LE,, (F,20) = 0.
(2) Liinf(F» To) # Lg:up(Fv o).
(3)  Li;(F,m) < L%, (F,xo).

Proof. (1) Assume that L;';Lf(F, zo) N LT,

sup

(F,x0) £ 0. Let | € L?;Lf(F,xo) N LY, (F, xo).

sup
Then =z is a right dispersion point of E;’Lf(l; F,zp) and E;Zp(l; F,xp), that is, forany e € Kx

and for any € € Kp there exists e;,y € Kx such that for any h € Kx with 0 < h < ejny
there exists {[ax, bg] | K = 1,2, ...} which satisfies

E; (I Fym0) N [wo, 20 + h]  C U[ak,bk]e,
k=1

NE

q(lar,be]) < £q([zo, o + A]),

>
Il

1

and there exists esup € Kx such that for any h € Kx with 0 < h < egyp there exists
{lek,dr] | kK =1,2,...} which satisfies

(G

E:up(l; F, .’13()) N [x07$0 + h] - [Ck,dk]e,

k=1

]38

q(ler,di]) < eq([zo, zo + h]).

=
Il

1

Let e1 = €ins A €sup. Then the above two inequalities are true for any h € Kx with
0 < h < e;. Since
E;;f(l;F,zo) UES (;F z0) ={z|z€D,x -z € Kx},

sup

it holds that

(E:;zf(lvFa 1:0) U E:;Lp(l?Fa 1;0)) N [1’07-?0 + h’]
={z|z€D,x—x9 € Kx}Nxg,zo+ h].

Therefore

{z|z€D,x—xo€Kx}Nlwo,mo+hl C | J([ar, bkl U ek, dil®),
k=1

o0

> allar, b)) + Y allew, i) < 2eq([wo, z0 + h)).

k=1 k=1
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It is a contradiction to that z¢ is a right density point of {z | € D,z—x¢ € Kx }. Therefore
L;;Lf(F, 20) N L, (F, o) = (. It can be proved similarly that Ly, . (F, zo) N Ly, (F, o) = 0.

sSu su
(2) Assume thatpll € L?:Lf(F, 20), l2 € LE (F,xo) and Iy > I5. By Lemmap?).l it holds
that Iy € L, (F,z9) and Iy € L?;Lf (F, o). However it is a contradiction to (1). Therefore
Ly, 1 (F o) # LE,(F, o).
(3) Let I; € L?;Lf(F, z0) and Iy € L%, (F,20). By Lemma 3.1 it holds that I} V Iy €
L;tup(F, xg) and l; <11 Vls. By Lemma 3.1 it holds that I; Aly € L?;Lf(F, xo) and i3 Aly <.
Therefore Lfflf(F, z0) = LZ,, (F, xo). O

Theorem 3.2. Let X be a vector lattice with unit, Y a complete vector lattice, xo € D € Ox
and F a mapping from D into Y. Suppose that X satisfies (M).

(1) If F is approximately right upper differentiable and approximately right lower differ-
entiable at right density point o of {z |z € D,z — xo9 € Kx }, then 0-E+F(x0) e
0-ADT F(zq).

(2) If F is approzimately left upper differentiable and approzimately left lower differen-

tiable at left density point xg of {x | * € D,xg — x € Kx}, then 0-AD F(xq) &£
0-AD™ F(xo).

Proof. Assume that [, € 0—E+F(xo), ly € 0-ADVF(z0) and I; < lo. Let | = %(11 + lo).
Then I3 < I < l3. By (a-Slg) for I; there exists If € LT, (F,zo) such that I <1} < I

sup

By (a-I1g) for Iy there exists Ij € L;';Lf(F, xo) such that Iy > 1§ > [. By Lemma 3.1 [ is
belonging to both LY, (F,zg) and L:;Lf(F, Zg), however it is a contradiction to Lemma 3.2.

sup
Therefore 0—E+F(a¢0) Z 0-ADV F(z0). Tt can be proved similarly that 0-AD F(xq) #
0-AD™ F(z9). O

Lemma 3.3. Let X be a vector lattice with unit, Y a complete vector lattice, xg € D € Ox,
F, Fy, F» mappings from D into Y and a € R. Suppose that X satisfies (M).
Then

(1)
+ _ aLg:up(F, 170) ZfOé > 07
Lsup(aFa xO) - { aL?;Lf(F7 330) Zfa < 0.
4+ .
+ — ame(F, To) if a >0,
Lins(aF o) = { aLf, (F,x0) if a <0.
(2)
Lg:up(F17x0)+L2:up(F27$0) C Lg:up(Fl +F2,.’E()),
L ¢ (Frmo0) + Ly, ((Fa,w0)  C Ly, ¢ (Fi + F, x0).

Proof. (1) is clear by definition. We show (2). Let Iy € L}, (F1,x0) and Iy € L, (Fz, o).
If

Fl(z) — Fl(lto) + FQ(J?) — FQ(JI()) 5{ 11(11 — 1’0) + 12(1’ — 1?0),
then

Fi(z) — Fi(z0) £ li(x — xg) or Fy(x) — Fa(xg) £ la(x — x0).
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Therefore

E::up(ll + oy F1 + FQ,JI()) C E:,_up(ll;Fl,l’()) UES (lg;Fg,l’o).

sup

If zy is a right dispersion point of E;Zp(ll; Fi,10) and of EY  (lo; Fs, 20), then it is right

sup
dispersion point of E;Zp(ll + ly; F1 + Fy,20). Therefore I; + 15 € Ljup(Fl + F5,29). The
rest can be proved similarly. O

Theorem 3.3. Let X be a vector lattice with unit, Y a complete vector lattice, xg € D €
Ox, F, F1, F5 mappings from D into Y and o € R with a > 0. Suppose that X satisfies
(M).

(1)  If F is approzimately right upper differentiable at right density point xo of {z |
x € D,x —x € Kx}, then oF is also so and O-E+(QF)(:EO) = ao-EJrF(mo)
and —aF is approzimately right lower differentiable at x¢ and O-E+(—QF) (zo) =
—ao-ADT F(xy). If F is approzimately right lower differentiable at zo, then oF is
also so and 0-AD™ (aF)(z0) = ao-ADT F(x¢) and —aF is approzimately right upper
differentiable at xo and 0-AD™ (—aF)(xq) = —ao-E+F(x0).

(2) If F1, Fs, Fy + Fs are approzimately right upper differentiable at right density point
xg of {x |z € D,z — 29 € Kx}, then

O-EJ’_Fl(x()) + O-EJ’_FQ(SE()) e O-EJ'_(Fl + F2)(.'E()).
If Fy, Fy, F1 + F5 are approximately right lower differentiable at xg, then

0-AD" Fy(z9) + 0-AD" Fy(o) # 0-AD™ (Fy + F»)(wo).

(3)  If F is approxzimately left upper differentiable at left density point zg of {x | x €
D,zy—x € Kx}, then oF is also so and

0-AD (aF)(zo) = ao-AD F(z)
and —aF is approzimately left lower differentiable at o and
0-AD (—aF)(zy) = —a0-AD™ F(z).
If F is approzimately left lower differentiable at xo, then oF is also so and
0-AD™ (aF)(z0) = 0-AD™ F (o)
and —aF is approzimately left upper differentiable at x¢ and

0-AD™ (—aF)(z9) = —a0-AD F(xo).

(4) If F1, F5, F1 4+ F5 are approximately left upper differentiable at left density point xq
of {x |z € D,xo — x € Kx}, then

O-E_Fl(lto) + O-E_Fz(mo) ;{ O-E_(Fl + Fz)(l’o).
If F1, F5, F1 + F5 are approxzimately left lower differentiable at xq, then
0-AD™ Fi(o) + 0-AD™ F>(wo) # 0-AD™ (Fy + F3) (o).
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Proof. (1) and (3) are clear by definition. We show (2) and (4). Let l; € 0—E+F1(x0)
and lp € 0—E+F2(x0). By (a-Slg) for any " € £L(X,Y) with I’ > 0 there exist I{ €
Ljup(Fl,Xo) and lf € Ljup(F2,X0) such that Iy <I{ <l +1' and lo < 1§ <ly+1'. Since

Fy + F; is also approximately right upper differentiable at g, by (a-S2g) it holds that 1" «£ 1

for any [ € 0-E+(F1 + F3)(xo) and for any I” € L¥,,(F1 + F», Xo). Since by Lemma 3.3
I +15 € LY, (F1 + Fy,20), it holds that Iy + 1l < I 4+ 15 £ I. Note that I and I5 can

take near l; and Iy enough. Therefore [y + I3 £ [. Actually assume that I; + lo < [. Then
W41y <li+1lo+2I' <lforany l' < $(I — 1y — ). It is a contradiction. Therefore

0-AD ' Fi(xo) + 0-AD  Fy(zo) £ 0-AD  (Fy + Fy)(xo).
The rest can be proved similarly. O

Lemma 3.4. Let X be a vector lattice with unit, Y a complete vector lattice, zyg € D € Ox
and F a mapping from D into Y. Suppose that X satisfies (M).

(1) 1€ 0-ADVF(x0) if and only if | satisfies (a-S1g) and (a-I1Rg).
(2) 1€ 0-AD™F(xo) if and only if | satisfies (a-S1p) and (a-I1y).

Proof. The necessity is clear. We show the sufficiency. We show that if | € £(X,Y") satisfies
(a-S1g), then it satisfies (a-I2g). Assume that ! does not satisfy (a-I2g). Then there exists
" e L;';Lf(F, xg) such that I” > [. By (a-Slg) there exists I € L}, (F,zo) such that
I <V <1". It is a contradiction to Lemma 3.2. Therefore [ satisfies (a-12g). The rest can

be proved similarly. O

Theorem 3.4. Let X be a vector lattice with unit, Y a complete vector lattice, g € D € Ox
and Fy, F5 mappings from D into Y. Suppose that X satisfies (M).

(1)  If Fy and Fy are approximately right differentiable at right density point xo of {x |
x € D,x—x9 € Kx}, then Fy + Fy is also so and

0-AD+F1(£U()) + 0-AD+F2(SE()) = O-AD+(F1 + FQ)(SE()).
(2) If Fy and Fy are approzimately left differentiable at left density point xo of {z |z €
D,zy—x € Kx}, then Fy + F5 is also so and
0-AD™ Fy(zg) + 0-AD™ Fy(x9) = 0-AD™ (F} + F»)(zq).

Proof. Letl; € 0-ADT Fy(z0) and Iz € 0-ADT Fy(x0). Forany I’ € £(X,Y) with I’ > 0 there
exist If € LY, (F1,z0) and I§ € LY, (Fs,xg) such that I} <If <3+ and Iy <14 <ly+1'.

sup sup

Since by Lemma 3.3 I +1 € Ljup(Fl +Fy, ), l1 + 1o satisfies (a-S1g) for F} + F,. Similarly
1 + o satisfies (a-I1g) for F; 4+ Fy. Therefore by Lemma 3.4 F; 4+ F; is approximately right
differentiable and

0-ADT Fy(20) + 0-AD " Fy(z0) C 0-AD™ (Fy + F») (o).
In the above formula we put —Fj into F; and Fy + F5 into F5. Then we get

0—AD+(—F1)(.’E0) + O—AD+(F1 + FQ)(.’E()) C 0—AD+F2(.’E()).
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By Theorem 3.3

0-ADY(Fy + F2)(z0) C 0-ADT Fa(z0) — 0-AD™ (—Fy)(wo)
= 0-AD"Fy(x9) + 0-ADT Fy(x0).

Therefore
O—AD+F1 (.’II()) + O—AD+F2(.'ZIO) = 0—AD+(F1 + FQ)(JI())
The rest can be proved similarly. O

4 1In the case of X = R? Approximately derivative becomes a subset of bounded linear
mappings generally. The problem that it consists of a single point is not solved. However
it is true to show the following in the case where X is finite dimensional; see [14].

Lemma 4.1. Let X and Y be vector lattices and | € L(X,Y).
If {z,,} is relatively uniformly convergent to 0 in X, then {l(x,)} is also so inY.

Proof. Since {z,} is relatively uniformly convergent to 0 in X, there exist {e,} € Ur(N)
and v € X with v > 0 such that |z,| < e,u for any natural number n. Then there exists
a monotone sequnce {r,} of real numbers such that it is divergent to infinity and {r,z, }
is relatively uniformly convergent to 0. Actually there exists a monotone sequence {N(m)}
of natural numbers such that |z,| < zu if n > N(m). Let

1 ifn<NQ),
T m if N(m) <n<Nm+1) (m=1,2,...).

Since

] = || if n < N(1),
e mlz,| HNm)<n<Nm+1) (m=12...),

and m|z,| < Lu, {r,z,} is relatively uniformly convergent to 0 and {r,} is divergent to
infinity. Since {rpz,} is relatively uniformly convergent to 0, it is bounded. Therefore
{rnl(zy)} is also so, that is, there exists v € Y with v > 0 such that r,|l(z,)| < v. For m
select N such that rny1 > m. Then |[(x,)] < %’U < Ly for any natural number n > N.

It means that I(z,,) is relatively uniformly convergent to 0. O

Lemma 4.2. Let X =R? Y a complete vector lattice, o € X and l € L(X,Y).
Then

0-E+l(x0) = 0-AD"I(z9) = 0-AD I(xg) = 0-AD l(z0) = {1}

Proof. We show that 0—E+l(x0) = {i}. The rest can be proved similarly. Since I €

0—E+l(x0) is clear, we show that for any element of 0—E+l(x0) it is equals to [. First
we consider a necessary and sufficient condition for I” € Lf,  (I,z0). Note that Kx =
{(e1,...,ea) | &i > 0 for any i} and £(X,Y) =Y
In the case of I > I:

Since

Ef (1"l x0) = {z |z —x0 € Kx,l(x — xz0) £ 1" (z — z0)} =0,

it holds that I” € L{,,(, o).
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In the case of I =1:
Since

Bt (51, 20) = {o] 2 — w0 € Kx},
it holds that for any h € Kx
E:;Lp(l”;LxO) N [zo, 0 + h] = {1‘ | x —xp € ]Cx} N [zo, zo + h.

Therefore z is never a right dispersion point of Ef,,(I";1,z0). Then I"” & L{, (I, o).
In the case of I"” % I:

Note that for any z € X with 2 > 0 there exist r >0and 0<6; < 5 (i =1,...,d — 1)
such that

r = f(r,@l,...,ad_l)
= r(cosby---cosby_1,co801---sinby_1,...,sinb;).

Therefore there exists f(ro,01,0,-..,0da-1,0) with 7o > 0,0 < 6;0 < 5 (i = 1,...,d - 1)
such that

l/,(f(To, 91,07 L} 9d—1,0)) z l(f(T'(), 91,0, ceey ed—l,O))-

Then there exists a; with 0 < o;+6;0 < §, a; # 0 such that for any 6; with [0; —0; o| < |,
0 < 0; < % it holds that

l/,(f(’rOa 91, ey ad—l)) z l(f(ro,ala ey gd—l))'

If not, then for a; 3 with 0 < a1 +6;0 < 5, ;1 # 0 there exists 6; 1 with 0 < |6; 1 —0;0| <
lai1], 0 < 0; 1 < 5 such that

U(f(ro,01,1,---,04-11)) > U(f(ro,01,1,---,0a-1,1))-

Moreover for ;o with 0 < a;2 + 0,0 < 5, 0 # ;2 < %|ai,1| there exists ;o with
0< |9i,2 — 91',0| < |Oéi72|, 0< 91',2 < % such that

U(f(ro,01,2,...,04-12)) > U(f(ro,01,2,..,0a-1,2))-

Repeat this way, then we get a sequence {f(ro,01k,...,04—1,k)} such that it is relatively
uniformly convergent to f(rg,61,0,...,04—1,0) and

U(f(ro, 01,k 0a—1)) = U(f(ro, 01,k 0a—1,k))-

It is a contradiction to Lemma 4.1. Therefore there exists a; with 0 < a; +0;0 < 5, a; # 0
such that for any 6; with [0; — 6; 0| < ||, 0 < 6; < 7 it holds that

U(f(ro,01,-..,0a-1)) 2 I(f(ro,01,...,04-1))
Since I” and [ are linear, the above inequality is true for any r > 0. Let
m .
W = {f(T,Hl,...,Qd_l) r>0,|0i_0i,0| < |Otl|,0§97, < 5 (’L:l,...,d—l)}.
Then {z | z — zo € Kx} N (w0 + W) C EF,,(I";1,x0). Let El(h) = El(hy,...,hd) be the

intersection of an ellipsoid, which radii are hq, ..., hq, and {(z1,...,24) | z; > 0 for any i}.
Then zo + El(h) C [xg, 2o + h]. Since zg is a right density point of {z | z — zo € Kx }, that
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is, for any e € Kx and for any ¢ € Ky there exists e; € Kx such that for any h € Kx with
0 < h < e; there exists {[ax,bx] | K = 1,2,...} which satisfies

{x|2—20€Kx}’Nlzo, 20 +h] C U[ak,bk]e,
k=1

> allan, b)) < eq([zo, xo + 1)),
k=1

if xg is a right dispersion point of Esup(l” ;1,x0), that is,

o0

sup(l” l "EO) N [.’Eo, Zo + h] C U [Cka dk]ea
k=1

> aller,dr)) < eq([xo, o + h]),
k=1

then

(ko + W) N (2o + El(h (U ak, b ) (G Cr, d] >7
k=1 k=1

o0 o0

> qlar, b)) + Y aller,di]) < 2eq([zo, 70 + b))
k=1 k=1

proving that (zg + W) N (zg + El(h)) is a null set. On the other hand

4
2

|y - ag—1] 7T

>

a((zo+ W) N (wo + EU(R)) > = F(%+1)xh1 ha

lag - ag—1]

= —h .o h
zwa—lr(gﬂ) Lo
lag -+ ag—1]

= ———q([xo,x0 + h]),
Srdoird g gy s+

where I" is I'-function. It is a contradiction. Therefore x( is never a right dispersion point
of Ef,,(I";1,x0). Then 1" & L, (I, o).

sup
Therefore 1" € Lf, (I, x0) if and only if I” > I. Let I} € 0-E+l(x0). For any I’ > 0
there exists I € L{,, (I, z) such that I, <1” <y +1'. Since I’ is arbitrary, it holds that
[ <1y, moreover by Theorem 3.1 it hold that I, =I. O

Theorem 4.1. Let X =R, Y a complete vector lattice, o € D € Ox and 1 € L(X,Y).

(1) If F is approxzimately right differentiable at right density point xo of {x |z € D,z —
zo € Kx}, then 0-ADT F(xg) consists of a single point.

(2) If F is approxzimately left differentiable at left density pont xg of {x | x € D,xg—x €
Kx}, then 0-ADT F(xg) consists of a single point.

Proof. In Theorem 3.4 (1) put F; = F and F, = —F and by Lemma 4.2
0-ADT F(x9) — 0-ADV F(z0) = 0-AD"0(z0) = {0}.

Therefore o-AD™ F(x) consists of a single point. Similarly it can be proved that o-AD~ F(z)
consists of a single point. O
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5 Relation We consider a relation between the approximately derivative and the deriva-
tive. However it is not known any desirable relation. In this section we consider the case
where X = R and Y is totally ordered.

Theorem 5.1. Let X = R, Y a complete vector lattice with total ordering, xo € D € Ox
and F a mapping from D into Y.

(1) If F is right differentiable at xo, then it is approzimately right differentiable and
0-DVF(z9) = 0-ADT F(xy).

(2) If F is left differentiable at xg, then it is approzimately right differentiable and
0-D™ F(zg) = 0-AD™ F(xyg).

Proof. Let Il = 0o-D" F(xzg). Then there exists {wg, e} € Upxy)(Kx,>) such that for any
e € Kx there exists 0, € Kg such that |F(zo+h) — F(zg) —l(h)| < wgy,e(h) for any h € X
with 0 < h < dge. Let I € £L(X,Y) with I’ > 0. Since U x ) (Kx, =) is totally ordered,
there exists e € Kx such that wy,e(h) < $I'(h) for any h € Kx with 0 < h < d55e. Let
" =1+3l'. Then I <1" <1+1"and I" € L}, (F,xo). Actually since for any h € Kx with
0<h<dz,e, z0o+heD

F(zo+ h) — F(zg) < (I + wgy.e)(h) <1"(Rh),

it holds that Ef, (I"; F,x0) N [zo, 2o + h] = 0. Therefore x¢ is a right dispersion point of
E},(I";F,xp). Then I” € L}, ,(F,x0). Therefore [ satisfies (a-S1g). Similarly it can be
proved that [ satisfies (a-I1g). By Lemma 3.4 F is approximately right differentiable at
x9. By Theorem 4.1 we obtain that o-DT F(x¢) = 0-ADT F(xg). The rest can be proved
similarly. O
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