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ABSTRACT. In this paper we apply the concept of intuitionistic fuzzy sets to n-racks,
n > 2. Several related results are established. In particular, we discuss some properties
of normality and maximality of intuitionistic fuzzy n-racks using their (o, 8)-cut sets.

1 Introduction In [3], the author introduced the category of n-racks as a generalization
of racks [6], and studied n-subracks in [4]. Intuitionistic fuzzy sets were introduced by
Krassimiri T. Atanassov [1] as a generalization of the concept of fuzzy sets introduced
by Zadeh [9] in the 60s. They have been applied to several algebraic concepts such as
equivalence relations [2], congruences [7] and groups [8]. In this work, we develop this
concept on n-racks. In particular we extend some results established in [5] on fuzzy n-racks
to intuitionistic fuzzy n-racks.

Let us recall a few definitions. A n-rack![3] (R, [—,...,—]r) is a set R endowed with an
n-ary operation [—,...,—]g: R X R X ... x R — R such that
b [xla sy Tp—1, [yla s ayn—l]R]R = “3:17 s axn—17y1]R7 sy [501, cee 7$n—17yn]R]R

(This is the left distributive property of n-racks)
e For ajy,...,an—1,b € R, there is a unique z € R with [a1,...,a,-1,2]g = b.

If in addition there is a distinguish element 1 € R, such that [1,...,1,y]g = y and
[®1...,2p-1,1]rg =1 forall zy,...,2,-1 € R, then (R,[—,...,—]g,1) is said to be a
pointed n-rack.

e A n-rack R is involutive if it further satisfies

[xl, ey T, [T, . ,xn_l,y]} =y forall z1,...,2,_1,y € R.
e A n-rack R is trivial if it further satisfies [x1,za,...,2n—1,y]r = y for all 2;,y € R.
e A n-rack is a n-quandle if it further satisfies [z1,22,...,2n—1,y]r = y if ; = y for

some i € {1,2,...,n—1}.

e A non empty subset S of a n-rack (resp. pointed n-rack) R is called n-semisubrack
of R if S is closed under the n-rack operation. S is called n-subrack of R if it has a
n-rack structure (resp. pointed n-rack structure).

1In this paper, we mean by a n-rack, a left n-rack.
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2  intuitionistic fuzzy n-subracks Recall from [1] that for a set R, an intuitionistic
fuzzy set S in R is an object S = {(z,pus(x),vs(zx)) : € R}, where pug : R — [0,1]
and vg : R — [0,1] are two functions satisfying 0 < ps(z) + vs(z) < 1 for all z € R.
Also pg(x) and vg(x) define respectively the degree of membership and the degree of non-
membership of z € R. We say that S is constant if ug or vg is constant. Note that when
us(z) +vg(x) =1 for all x € R, S is a fuzzy set. Also for two intuitionistic fuzzy sets
Sy = {{z,ps, (x),vs, () : @ € R} and Sy = {(z, s, (x),vs,(x)) : © € R}, one says that
S1 C Sy if and only if pg, (2) < ps,(x) and vg, (z) > vg,(x) for all © € R. Throughout the
paper, we consider only intuitionistic fuzzy sets that are not fuzzy sets.

Definition 2.1. Let R be a n-rack. An intuitionistic fuzzy set S = {(z, ps(z),vs(x)) : €
R} in R is said to be an intuitionistic fuzzy n-semisubrack of R if for any x1,...,x, € R,

) ps((@n,- o wal) > minfus(@r), .. ps(zn)}

it) vs([z1,...,z,])) < max{vs(z1),...,vs(xn)}

1) us(l) > ps(x) and vs(1) < wvg(x) for all x € R if the rack is pointed by 1.
Definition 2.2. [8] Let S be an intuitionistic fuzzy set of a set R. The (a, 8) — cut of S is
a crisp subset Co g(S) of S given by

Cop(S) ={r € R/ ps(x) > a, vs(z) < B}
where a, € [0,1] with o+ 5 < 1.

The following is a characterization of intuitionistic fuzzy n-semisubracks by means of
(ar, B) — cut sets.

Proposition 2.3. Let R be a n-rack. The intuitionistic fuzzy set S = {(z, ps(x), vs(z)) :
T € R} is an intuitionistic fuzzy n-semisubrack of R if and only if for every a, 8 € [0,1]
with « + 8 < 1, the (o, B) — cut of S is a n-semisubrack of R when it is non empty.

Proof. =) Let o, 8 € [0,1]. Assume that C, g(S) # 0 and let {a;}i=1,..n—1 C Cu.g(S5).
Then as S is an intuitionistic fuzzy n-semisubrack, we have

ps([ay, ... an]) = min{ps(ar), ..., ps(an—1), ps(an)t > o

and
1/5([(11, R an]) < max{ys(al), R VS(an—l)a VS(an)} < ﬂa

ie. [a1,...,an_1,0n] € Cqp(S). So Cqy 5(9) is closed under the n-rack operation and thus
it is a n-semisubrack of R.

<) We proceed by contradiction. Assume S is not an intuitionistic fuzzy n-semisubrack of
R. So there are x1,...,x, € R with either us([z1,...,z,]) < min{us(x1),...,ps(x,)} or
vs([z1,...,2n]) > max{vs(z1),...,vs(z,)}. Without loss of generality, consider the first
case. Then setting

min{us(x1),...,us(zn)} + ps([1, ..., z5])
2

Qg =
yields to the compound inequality

0< ps([21,---  2a]) <o < minfus(@r), ..., ps(zn)} < ps(@i)
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for all ¢ = 1,...,n. Choose By € [0,1] such that ag + By < 1 and vg(z;) > By for all
i=1,...,n. Hence z; € Cy,3,(S) forall i =1,...,n and [z1,...,2,] & Cay,3,(S). This
contradicts the fact that Cy, g,(5) is a n-semisubrack of R. The proof for the second case
is similar.

O

Definition 2.4. Let R be a n-rack. An intuitionistic fuzzy set S = {(z, ps(z),vs(z)) 1z €
R} i R is said to be an intuitionistic fuzzy n-subrack of R if for any x1,...,xn_1,y € R,

i) ps(y) = min{ps([z1, . n-1,9]), ps(@1), -, prs(Tn-1)}
it) vs(y) < max{vs([z1,...,2n-1,9]),vs(x1),. .., vs(Tn-1)}
1) us(l) > ps(x) and vs(1) < wg(x) for all x € R if the rack is pointed by 1.
Example 2.5. Consider the (t,s) —n-rack M of example 2.3 in [3] withn =4, s=1,t=0

and M = N. Then M is a 4-rack with rack operation [x1,xs, T3, 4] = 21 + T2 + x3. Define
on M the intuitionistic fuzzy set S = {(z, ps(z),vs(x)) : & € R} by

1 s odd 0, ¢ s odd
MS($)2{47 if xiso and us(x)z{ , if wiso

0, if x is even i, if xis even
A case by case checking shows that S is an intuitionistic fuzzy 4-semisubrack. However, S
is not an intuitionistic fuzzy 4-subrack because for x1 =1, xo =3, ©3 =5 and v4 = 2, we
have pus (o1, w2, w3, 4]) = is(9) = & and so

ps(za) =0 < § = min{us([x1, v2, 23, 24]), ps(21), pus (x2), ps (3)}.

Example 2.6. Consider the quandle (containing the dihedral rack D = {a,b,c} as a sub-
quandle) (R = {1, a,b,c}, o) whose Cayley table is given by:

ol l]lal|b]|c
111]a|b|c
al|llalc|bd
bl1|c|bla
cl1|blalc
It is easy to show that the intuitionistic fuzzy set S = {(z,ps(z),vs(x)) : x € R} on R
defined by
Loife=1,a Loife=1,a
ps(z) = {f . and vs(r)=q3
5 U z=bc 5 if x=bc
is an intuitionistic fuzzy subrack of R.
Theorem 2.7. [4] A n-semisubrack S of a pointed n-rack (R,[—,...,—],1) is a n-subrack

if and only if for allb € R, [a1,a2,...,an-1,b] € S and {a;}i=1,..n—1 C S implies b € S.

The following is a characterization of intuitionistic fuzzy n-subracks by means of («, 5) —
cut sets.

Proposition 2.8. Let R be a n-rack. The intuitionistic fuzzy set S = {(z, ps(z),vs(x)) :
T € R} is an intuitionistic fuzzy n-subrack of R if and only if for every a, 8 € [0,1] with
a+ [ <1, the (o, B) — cut of S is a n-subrack of R when it is non empty.
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Proof. =) Let o, 8 € [0, 1]. Assume that C, 5(S) # 0 and let {a;}i=1,...n—1 C Cy, g(S) with
[a1,...,an-1,b] € Cq g(S). Then pg([as,...,an—1,b]) > a, ps(a;) > aand vs([ai,...,an—1,b]) <
B, vs(a;) < B fori=1,...,n— 1. Now as S is an intuitionistic fuzzy n-subrack of R, we
have

wus(b) > min{us(la,...,an—1,b]),us(ar),...,ps(an—1)} > «
and

vs(b) < max{vs([ai,...,an—1,b]),vs(a1),...,vs(an—1)} < B,
ie. be Cqyp(S). So Cyp(S) is a n-subrack of R.

<) We proceed by contradiction. Assume S is not an intuitionistic fuzzy n-subrack of R.
So there are z9,...,2%_,,yo € R with either

NS(?JO) < mln{ﬂ([x(l)ﬂ s 7*%'2717 yO])?/‘(xcl))v EER) :u(ngl)}

or
vs(yo) > maz{v([zy, ... a5 _1,90]) v(2}),... . v(an_y)}.
Without loss of generality, consider the first case. Setting

min{ps (29, ..., 2)_1,y0]), s (@), ..., ps(af 1)} + ps(yo)
2

g =

yields to the compound inequality

0< :U‘S(yo) <ap < mln{lu’s([z(l)a cee axg—layO])auS(x[l)>7 .. 'a,uS(x(T)L—l)} < .UJS(I?)

Choose By € [0,1] such that ag + By < 1 and vg(z¥) > Bo for all i = 1,...,n — 1. So
[29,...,28 1, y0] € Cap.po(S), 22 € Cuy 5 (S) for all i = 1,...,n — 1 and yo ¢ Cay.5,(5)-
This contradicts by theorem 2.7 the fact that Cy, g,(S) is a n-subrack of R. The proof for
the second case is similar.

O

Remark 2.9. If R is an involutive n-subrack, one shows by theorem 2.7 that n-semisubracks
and n-subracks coincide. It follows by proposition 2.8 and proposition 2.3 that intuitionistic
fuzzy n-subracks and intuitionistic fuzzy n-semisubracks coincide in involutive n-racks (thus
in trivial n-racks).

Proposition 2.10. Let S be a n-subrack of R. Then S can be realized as a (o, 8) — cut of
some intuitionistic fuzzy n-subrack of R.

Proof. Choose r,s € [0,1] with s < r. Consider the fuzzy set on R defined by

r, if xe€f s, if z€8
ps(x) = and vg(x) =
s, else. r, else.

We claim that the set S = {(x,us, vg) 1 x € R} is an intuitionistic fuzzy n-subrack of R.
In fact, a case by case checking shows that the inequalities

ps(n) > min{ps([@1, ... @p-1,2n]), ps(T1), .., ps(Tn-1)} and
vs(xy) < max{vs([z1,...,Tn—1,2s)),vs(x1),. .., vs(xp_1)} failonlyifz, ¢ S, [x1,...,2,] €
Sandx; € Sforalli=1,...,n—1. But this can’t occur by theorem 2.7 as S is a n-subrack

of R. Moreover, it is clear that for any choice of o, 8 € [0,1] with a + 8 < 1, < r and

B > s, we have Co g(S) = S. O
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Corollary 2.11. Let S be a n-subrack of R. For each o, 8 € (0,1] with o + 8 < 1, there is
an intuitionistic fuzzy n-subrack S = {(x, ps(x),vs(x)) : & € R} of R with Co5(S) = S.

Proof. The result follows by the proof of Proposition 2.10. O

3 Normal and Maximal Intuitionistic Fuzzy n-Subracks Throughout this section,
R denotes a pointed n-rack.

Definition 3.1. A normal intuitionistic fuzzy n-subrack of R is an intuitionistic fuzzy n-
subrack S = {(z, ps(z),vs(x)) : * € R} of R such that 1 € (ng' +vgh(1).

Proposition 3.2. Fvery intuitionistic fuzzy n-subrack of R can be embedded into a normal
intuitionistic fuzzy n-subrack of R.

Proof. Let S be an intuitionistic fuzzy n-subrack of R. If S is normal, there is nothing to
prove. Otherwise, let p, ¢ € [0, 1] such that pg(1) < p, vg(1l) > q and p+¢ = 1. Consider on
R the functions (g and (g defined by (g(z) = pg(x)—ps(1)+p and (5(z) = vg(z)—vs(1)+g.
Clearly, (s and (g are well-defined, (¢s + ¢5)(1) =1, (s(z) > ps(z) and (5(z) < vg(z) for
all x € R. Also, for z1,x9,...,2, € R we have

Cs(xn) = ps(xn) — ps(1) +p
> min{ps([21,. .., 2n]), ps(1), .- ps(Tn-1)} — ps(1) +p
> min{ps([z1, ... 2a]) = ps(1) +p, ps(@1) — ps(1) +p, ... ps(@n—1) — ps(1) + p}
> min{Cs([z1, -, 2a]), Cs(21), - -+, (s (1)},

Cé‘(mn) =vg(r,) —vs(l) +4

< max{vs([x1,...,x,]),vs(x1),. .., vs(xn_1)} —vs(l) +¢q
< max{vs([x1,...,2n]) —vs(1) + q,vs(x1) —vs(1) 4+ q,...,vs(xn-1) —vs(1) + ¢}
< ma:z:{(fg([xl, cee ,.Iin]), Cfg(xl)v SRR Cé(xn—l)}a

and Cg(1) > Cs(z) and (5(1) < ¢5(z) for all x € R since pus(1) > pg(z) and vs(1) < vg(z)
for all z € R.

Hence the set {(z,(s(x),(4(x)) : * € R} is a normal intuitionistic fuzzy n-subrack
containing S. O

Definition 3.3. Let S; and Sa be two intuitionistic fuzzy n-subracks of R. We say® that
S1 Cae So if the set {1: € R/ ps,(x) > ps,(x), vs,(x) <wg, (x)} = {1}.

Remark 3.4. [t is not hard to check that this relation is an order. Under this relation,
the intuitionistic fuzzy set {(x,(s(x),(5(z)) : © € R} above in the proof of proposition
3.2 is the smallest normal intuitionistic fuzzy n-subrack of R containing S. Denote it S =
{{z, is(x),vs(x)) : © € R}.

Definition 3.5. When p = % and ¢ = %, S is called the normal closure of S.

Definition 3.6. A non constant intuitionistic fuzzy n-subrack of R is said to be mazimal
if its normal closure is mazimal among normal intuitionistic fuzzy n-subracks of R.

Theorem 3.7. Every mazimal intuitionistic fuzzy n-subrack of R is normal.

2Read S1 Cae S2 as “S; C So” almost everywhere
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Proof. Let S be a maximal intuitionistic fuzzy n-subrack of R. If ug(1) + vg(1) = 1, then S

is normal and S = S. Assume pg(1) +vg(1) # 1 and define an intuitionistic fuzzy set Sy on
Rby So = {(,(s, (), Cs, (@) : ¢ € R} with Cs, () = £2@FeW anq ¢f (2) = volodfrs@),

Clearly, Sy is an intuitionistic fuzzy n-subrack of R since for x1,xs,...,x, € R we have
Ty,) + 1
Coo(Tn) = s )2 ps(1)
> mi”{ﬂs([xl7 e 7xn])7MS(xl)7 LR 7/”‘5(xn—1)} + /’['S(l)
- 2
2 ming sl 8+ s() ps(on) £ist) (o) +ss(0),

2 min{cso([xla v 7xn])7<So(zl)a ey CSO (xn—l)}a

vs(zy) +vs(1)

C.’S‘O(mn) = 9
- maz{vs([z1,...,zn]),vs(®1), ..., vs(@n1)} +vs(1)
- 2
< maz{ vs([z1,...,zn]) +vs(1) vs(zi) +vs(1) vs(Tn_1) +vs(1) )
< 5 , 5 Yy
< mal’{cgo([‘xlv s 71'71])’ Céo (xl)v BERE) Cé‘o (mnfl)}'

and (s,(1) > (s,(z) and (g, (1) < (g, (v) for all z € R since ps(1) > ps(z) and vg(1) <
vs(z) for all 2 € R. Moreover, (s,(1) = ps(1), ¢5,(1) = vs(1) and ps(zo) < ps(l) and
vs(xg) > vg(1) for some zo € R as S is non constant. Let So = {(, (s, (2), (4, (z)) : € R}
be the normal closure of Sy. Then

ESO (z0) = (s, (w0) — (50 (1) + 1

5 = (o) — us(1) + 5 > pus(eo) = ps(1) + 3 = (o)

2

and
sy (0) = Gy (r0) — G, (1) + 5 = G4, (o) — ws(1) + 3 < ws(wo) — vs(1) + 5 = s (o).

This contradicts the maximality of S among the normal intuitionistic fuzzy n-subracks of
R. Hence pus(1) +vg(1) =1 and S is normal. O

Theorem 3.8. If S is a maximal intuitionistic fuzzy n-subrack of R, then
Im(ps +vg) ={0,1}.

Proof. Assume S is a maximal intuitionistic fuzzy n-subrack of R. Then pg(1) +vg(l) =1

and S = S by theorem 3.7. Now let 2 € R with 0 < ug(z) + vs(x) < 1. Define an
intuitionistic fuzzy set So on R by So = {(z,(s,(x), (%, (%)) : ¢ € R} with (g, (z) = %
and (go (z) = % Clearly, Sy is an intuitionistic fuzzy n-subrack of R by the proof of
theorem 3.7. Moreover Sy is normal as S is normal. In addition, (s, (x) = (s, (z) > ps(x) =
fis(z) since 0 < pg(x) < 3 for all x € R, and (5 (z) = (5, (z) < vs(z) = g(z) since
vs(x) > § for allz € R. Thus S C,e So because the set {z € R / (s, () > fis, (z), C§ () <

s,(x)} # {1}. This contradicts the maximality of S among the normal intuitionistic fuzzy
n-subracks of R. Hence pg(1) +vs(1) =0 or pus(l) + vs(1) = 1. O
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