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A MEAN VALUE PROPERTY FOR POLYCALORIC FUNCTIONS
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ABSTRACT. In this paper we prove a mean value property for polycaloric functions in
one space dimensional case. The proof given here is a slight modification of that of
the recent paper by F.Da Lio and L.Rodino [3] and seems more straightforward.

1 Introduction There are many papers that deal with a mean value property for poly-
harmonic functions (see [1, 2, 4, 6, 7] etc.). Especially, in 2011, G. Lysik ([7]) gave a simple
and elegant proof of the following mean value property for polyharmonic functions and its
inverse. Let m € N and let U be a domain in RY. If u € C?™(U) and A™u = 0, then for
any ball Br(x) C U it holds

1 “ AFu(x)
(11) u(ydy =Y —F—E)__
|Br(@)| /) Zzﬂv( +1)k!
where (a)p =a(a+1)---(a+k—1)fork € N.
The main subject of this paper concerns the heat version of the result (1.1). First, we

fix some terminologies. Let U C RY be an open set and Ur = U x (0, T] denote a parabolic
cylinder. We say that a function u defined on Uy is caloric if u is a solution of the linear

heat equation (9, — Ay)u(z,t) =0, (x,t) € Ur, where A, = Zf\’ 1 552 Also, in this paper,

u is called polycaloric if u is a solution of the equation (9; — A,)™ ( x,t) =0, (z,t) € Ur
for some m € N. For fixed z € RV, t € R, and r > 0, let

1
E(z,t;r) = {(y,s) e RV xR‘sgt,fI)(x—y,t—s) > N}
r

denote a heat ball with a top point (z,t), where

|z

- _ e N
(1) — (Gmt) V72 exp( m ) (x e RY,t>0)
0 (x e RNt <0)

is the fundamental solution of the heat equation. Note that a heat ball is symmetric with
respect to y;-axis (i =1,--- ,N) and

1
E0,0;1) = {(y,s) ceRY xR| — o <s<0,yl < 2Nslog(—47rs)}.

It is well known that caloric functions possess the mean value property. Namely, if u is
caloric on Ur, then for each heat ball E(x,t;r) C Ur it holds
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(see [5]: p.p 53-54 Theorem 3, or [10]). There is also an inverse mean value property of
caloric functions under certain conditions ([9]).

Heat version of the result (1.1) is also known. Namely, in 2006, F. Da Lio and L. Rodino
[3] proved the following asymptotic expansion formula for the heat integral mean (1.2) as a
power series with respect to the radius of the heat ball:

Let u € C®°(RM*1) and (x,t) € RV, then it holds

1 jz — yl?
(1.3) — // u(y, s) dyds
arN E(x,t;r) (t - 5)2
M
=u(z,t) + Zr%Hku(x,t) + O (r*M*2) as r — 0,
k=1

where Hy, is given by

N
2%k + N

o WN 1 N O\ET N
Ben = (=1) k! (2k + N) (2k;+N) (47r> '

One of the key ideas in [3] is to introduce the differential operator Hj which is the
k-th power of different heat operators whose diffusion coefficients depend on the iteration
number k, though the exact meaning of Hy is less clear.

In this paper, we prove the formula (1.3) in [3] by another method, when the space
dimension N = 1. We do not need to introduce the weighted power Hy and, in the author’s
opinion, the method seems more straightforward.

Theorem 1. Let N =1, u € C*®°(Ur), r >0 and M € N. Then we have

1 // jz — yl?
— u(y, s) —==dyds
4r E(x,t;r) (t - 5)2

k=1
(1.4) Hyu = B N <5t — Az) (0 — Ap)u

and

M op k—1
= u(z,t)+ rk—‘ S (0~ 020 ulx, t) x Cri + O(2M*2) as r— 0,
k=1 " 1=0
—1)k —
where Cpj, = (=1) S ( Bl )(2/€)l.
(4m)k(2k + 1)k+3 !

Theorem 1 is the formula (1.3) in one space dimensional case.

Remark 2. Theorem 1 was proved in [3]. Indeed, by using the binomial theorem, we get

k—1 l k—1-1
Z k-1 2k N _
HkU:BkJV rr ( l > (2k+N) (2k+N) (at_Aw)k l(at)lu.

Therefore we obtain Theorem 1 for general dimensional case. However we do not need to
introduce the differential operator Hy (1.4) in one space dimensional case. An assumption
of one space dimension is a technical problem due to obtain representations (2.7, 2.8) in
Lemma 4 by factorizing v**)(0) (k = 1,2,---) concretely (see §2). It seems to be difficult
in higher dimension case.

We finally give mean value properties for the polycaloric equation (see Corollary 10
in §3) and the higher order heat equation (see Proposition 12 in §3). The author hopes
that mean value properties are useful for getting qualitative properties of solutions for the
polycaloric equation and the higher order heat equation.
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2  Proof of theorem 1 In this section, we prove Theorem 1. We set (z, t) = (0,0) to
simplify the description. Let u : R’ x R — R be a smooth function. Set E(r) = E(0,0,7)
and put

_ \ |2 lyl?
(2.1) =~ u(z,t) —5-dzdt = u(ry,r s) 5 dyds.
r E(r) BE(1)

In the following, we will carry out the Maclaurin expansion of ¢(r) with respect to r € R.
Set v(r) = u(x,t) = u(ry,r?s) for (y,s) € RY x R. By differentiating ¢(r) directly, we
have

(2.2) 6™ (0) / / |y| Y dyds.

We use standard notations of multi-indices; for y = (y1,--- ,yn) € RY and a multi-index
a= (a1, ,ay) € NV, we write y* =y -y~ and || = a1 + - + an. Next lemma

concerns the evaluation of v(™(0) and is valid for general dimension N € N.

Lemma 3 ( v(™(0) ). For k € No, we obtain

(2.3) oD (0) = 0,
k
(24) v (0) =Y (9:)u(0,0) x Ag x(y,s)
J=0|Bl=k—j
where
(2k)! 5
Aﬁ k(y7 ) (2ﬂ) 2 S

Proof. Since v(r) is a C* function of r, for all M > 1 we have

2M+1
(2.5) v(r) =Y
n=0

On the other hand, since v(r) is a composed function of u(z,t) and x = ry,t = r%s, we have

(n)

)T” +O0(r*M*2) as r — 0.

2M+1
1

v(r) = Z oo ((Tyl)ail +o 4 (TZ/N)% + (r28)§t> u(0,0) + O(r2M+2)

m=0
2M+1

= Z Y )2 (0007)u(0,0) + 02N )

Ia\ﬂ . ay!--anlj!

M1 oo | |
Z ya' o (0507)u(0,0) x plal+2j 4 O(T2M+2).

m=0 |a|+j=m

(2.6)

By comparing the coefficients of 7™ in the both expressions of (2.5) and (2.6), we obtain

o™ (0
Tap

|la|+2j=n

yasj o i
S (020])u(0,0).
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Thus,
60 = [[ w00 dyas
E(1)
| . . 2
= Z % (0507)u(0,0) x // yo‘sj%dyds.
|| +2j=n g E(1) §
Since E(1) is symmetric about y;-axis(i =1, - - ffE nY agilvl” dyds vanishes when at
least one «; of @ = (g, -+ ,an) is odd (i.e. when n is odd becaube |a] + 25 = n). This

proves (2.3). Next, we consider the case a = 23 for some 8 € N}’ and let n = 2k (k € N).
Then we obtain

OO = T (@2)2(@)7u(0,0) x A28

151
218/ 425 =2k (28)45!
k
; 2k)! ;
=3 T @000 % s
3=0181=k—j E
which implies (2.4).
O
Lemma 4 (Factorization). Let N = 1. Then
k
(2.7) vR(0) = (0 — 02)F71(0:)'u(0,0) x Bi(y, s)
1=0
where
: —l+m
(2.8) Bii(y,s) = (1) )" ( ) X Ap—t4m k(Y 5)
m=0
for0<I<k.

Proof. By the assumption N =1 and (2.4), it is enough to prove that

k

k
(2.9) > (@27 (01 u(0,0) x Ap_jk =D (9 — 02)* ()" u(0,0) x By

=0 1=0

We prove (2.9) by comparing the coefficients of (92)*~7(9;)7u(0,0) in both sides.
Since

k
Z 82 k= l )U(0,0)Bl’k

=0
= (0; — 0*)*u(0,0)Bo x + (8; — 02 1 (01)u(0,0) By + - - - + (9:)*u(0,0) By 1,
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the coefficient of (02)*=7(9;)?u(0,0) on the right hand side of (2.9) is given by

g (1) e

=0

Inserting the definition of B; ;, in (2.8) into this expression, we assure that the coefficient of
(02)k=3(8;)7u(0,0) on the right hand side of (2.9) is given by

(2.10) (—J)k‘jgig ( :;ﬁ; ) (—1)k+l;§;)( k‘*ié%T” ) X Ab—lemk

Since
k-l LN k—l+m
_ ol _
S e (B ) et
=0 m=0
k k
= N (—1)k ( 0 )Ak,k

k—3j N k—3j k—1 k
(k—; >(_1)k+] ( OJ )Akj,k+"'+(j_1 >Ak1,k+<j>Ak,k:|a

coefficients of Aj_; , for all 0 <4 < j —1 in (2.10) is given by

e S () (52

=<—1>H§<—1)”( ) ()=

P
where the last equality comes from Z(fl)" < z > =(-1+1)?=0.

n=0

k—l+m k-
( m ) Ak—l4mk = ( k— > (1) Ap_j .

Therefore, by (2.10) and (2.11), the coefficient of (92)k=7(8;)u(0,0) on the right hand side
of (2.9) is Agx—; . We have thus proved Lemma 4. O

Then we prove that

J l
(2.11) Z( ::j ) (—1)k+ Z

=0 m=0
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From (2.2) and (2.7), we deduce

k

(2.12) 00 Z — 0%k u(0,0) x // By i (y, s)dyds
E(1)

=0

Note that, on the right hand side of (2.12), the heat operator (9; — 8?) acts on u except for

l=k.
~ y2
Cii = // By (y, s) =5 dyds.
E(1) o
Then we get

RN (=1,
(2.13) Cir = ]{;!(47r)k(2k+1)k+% ( l )(Qk)

Lemma 5. We put

for0<I<k-1 andé’k,k:().

Proof. We prove Lemma 5 by simple calculations. First, by the definition of B; , in (2.8)

l
—l4+m (2F)! _ _
k+l 2k—2l42m l—m
g;( )@k—m+am)u— m)t” s

for 0 <l <k, we have

~ —l+m (2k)! // - T
k+l 2k—2l4+2m+2 l—m 2d ds.
Crr = Z ( ) (2k =20+ 2m)!(Il = m)! [ /() ! ’ .

Direct calculation shows that

=0
// ka—2l+2m+28l—m—2dde — /S sl—m—2/ ka—2l+2ﬂL+2dyd8
E(1) s=—1/4m ly|<+/2slog (—4ms)

2 0 o l4tmad
B (2k—2l+2m+3)/1/4 77 {25 log (—me)} T ds

-1 lfm2k:7l+7ﬂ+§ o] 1
) - / th=1Hmt3 exp < (k+ ) t>dt
(k—=1l+m+ 3)(4m)ktz Jo 2

(=1)lmah= M3 (k — 1+ m + )
(4m)ky/m(2k 4 1)E-tEm+3

where I'(+) is the Gamma function. Thus, we get

5 (—1)*(2k)14"'8 (k—1+m)4"D(k —1+m+3)
Cip = —Z'Z

(4m)k\/m(2k + 1)k—l+ = m' 2k =214 2m)l(l — m)!(2k + 1)™

__ (=D*@k)4 k w1\ 2k—2+2m+1
R4k (2k + 1)k-IHE < ! > =) (m) 2k +1)m

l
l

m=0
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where the last equality comes from the fact T'(s + 1) = sT'(s).
Since we have the following equation

l
2k—|—1l l 2k —2l4+2m +1
IS0 () S
l
= (2k +1 k - —-m -
mzo( ) )™ (2k + 1)} 22 ( )(l )2k +1)
-1 1
= 2k + 1)k — 202k +1) Y (- ( o )(2k+1)“"1
m=0

=2(k —1)(2k)"" 1 (2k + 1)
Therefore we obtain CN’;.C;C =0 and (2.13). O

From all Lemmas, we obtain

k—1

PR (0) =D (0 — 02101 u(0,0) x Cri (k=1,2,...),

=0

which proves Theorem 1.

3 A mean value property for polycaloric functions In this section, first we recall
the well-known regularity property of (poly-) caloric functions.

Proposition 6 (caloric function is smooth). If u: Ur — R is caloric, then u € C*(Ur).

Proof. See [5]: p.p 59-61 Theorem 8. O

Proposition 7 (polycaloric function is smooth). If u : Ur — R is polycaloric, then u €
C>=(Ur).

Proof. Assume that there exists m € N such that (0; — A;)™u = 0 in Ur. Then we find

caloric functions wug, 41, -+ ,Um_1 : Ur — R such that
(3.1) u(z,t) = ug(z,t) + tug (x,6) + - + " Ty (2, 1)
holds true, by proposition 1 in [8]. Indeed, for j = 1,2, -- ,m, we may choose

j—1

m—j+k
Um—j(z, 1) m=7) 'Z k:' 5} Ay) u(z,t).

k=0
Therefore ug, u1, - -, um—1 are caloric and satisfy the equation (3.1). By proposition 6 and
(3.1), we obtain u € C*°(Ur). O

By proposition 6 and proposition 7, we obtain several corollaries which are proved by
F.Da Lio and L.Rodino [3] as follows. We do not need the additional assumption that u is
smooth, after assuming that u is caloric or polycaloric.
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corollary 8 (A mean value property for analytic functions. [3] Proposition 2.2). Let N =1
and u € C*(Ur). Assume that (0; — 0*)u(z,t) is an analytic function in Ur. Then ¢(r)
given in (2.1) is an analytic function of r € R in a neighborhood of r = 0, and it holds

//W v (é-%’
of k—

o) k 1

T
u(w,t) + > = o — )8 u(, t) x Cyy,
k=1

_ (—1)k k-1 !
where Cpj, = () (2 1 1)+ ( I ) (2k)".

Remark 9. If u is caloric on Ur, then u € C*(Ur) and (0; — 0%)u(x,t) is obviously
analytic in Ur and for each heat ball E(x,t;r) C Ur the following equation holds:

//E(z ) uly, s y)) dyds = u(z,1).

Corollary 10 can be considered as the generalization of (1.1) to the polycaloric case.

corollary 10 (A mean value property for polycaloric functions). Let N = 1 and (0; —
d2)u(x,t) be an analytic function in Ur. If u is polycaloric on Ur (i.e.(0s — 02)™u(y, s) =
0, (y,s) € Up, m € N), then for each heat ball E(x,t;r) C Ur the following equality holds:

// R =

m—1 op k—1

.
+ZFZ — )18 u(m, t) x Cy,

k=1 =0
[’} T’ k—1
+Zk| S (00— 0300 u(x, ) x Cr,
T l=k-m+1
1)k _
where Cyp, = (=1) 5 ( Bl )(2I€)l.
(4m)k(2k + 1)k +3 !

Proof. This is a direct consequence of Theorem 1 and Proposition 7. O

corollary 11 ([3] Corollary 2.1). Let N = 1. Suppose that there exist ny > 0 and ny > 1
such that
(0 — 02)(0))"u =0 and (0; — 0?)"2u =0 in Ur.

Then for all v > 0 we have

(3.2) // - u(y, s t—g)) dyds

M er k— 1
t"‘ZF anl ) (xt)XClk,
k=1 l:O
with M =nq +ngo — 1 (when ny =0 or ng = 1 the sum in the right-hand side of (3.2) does
not appear).
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Proof. Note that we get u € C°°(Ur), since u is polycaloric in Up. See the proof of corollary
2.1 in [3). O

We finally give a mean value property for the higher order heat equation dyu+(—1)"A™u =
0 (m € N) for general dimension. In the proof, we use proposition 2.2 and a result in the
proof of proposition 2.1 in [3].

Proposition 12 (A mean value property for the higher order heat equation). Let u €
C>®(Ur) and (0y — Az)u(z,t) be an analytic function in Up. Assume that u is a solution of

the higher order heat equation dyu—+(—1)"A™u = 0. Then for each heat ball E(x,t;r) C Ur
the following equality holds:

1 |x—y|2 2k
. — U ——dyds = u(x,t) + Hiu(x,t
(3.3) 47”N//(z,t;r) (y’s)(t 5)2 yas (z,1) 317‘ ru(,t),

where Hy, is given by

k h
Pk, Kk N mk+(1—m
% E (—1)k=n ( L ) (N + 2h) <2k+N> ARFA=mRy (s odd)
Hku: - h=0

ol g N \"
pz'N Z < L ) (N +2h) <2k n N) AMEFA=mhy  (m: even)

h=0
1 N O\EFH1\k
h - 1y
where. - PN 2k+N(2k+N) (zm)

Proof. Let p € N. Note that u satisfies

(3.0 opu— | A (miodd)
¢ (=1)PAP™y,  (m : even)

since u is a smooth solution of the higher order heat equation d;u + (—1)™A™u = 0. On
the other hand, (3.3) holds by proposition 2.2 in [3], and according to a result in [3] (p,268,
line 2 and 9), Hy is given by

k h
(35) Hiw = 5t 3 (1) ( ! > (2 (21-:]4\: N> M@

Finally, combining (3.4) and (3.5), we get the proposition 12. O
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