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LOCAL COMPLETENESS AND PARETO EFFICIENCY IN
PRODUCT SPACES
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ABSTRACT. In this paper we study the Pareto efficiency with respect to a
locally nuclear cone in the product of two locally convex spaces with the re-
stricted assumption that only some related sets are locally complete.

1. INTRODUCTION

Kuhn and Tucker in their famous paper [14] considered "proper solutions" for
vector maximum problems and introduced the concept of proper efficient points.
Hurwicz [7] introduced the notion of a proper maximal point with respect to order-
ing cones to characterize maximal points as solutions for optimization problems.
Isac [8, 9, 11] used a method based on a general existence theorem for critical points
of dynamical systems to obtain several general results on the existence of solutions
of the general optimization problem in sequentially complete locally convex spaces.
He introduced the concept of nuclear cone [9] in a locally convex space, intimately
related to Pareto efficiency [8, 9, 10, 11, 12]. Also he defined a nuclear cone in a
product of two locally convex spaces [12] to obtain maximal point theorems and a
vectorial Ekeland type theorem.

After it was discovered, the Ekeland’s principle [5] has had many different ap-
plications and extensions [6, 10, 11, 12, 20]. Qiu [21, 22, 23] and Bosch, Garcia
et al.[2, 3, 4] found some extensions of Ekeland’s variational principle and Pareto
efficiency assuming only local completeness conditions. In this paper by adapting
ideas of Isac [12] we extend Pareto efficiency respect to locally nuclear cones in
the product of two locally convex spaces only assuming that some related sets are
locally complete. Also we stablish a vectorial Ekeland type theorem for locally
complete spaces.

2. PRELIMINARIES

Througout this paper (E,7) will denote a locally convex space F, with topology
7 generated by a family of seminorms {p,, : & € A} with A a set of indexes. A disk
Bin FE is a closed, bounded and absolutely convex set. We denote by (Ep, pg) the
linear span of B endowed with the topology defined by the Minkowski functional
associated with B. If (Ep, pg) is complete then B is called a Banach disk. E’ will
denote the topological dual of (E,7) and (Ep, pg)’ will denote the topological dual
of Ep with respect to the norm pp.
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A sequence (z,,),, in E is said to be locally convergent or Mackey convergent to
an element z in F if there exists a disk B in E such that the sequence converges to
x in Ep with respect to pgz. A sequence is called locally Cauchy or Mackey Cauchy
if it is a pp-Cauchy sequence in Ep for a certain disk B in F.

Let C be a non-void subset of E. A point x is a local limit point of C' if there is
a sequence in C that is locally convergent to z. A set C is locally closed if every
local limit point of C' belongs to C.

A subset A of a space E is said to be locally complete if every local Cauchy
sequence in A converges locally to a point of A. It is clear that every locally
complete subset of a space is locally closed. For the whole space (E, ), it is locally
complete if and only if every disk B in FE is in a Banach disk. And a locally closed
subset A of a locally complete space F is locally complete. For more details on local
completeness see [13, 17].

A closed pointed convex cone in a locally convex space is a nonempty subset
K C FE such that:

(1) K is a closed convex subset,

2) K+ KCK,

(3) AK C K for all A € RT,

(4) Kn(—-K)={0}.

If a closed, pointed convex cone K C F is given we can define an ordering in F
by <k y if and only if y — x € K. For more details on order and cones see [16].

If A C E is a nonempty subset we say that a € A is an efficient (maximal) point
of Aif AN(a+ K) = {a}. We denote by E (4; K) the set of efficient points of A
with respect to K.

We say that I' : A — 24 is a dynamical system (in the generalized sense) if
for every x € A, T'(z) is a nonempty subset of A, and * € A is a critical point
for T if T'(z*) = {z*}. We can see easily that T'y(x) = AN (z + K) for every
x € A is a dynamical system. Note that for y € Tu(z) = AN (x4 K) and
ze€Taly)y =AN(y+ K), we have z € AN((z+K)+K)=An(z+ K). So
I'a(y) C T'a(z). The reader can verify that an element z* € A is an efficient point
of A if and only if z* is a critical point of I'4. Following Aubin-Siegel, Muntean,
Petrusel, Rus and Yao a critical point for a dynamical system is also known in the
literature as an end or stationary point (see [1]) or a strict fixed point for a set
valued operator (see [15, 18, 19]).

In [9] G. Isac introduced the concept of nuclear cone. The cone K C (E,7)
is said to be nuclear if for every p, in the family of seminorms wich defines the
topology 7 there exists f, € E’ such that p,(z) < fo(x), for every x € K. In [2],
is proved the following

Corollary 1. Let (E,7) be a locally convex space and K C E a closed, pointed
convex cone. Suppose that there exists a non-zero Banach disk D in E and [ €
(Ep,pp)’, such that K N Ep # {0} and pp(z) < f(z), for every x € K N Ep.
Suppose that for a nonempty locally closed subset B C E we have BN Ep # () and
that f is bounded above in B N Ep; then for every xg € BN Ep, there exists an
element x* € E(B; K) such that z* € xo + K.

Note that in this corollary the property of nuclearity is applied locally to the
cone in the space (Ep,pp). Motivated by this condition, we say that a closed,
pointed convex cone K C FE is locally nuclear with respect to the disk D C E if
there exists f € (Ep,pp)’ such that pp(z) < f(z), for every x € K N Ep.
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3. MAIN RESULTS
In [2], the author and C. Bosch proved the following theorem

Theorem 1. Let (E,7) be a locally convex space, A C E a nonempty subset and
K C F a closed, pointed convex cone. Suppose there exists Ay, a nonempty subset
of A, such that:

a) Ao is locally complete,

b) I'4(Ag) C Ao,

¢) There exists a Banach disk D C E and f € (Ep,pp)’ such that Ao C Ep and

i) pp(v) < f(v), forve K(Ag) ={ve K :v=uv; —v2; v1,v2 € Ag} C Ep

it) sup {f(z) 1z € Ap} < 0

Then E(A, K) is nonempty.

We note, from the local completeness of A in the proof of this theorem, that is
sufficient to ask B to be a disk, that is, the completeness of (Ep, pp) is unnecessary.
Now, from this theorem and the locally nuclear property for a cone, we obtain

Corollary 2. Let (E,7) be a locally convex space, A C E a nonempty subset and
B C FE a disk such that A C Eg. Let K C E be a closed, pointed convexr cone
locally nuclear respect to B. Suppose there exists xo € A such that AN (xg + K) is
locally complete and bounded. Then E (A, K) is nonempty.

Theorem 2. Let (E,7) be a locally convex space, K C E a closed, pointed convex
cone and A C E a locally complete subset. Suppose that given xo € A there exists
a sequence (), € A such that xp41 € T'a(xn)\ {2z}, for every n € N. Suppose
there exists a disk D C E such that 1i71L11 Rp (T4 (zn)) = 0, where Rp (T4 (x,)) =

sup{pp (x —y): x,y €T (x,)}. Then there exists v* € E(A; K) such that xy <k
T*.

Proof. According to the hypothesis, z,+r € I'(z,) for every n € N, k € N. Since
lim Rp (T4 (x,)) = 0, then there exists ng € N such that T 4(zn,4+x) C Ep, for

every k € N. Then pp(ptx — zn) < Rp (T4 (z,)) for n > ng and k € N. So,
the sequence (z,), € A is locally Cauchy. Since A is locally complete, there exists

x* € Asuch that pp(z,—2*) converges to zero. Clearly, z* € (] T'4(x,). Since
neNU{0}
limRp (T4 (x,)) = 0 then Rp (I'(z*)) = 0 and {z*} = T(z*) = [\ T(xn).
n neNU{0}
And z* € Ta(xo) implies z* — 29 € K, so g <k x*.

Let (E, ), (F,7") be locally convex spaces and suppose that F' is ordered by
a closed, pointed convex cone K C F. Let B C E and D C F be disks. So, the
space Ep X Fp is a normed space endowed with the topology generated by pg +qp-
Let Kp = K N Fp and suppose Kp # {0}. Find ko € Kp such that gp (ko) = 1.
Consider the set K5 = {f € (Fp,qp)’: f(y) > 0 for every y € Kp} and ¢ € K},
such that ¥ (ko) = 1. Let 1 > & > 0. In E x Fp consider the set

K(e,B,D) = {(z,y) € Eg x Fp: y+ Ve (pg(z) +ap(y)) ko € —Kp} .

Proposition 1. The set K(e, B, D) is a non-trivial, closed, pointed and nuclear
cone in (Eg X Fp,pg + qp).
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Proof. Let (z,y); (u,v) € K(¢, B, D).

Since pp(x + u) + qp(y +v) < pp() + pp(u) + o (y) + ap(v),

then (y +v) + Ve (pp(z+u) +qp(y +v)) ko

= (y+v) + Ve (pp(x) + pp(u) + gp(y) + gp(v) — ) ko, for some v > 0,

= (y + ve(pp(x) + ap(y)) ko) + (v + V& (pp(u) + qp(v)) ko) — vko

€ —-Kp—Kp—Kp=—-Kp.

Then (z,y) + (u,v) € K(e, B, D).

Let A € RT and (z,y) € K(e, B, D), so A(z,y) € K(e, B, D), since

Ay + Ve (pp(Ax) +ap(Ay)) ko = A (y + V2 (pp(2) +ap(y)) ko)

€ M(—Kp) =—-Kp.

Note that, Kp N (—Kp) = (KN (=K))N Fp = {0}.

Let (zy,,yn) € K(g, B, D) such that (., yn) — (o, yo) with respect to the norm
pp +qp. Then z, — =z( respect to pg and respect to 7 and y, — yo respect
to gp and respect to 7. Then y, + Ve (pg(xn) + qp(yn)) ko € —Kp converges
to yo + v (pp(0) +qp(yo)) ko respect to 7. And yo + /& (pp(w0) + ap(yo)) ko
belongs to —Kp = —K N Fp since K is 7/-closed in F and then —K N Fp is
gp-closed in Fp.

Let x € Ep\{0} and y € Kp\{0}. Since pp(x) > 0 and gp(y) > 0 then
y+ Ve (pg(x)+qp(y)) ko € Kp\ {0}, that is (z,y) € (Ep, Fp)\K(¢,B,D). Re-
call that ¢p(ko) = 1, then —ko+ eqp(—ko)ko = —(1 — \/e)ky € —Kp and
ko +veqp(ko)ko = (1 + \/e)ko € Kp. That means, (0,—ky) € K(e,B, D) and
(0,ko) ¢ K(e,B,D). So, K(e,B,D) is a non-trivial, pointed and closed cone in
(Ep x Fp,pp +4qpn)-

Let us see it is nuclear in this space. For 7o : Eg X Fp — Fp, where ma(x,y) =y
and ¢ € K7 such that (ko) = 1. Let ¥ : Eg X Fp — R, given by ¥(x,y) = ¢ o
mo(x,y) = ¥(y), So, ¥ € (Ep x Fp,pg +qp)’. Then for every (u,v) € K(e, B, D)
there exists k € Kp such that v + /e (pg(u) + qp(v)) ko = —k € —Kp. Then
VE (p5(w) + ap(v)) ko = —v — k and applying 1 we obtain V& (pg(w) + gn(v)) =
b (VE (pi(w) + ap(©)) ko) = —(v) — (k) < —(0) = —W(u,v).

Let T : Eg x Fp — R, such that T = —W. Then /2 (pg(u) + qp(v)) < T(u,v),
for every (u,v) € K(g,B,D). So, T € (K(e,B,D))" and K (g, B, D) is nuclear in
(Ep X Fp,pg +qp). O

Theorem 3. Let (E,7), (F,7") be locally convex spaces and suppose that F is or-
dered by a closed, pointed convex cone K C F. Let A C EXF be a nonempty locally
complete subset and B C E, D C F' disks such that A C Egp X Fp. Letkqg € Kp =
K N Fp be an element such that qp(ko) = 1. For 1 > ¢ > 0 consider K(g, B, D).
Suppose there exists zg € Fp such that {y € Fp: (z,y) € A for some x € Eg} C
20 + Kp. Then for every (zo,yo) € A there exists (z*,y*) € A satisfying

i) (z*,y*) € AN [(z0,y0) + K(e, B, D)]

ii) AN [(5*,5°) + K(2, B, D)] = {(2*,5")}

Proof. Let T € [K (e, B,D)]" be as the constructed in Proposition 5. Then

K(e,B,D) C{(z,y) € Ep x Fp: Ve (pp(x) +qp(y)) < T(z,y)}

={(z,y) € Ep x Fp: ¥(z,y) + v (pp(x) +qn(y)) < 0}

for W(z,y) = —T(z,y) = ¥ (y)-

Let (u,v) € A, then v € 2y + Kp, and v — zp € Kp. Since ¢ € Kj), then
(v —20) > 0 and ¥(u,v) = ¥(v) > 9¥(29). Hence ¥ is bounded from below on
A. Consider the generalized dynamical system I' : A — 24, such that I'(z,y) =
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AN [(z,y)+ K(e,B,D)]. We will define an inductive sequence in A. Starting
from (zo,yo0), suppose (Zn,yn) € A is defined and T'(zk41,yx+1) C T(zk, yx), for
k=0,1,..,n—1. If we have I'(xy, yn) = {(zn, yn)}, then we have finished. So, if
we have I'(zy, yn) # {(zn,yn)} for every n € N, we have to find (z*, y*).

For every (x,y) € T'(zpn, Yn)\ {(®n, yn)}s p5(@n — ) + qp(yn —y) > 0.

Since K(e, B, D) C {(z,y) € Ep x Fp: ¥(xz,y) + Ve (pp(x) + qp(y)) < 0}

then W(z,y) — ¥(zn,yn) + VE (pp(z — 2n) + qp(y —yn)) <0,

for (z,y) € T'(zn,yn)\ {(zn,yn)}. So,

(3.1) U(z,y) < U(@n, yn) — Ve (pp(r — 20) + a0y = yn)) < ¥(Tn,yn),
for (z,y) € T'(pn, Yn)\ {(Tn,yn)}. Then

0< \p(xmyn) - \If(x’y) < \I](xnvyn) - inf \I/(a:,y)
(z,9) €T (@n,Yn)

So, for every n € NU{0} there exists (xn41,Yn+1) € I'(zn, yn) such that
1
U(Tni1,Yn < inf U(x,y) + = {\II Ty Yn) — inf U(x, } ,
@it ynin) < dnf W@ y) g | ) ()
And T'(zk41,Yk+1) C T(xk, yx), for every k € NU{0}. And from the previous
inequality, for (s,t) € I'(xg+1, Yr+1) we have

U(@ht1,Yot1) — V(s,1) < U(Tpt1, Y1) — inf (v, w)
(v,w)€EN(Tp41,Yr+1)

1
< W(py1, - inf (v, w) < 5 | U(wk, Yx) — inf ¥o,w
< Wlzen yk+1) (v,w)el (zk,yk) ( ) 2 |: ( g yk) (v,w)el (zk,yr) ( >:|
1
< — (U(x , — inf v v, w
- 92 |: ( 0 yo) (v,w)eT (K, yk) ( ):|

by (3.1), since (zx, yx) € I'(x0,%0). So, for n € N and (s,t) € I'(z,, y,) we have

1
U(z,,yn) — V(s,t) < = |U(xg, — inf U(v,w
(@) = ¥(ot) < g [Wana) = it W)
1
< — |¥(xg, — inf Uw,w)| <---
- 22 [ ( 0 yO) (v,w)eT(Tp—2,Yn—2) ( ):|
1
< — | U(x, — inf (v, w
= o [ @0,90) = () ) ™ )]

Recall K(e,B,D) C {(z,y) € Ep x Fp: ¥(z,y) + Ve (pp() + ap(y)) < 0}.
If (s,t) € T'(Tn,yn) = AN [(¥n,yn) + K(e, B, D)] then
(s —xzp,t —yn) € K(g,B, D), which implies

(s —zn,t —yn) + Ve (pp(s —2n) +ap(t —ya)) < 0.
Then for (s,t) € I'(zy, yn) and for every n € N we have

pp(s =) +ap(t —yn) < \% [V (@n, yn) = U(s, )]

11

< %27 U (zg,yo) — inf U (v, w)

(v,w)€T (0,y0)

Since (xk—i-lvyk-i-l) € F(xnayn) = AN [(‘rnvyn) +K(5737D)L for every n €
NU {0}, then pg(znt1 — zn) + 40 (Ynt1 — Yn) < Rexp (D(zn, yn)) which is small
if n is large enough. So, the sequence (z,,y,) € A is a locally Cauchy sequence
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with respect to pg(-) +¢p(-) and convergent to some (x*,y*) € A, since A is locally
complete. Then by Theorem 4, (z*,y*) € E(A, K(¢, B, D)). O

Let (FE,7) and (F,7") be locally convex spaces. F ordered by a closed pointed
convex cone K. Recall f : E — F is bounded from below if there exists z, € K such
that f(z) =k 2z, for every « € E, that is, f(F) C z, + K. Also, an element f(x.)
is an approximately efficient point of f(E) with respect to K, kg € K and € € [0,1)
if f(E)N|[f(ze) —eko — (K \{0})] = 0. The set of approximately efficient points
of f(E) with respect to K, ko € K and € € [0,1) is denoted by Eff (f(E), Kck,)
where K., = cko + K. Note that Eff (f(E), Kex,) = E (f(E),—K) (minimal),
for e = 0.

As an application of the previous Theorem, under these conditions, we prove the
following vectorial Ekeland type Theorem.

Theorem 4. Let (E,7), (F,7') be locally complete locally convex spaces and F
ordered by a closed, pointed convex cone K. Let ko, z. € K and f: E — F be such
that f(x) =k z«, for every © € E, and assume Graph(f) = {(z, f(z)) : x € E} is
locally closed in EX F. Lete € (0,1) and f(xo) € Eff (f(E), Kex,). Let D C F be
a non-zero disk such that ko, z«, f(xo) € Fp. Then for every disk non-zero B C E
such that xg € Ep and f(Eg) C z« + Kp = z. + (K N Fp), there exists x. € Ep
satisfying:

1. f(ze) € f(zo) — Vepp(xe — x0)ko — Kp

2. flz.) e E (fi’oD(EB)7 —KD); where

F5P (@) = f(2) + VE[pp(e — 2) + ap(f(2) — f(2))] ko
for every x € Ep.

Proof. We may assume D is a disk such that ¢p (ko) = 1. In order to apply the pre-
vious theorem, we verify those hypotheses. For e € (0, 1) consider the corresponding

K (e, B, D). Asthe locally complete set A, now consider A = {(z, f(x)) : x € Ep} C
Ep x Fp which we will denote by Graph(fB-P), and (zo, f(z0)) € Graph(f&P).
Since Graph(f) is locally closed in the locally complete space (Ex F') then Graph(fB-?)
is locally complete. Recall B and D are Banach disks, since £ and F are lo-
cally complete. Then according to the previous theorem, there exists (z., f(z.)) €
Graph(fPP) such that

i) (2e, f(z:)) € Graph(f©) N[(zo, f(z0)) + K(e, B, D)]

i) Graph(f%P) N [(xe, f(ze)) + K(e, B, D)] = {(ze, f (<))} -

From (ii), for z € Ep \ {z.} we have (z, f(x)) — (z, f(z.)) ¢ K(g, B, D), that
is f(z) = f(zc) + Velpp(x — z2) + qp(f(2) — (<)) ko & —Kp.

Then fﬁ;’oD(x) ¢ fﬁ;’oD(xs) — Kp, for every x € Ep \ {z.}.

Hence f5.°(Bp) 0[50 (2) = (Kp \{0})] = 0, and f3°(@.) = f(z.) is a
minimal efficient point, according to (2).

To see (1), from (i) we have (z., f(zz)) € (w0, f(x0)) + K(g,B,D). Then
F(z2) — F(@o) + VE[pi(wo — 32) +ap(f(w0) — f(z))] ko € —Kp. Then f(z.) +
Ve lpp(@o — a2l ko € f(20) — VElap(f(2o) — (@) ko — Kp C f(z0) —Kp— Kp.
Hence f(z.) € £(z0) — vEps (0 — 2 )ko — Kp. 0
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