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Abstract

The fuzzification of (weak, strong, reflexive) hyper BCK-implicative ideals in hyper
BCK-algebras is considered. It is shown that every fuzzy (weak, strong, reflexive) hyper
BCK-implicative ideal is a fuzzy (weak, strong, reflexive) hyper BCK-ideal. We have
discussed the properties of (fuzzy) weak hyper BCK-implicative ideals, (fuzzy) hyper
BCK-implicative ideals, (fuzzy) strong hyper BCK-implicative ideals and (fuzzy) reflex-
ive hyper BCK-implicative ideals and also their relations are given. Characterization
of fuzzy (weak, strong, reflexive) hyper BCK-implicative ideals is given. The hyper
homomorphic pre-image of a fuzzy (weak, strong, reflexive) hyper BCK-implicative
ideal is discussed. Lastly the properties of product of fuzzy (weak, strong, reflexive)

hyper BCK-implicative ideals are discussed.
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1 Introduction

In 1966, Imai and Iseki [7] introduced the notion of BCK-algebra. In the same year, Iseki
introduced another notion called BCI-algebra. Liu et al. [13] discussed the concept of BCI-
implicative ideals in BCI-algebras. Dudek [2] introduced the class of medial BCI-algebras.
In 1983, Komori [11] introduced the notion of BCC-algebras as a new class of algebras. Then
Dudek [3, 5] studied BCC-algebras and discussed the number of subalgebras of finite BCC-
algebras. Dudek in [4] also gave the construction of BCC-algebras. After the introduction of
the concept of fuzzy sets by Zadeh [16], various researchers discussed the idea of fuzzification
of ideals in BCK/BCI/BCC-algebras. Khalid and Ahmad [10] considered the fuzzification of
H-ideals in BCI-algebras. Mustafa [15] introduced the concept of fuzzy implicative ideals in
BCK-algebras. Zhan and Jun [17] discussed generalized fuzzy ideals in BCI-algebras. Dudek
and Jun [6] applied the idea of fuzzy sets to ideals in BCC-algebras. Marty [14], in 1934
introduced the hyper structure theory at the 8th Congrass of Scandinavian Mathematicians.
Jun et al. [9] applied the hyper structures to BCK-algebras by introducing the concept of a
hyper BCK-algebras, which is a generalization of BCK-algebras. In this paper, we introduce
the concept of fuzzification of (weak, strong, reflexive) hyper BCK-implicative ideals in hyper

BCK-algebras and discuss some of their properties.

2 Preliminaries

Let H be a non-empty set endowed with a hyper operation “o”, that is, o is a function from
H x H to P(H)— 0. For two subset A and B of H, denote by Ao B the set [ J{aob | a € A,
b € B}. We shall use x oy instead of x o {y}, {z} oy or {z} o {y}.

Definition 2.1. [9] By a hyper BCK-algebra we mean a non-empty set H endowed with a
hyperoperation “o” and a constant 0 satisfying the following axioms:

(HK1) (roz)o(yoz)<Kxoy

(HK2) (xoy)oz=(xoz)oy

(HK3) xoH < {x}

(HK4) rz<yandy < ximply z =1y

for all x,y,2z € H, where © < y is defined by 0 € x oy and for every A, BC H, A<K B is
defined by V a € A, 3 b € B such that a < b. In such case we call “<” the hyper order in

H.



Proposition 2.2. [9] In any hyper BCK-algebra H, the following hold:

(i) zo0 = {x} (vi) Ao {0} = {0} implies A= {0}
(i) oy < x (vii) 0 < x

(iii) 0o A = {0} (viii) 0 0 = = {0}

(iv) A< A (iz) 000 = {0}

(v) A C B implies A < B (x) y < z implies xoz K xoy

for all x,y,z € H and for all non-empty subsets A and B of H.

Let I be a non-empty subset of hyper BCK-algebra H and 0 € I. Then I s called a hyper
BCK-subalgebra of H if xoy C I, for allxz,y € I , a weak hyper BCK-ideal of H if zoy C I
and y € I imply x € I, for all x,y € H, a hyper BCK-ideal of H if roy < I and y € 1
imply v € I, for all x,y € H, a strong hyper BCK-ideal of H if xoyNI # () and y € I imply
xel, forallx,y € H. I is said to be reflexive if tox C I for all x € H.

Lemma 2.3. [9] Let H be a hyper BCK-algebra. Then

o any reflexive hyper BCK-ideal of H is a strong hyper BCK-ideal of H.
e any strong hyper BCK-ideal of H is a hyper BCK-ideal of H.

e any hyper BCK-ideal of H is a weak hyper BCK-ideal of H.

Lemma 2.4. [8] Let I be a reflexive hyper BCK-ideal of a hyper BCK-algebra H. Then
xoyNI#0) impliesxoy << I, Vr,ye H.

Proposition 2.5. [8] Let A be a subset of a hyper BCK-algebra H. If I is a hyper BCK-ideal
of H such that A < I then A C I.

Definition 2.6. Let H be a hyper BCK-algebra. A non-empty subset I C H containing 0

is called

e a weak hyper BCK-implicative ideal of H if
((xoy)oy)ozC Il and z € [ imply zo(yo(yox)) C I.

e a hyper BCK-implicative ideal of H if
(zoy)oy)oz< [ and z € [ imply zo (yo(yox)) C I.

e a strong hyper BCK-implicative ideal of H if

((xoy)oy)oz)NI#Pand z € I imply xo(yo (yox)) CI.

Theorem 2.7. Fvery (weak, strong, reflexive) hyper BCK-implicative ideal of a hyper BCK-
algebra H is a (weak, strong, reflexive) hyper BCK-ideal of H.

Proof. Suppose that I is a hyper BCK-implicative ideal of H. Then for any x,y,z € H
((xoy)oy)oz< I and z € I imply zo(yo (yox)) C 1.



Putting y = 0 and z = y we get
((xo0)o0)oy < Iandy e I implyzo(0o(0ox))C .
= (zoy) < Tandyel=xecl.
Hence [ is a hyper BCK-ideal of H. O]

The converse of theorem 2.7 is not true in general. It can be observed by the following
example

Example 2.8. Let H = {0, 1,2,3} be a hyper BCK-algebra defined by the following table:

0] 1 2 3
{0y | {0y | {o} | {0}
{1} [ {0, 1} | {0, 1} | {0, 1}
{2y | {23 [{0.1} ] {0}
3+ 3+ | 3+ {01}

WinNn|f—=|O| o

Take I = {0,1}. Then I is a hyper BCK-ideal of H but it is not a hyper BCK-implicative
ideal of H because
(203)03)ol={0}<Tandlelbut20(30(302))={2} ZI.
It can be observed from the above example that [ is a weak hyper BCK-ideal of H but it
not a weak hyper BCK-implicative ideal of H because
(203)03)ol1={0}CTand 1€ lbut20(30(302))={2} I
Also I is a strong hyper BCK-ideal of H but it is not a strong hyper BCK-implicative ideal
of H because
(203)03)ol={0}NI#Pand 1€ lbut20(30(302))={2} Z1I.
Moreover it is clear that [ is a reflexive hyper BCK-ideal of H but it is not a reflexive hyper
BCK-implicative ideal of H.

Theorem 2.9. Let H be a hyper BCK-algebra. Then

(i) Every hyper BCK-implicative ideal of H is a weak hyper BCK-implicative ideal of H.
(i) Every strong hyper BCK-implicative ideal of H is a hyper BCK-implicative ideal of H.
(1ii) Every reflexive hyper BCK-implicative ideal of H is a strong hyper BCK-implicative ideal
of H.



Proof. (i) Suppose that [ is a hyper BCK-implicative ideal of H.

For any x,y,z € H, let ((zoy)oy)oz C I and z € I. Then ((zoy)oy)oz C I implies
((xoy)oy)oz < I (by Proposition 2.2(v)), which along with z € I implies zo(yo(yox)) C I.
Hence [ is a weak hyper BCK-implicative ideal of H.

(77) Suppose that [ is a strong hyper BCK-implicative ideal of H. Let ((zxoy)oy)oz < [
and z € I. Then for all a € ((zoy)oy)oz, Ibe [ such that a < b. This implies 0 € aob
and thus (aob) NI # (. By Theorem 2.7, I is also a strong hyper BCK-ideal of H, therefore
(aob) NI # 0 along with b € I implies a € I, that is ((z oy) oy) o 2 C I. Therefore
((xoy)oy)oz)NI #0, which along with z € I implies z o (yo (yox)) C I. Hence [ is a
hyper BCK-implicative ideal of H.

(737) Suppose that [ is a reflexive hyper BCK-implicative ideal of H. For any z,y,z € H,
let (xoy)oy)oz) NI # () and z € I. Being a reflexive hyper BCK-implicative ideal,
I is also a reflexive hyper BCK-ideal of H (by Theorem 2.7), therefore by Lemma 2.4,
(roy)oy)oz) N I # 0 = ((xoy)oy)oz < I, which along with z € I implies
xo(yo(yox)) CI. Hence I is a strong hyper BCK-implicative ideal of H. O

The converse of Theorem 2.9 may not be true. It can be observed by the following

examples:

Example 2.10. Let H = {0,1,2} be a hyper BCK-algebra defined by the following table:

{0} | {1} | {2
{0} | {0} | {0}
{1} | {0,1} 1 {0, 1}
2] {2y [{0,2}

N |—=[D| o

Take I = {0,2}. Then [ is a weak hyper BCK-implicative ideal of H but it is not a hyper
BCK-implicative ideal of H because
(100)o0)o2={0,1} < Tand2€ Ibut lo(0o(0ol))={1} ¢ I.

Example 2.11. Let H = {0, 1,2} be a hyper BCK-algebra defined by the following table:



ol {0} | {1} | {2}
0]{0} | {0} | {0}
L{ay] {0y | {0
2

{2} 1 {1, 2} | {0,1,2}

Take I = {0,1}. Then I is a hyper BCK-implicative ideal of H but it is not a strong
hyper BCK-implicative ideal of H because
(((200)00)ol)NI={1,2} NI #Pand 1 €1 but 20 (00 (002)) =42} ¢ I.

Zadeh [16] defined fuzzy set p in H as a function
p:H—[0,1]

Definition 2.12. [8] A fuzzy set p of a hyper BCK-algebra H is called
e a fuzzy weak hyper BCK-ideal of H if for all z,y € H,

11(0) = p(x) = min {infaewoy p1(a), p(y)}
e a fuzzy hyper BCK-ideal of H if x < y implies pu(x) > p(y) and for all z,y € H,

pu(x) = min {infoesoy pla), p(y)}
e a fuzzy strong hyper BCK-ideal of H if for all z,y € H,

Z.nfaeaco;v LL(CL) Z M(CL’) 2 mm {Supbexoy :u(b)7 M(y)}
e a fuzzy reflexive hyper BCK-ideal of H if for all x,y € H,

infacaor p(a) = puy) and p(x) = min {supscaoy p(b), 1(y)}
Theorem 2.13. [8] Let H be a hyper BCK-aglebra. Then
o Fvery fuzzy hyper BCK-ideal of H is a fuzzy weak hyper BCK-ideal of H.

o Fvery fuzzy strong hyper BCK-ideal of H is a fuzzy hyper BCK-ideal of H.
o Fvery fuzzy reflexive hyper BCK-ideal of H s a fuzzy strong hyper BCK-ideal of H.

3 Fuzzy hyper BCK-implicative ideals

Now we introduce the notions of fuzzy (weak, strong, reflexive) hyper BCK-implicative ideals

in hyper BCK-algebras and discuss some of their properties.



Definition 3.1. Let H be hyper BCK-algebra . A fuzzy set p in H is called

e a fuzzy weak hyper BCK-implicative ideal of H if for all x,y,z € H,

1(0) > p(x) and for all t € x o (y o (y o x)),
p(t) > min {in foe((@oy)oy)o= (@), w(z)}

e a fuzzy hyper BCK-implicative ideal of H if for all x,y,2 € H,

r < y implies p(z) > p(y) and for all t € z o (yo (yox)),
:u(t) Z min {infae((zoy)oy)oz M(a)7 :u(z)}

e a fuzzy strong hyper BCK-implicative ideal of H if for all x,y,2 € H,

iN faczor (@) > p(z) and for all t € x 0 (y o (y o x)),
((t) = man {suppe((woy)oy)or #(b), pu(z)}

e a fuzzy reflexive hyper BCK-implicative ideal of H if for all x,y,z € H,

infoczor p(a) > p(y) and for all t € z o (yo (yox)),
/‘L(t) > man {Supbe((a:oy)oy)oz M(b)a I[L(Z)}

Theorem 3.2. Let H be a hyper BCK-algebra. Then every fuzzy (weak, strong, reflexive)
hyper BCK-implicative ideal of H is a fuzzy (weak, strong, reflexive) hyper BCK-ideal of H.

Proof. Let p be a fuzzy hyper BCK-implicative ideal of H. Then for any z,y, 2 € H and for
allt € zo(yo(yox)) we have,

M(t) > min {infae((xOy)oy)oz ,U’(a)7 M(z)}
Putting y = 0 and 2z = y we get,

,u(x) > min {infae((xOO)OO)oy ,u(a)a ,u(y)}
which gives,

pu(x) = min {infoeaoy p(a), 1(y)}

Thus p is a fuzzy hyper BCK-ideal of H. O]

The converse of Theorem 3.2 may not be true. It can be observed by considering the
hyper BCK-algebra H = {0, 1,2,3} defined by the table given in example (2.8). Define a
fuzzy set p in H by:



1(0) = p(1) = 1, p(2) = 0.5, p(3) =0.3
Then p is a fuzzy hyper BCK-ideal of H but it is not a fuzzy hyper BCK-implicative ideal
of H because for 2 € (20 (30 (302)))

1(2) =0.5 <1 =min {z’nfae((zo3)o3)oo p(a), p(0)}

From above example it can be observed that u is a fuzzy weak hyper BCK-ideal of H
but it is not a fuzzy weak hyper BCK-implicative ideal of H.

Also p is a fuzzy strong hyper BCK-ideal of H but it is not a fuzzy strong hyper BCK-
implicative ideal of H because for 2 € (20 (30 (30 2)))

©(2) = 0.5 <1 =min {supac(203)03)00 1(a), 1(0)}

Moreover it is clear that u is a fuzzy reflexive hyper BCK-ideal of H but it is not a fuzzy
reflexive hyper BCK-implicative ideal of H.

Theorem 3.3. Let H be a hyper BCK-algebra. Then

(1) Every fuzzy hyper BCK-implicative ideal of H is a fuzzy weak hyper BCK-implicative
1deal of H.

(17) Every fuzzy Strong hyper BCK-implicative ideal of H is a fuzzy hyper BCK-implicative
ideal of H.

(1ii) Every fuzzy reflexive hyper BCK-implicative ideal of H is a fuzzy strong hyper BCK-
implicative ideal of H.

Proof. (i) Let p be a fuzzy hyper BCK-implicative ideal of H. Since every fuzzy hyper
BCK-implicative ideal is a fuzzy hyper BCK-ideal (By Theorem 3.2) and every fuzzy hyper
BCK-ideal is a fuzzy weak hyper BCK-ideal (By Theorem 2.13), therefore p is a fuzzy weak
hyper BCK-ideal of H. Hence p satisfies pu(0) > p(x) for all z € H. Also being a fuzzy
hyper BCK-implicative ideal, for any z,y,z € H and for all t € z o (y o (y o x)), p satisfies:

M(t) Z min {infae((xoy)oy)oz ,u(a), ,LL(Z)}
Hence p is a fuzzy weak hyper BCK-implicative ideal of H.
(17) Suppose that p is a fuzzy strong hyper BCK-implicative ideal of H. Since every fuzzy

strong hyper BCK-implicative ideal is a fuzzy strong hyper BCK-ideal (by Theorem 3.2) and
every fuzzy strong hyper BCK-ideal is a fuzzy hyper BCK-ideal (by Theorem 2.13), therefore



w is a fuzzy hyper BCK-ideal of H. Hence for any z,y € H, if + < y then u(x) > p(y).

Also being a fuzzy strong hyper BCK-implicative ideal, for any x,y,z € H and for all
texo(yo(youx)), usatisties

p(t) > min {supae((woy)oy)or (@), u(z)}

Since supPae((woy)oy)or 1(@) > p(b), for all b € ((x o y) oy) o 2z, therefore we get,
u(t) > min {u(b), u(2)}, for all be ((zoy) o) o>

Since f1(b) > in foc((zoy)oy)o- p(c) for all b € ((x oy) oy) o z, therefore we have,
pu(t) = min {u(b), p(2)} = min {infee(@oyopo- 1(c), p(2)}, that is
,LL(t) 2 min {infce((moy)oy)oz /L(C), M(Z)}

Hence p is a fuzzy hyper BCK-implicative ideal of H.

(77i) Let p be a fuzzy reflexive hyper BCK-implicative ideal of H. Then pu satisfies

in fuceos 1(a) > p(y), for all 2,y € H
= N foczor pla) > u(x), for all x € H

Hence the first condition for u to be a fuzzy strong hyper BCK-implicative ideal of H is
satisfied. Also being a fuzzy reflexive hyper BCK-implicative ideal, for any x,y,2 € H and
forallt € zo(yo(yox)), usatisfies

M(t) > min {SUpbe((xoy)oy)oz M(b)v /L(Z)}

Hence p is a fuzzy strong hyper BCK-implicative ideal of H. O

The converse of Theorem 3.3 may not be true. Consider the hyper BCK-algebra H =
{0,1,2} defined by the table given in example (2.10). Define a fuzzy set u in H by:
p(0) = p(2) =1, p(1) =0
Then p is a fuzzy weak hyper BCK-implicative ideal of H but it is not a fuzzy hyper BCK-
implicative ideal of H because:
l<2but u(l)=0<1=pu(2)



Example 3.4. Let H = {0, 1,2} be a hyper BCK-algebra defined by the following table:

o {0y {1} | {2
0]{0y| {0} | {0
1{1}|{0,1}| {o,1}
2| {2} [ {1,2} | {0,1,2}

Define a fuzzy set p in H by:
p(0) = p(1) =1, p(2) =0
Then p is a fuzzy hyper BCK-implicative ideal of H but it is not a fuzzy strong hyper BCK-
implicative ideal of H because for 2 € (20 (20 (20 2)))
1(2) =0 <1 =min {supae((2o2)o2)00) #(a), 1(0)}
Let p be a fuzzy set in a hyper BCK-algebra H. Then the set defined by u; = {x € H :
w(zx) > t}, where t € [0,1], is called a level subset of H.

Theorem 3.5. Let u be a fuzzy set in a hyper BCK-algebra H. Then u is a fuzzy (weak,
strong, reflexive) hyper BCK-implicative ideal of H if and only if for all t € [0,1], s # 0 is
a (weak, strong, reflexive) hyper BCK-implicative ideal of H.

Proof. Suppose that p is a fuzzy hyper BCK-implicative ideal of H. Since p; # 0, so for any
x € g, p(x) > t. Since every fuzzy hyper BCK-implicative ideal is also a fuzzy weak hyper
BCK-implicative ideal (by Theorem 3.3(i)), so u is also a fuzzy weak hyper BCK-implicative
ideal of H. Thus p(0) > u(x) > t, for all € H, which implies 0 € p;.

Let ((xoy)oy)oz < u and z € py, for some x,y,z € H. Then for all a € ((xoy)o
y)oz, b€ u such that a < b. So p(a) > u(b) > t, for all @ € ((xoy)oy) oz Thus
N fae((zoy)oy)or p(a) > t. Also p(z) > t, as z € ;. Therefore for all v € z o (yo (yowx)), p
satisfies

M(U) Z min {infae((zoy)oy)oz :u(a)7 ,u(z)} Z min {t’t} =1

= v €, forallvexzo(yo(youx))
= zo(yo(yor)) C m

10



Hence yi; is hyper BCK-implicative ideal of H.

Conversely suppose that p; # () is a hyper BCK-implicative ideal of H for all ¢ € [0, 1].
Let + < y for some x,y € H and put u(y) =t. Theny € . Sox Ky € iy = v < iy
Being a hyper BCK-implicative ideal, y; is also a hyper BCK-ideal of H (by Theorem (2.7))
therefore by Proposition 2.5, € u;. Hence u(x) >t = p(y). That is z < y = p(x) > u(y),
for all x,y € H.

Moreover for any x,y,z € H, let d = min {infec(zoy)oy)o- 1(c), 1(2)}. Then pu(z) > d =
z € g and for all e € ((x oy) oy) o 2, pu(€) > in fec((woy)oy)or H(c) > d, which implies e € pq.
Thus ((zoy)oy)oz C pg. By Proposition 2.2(v), ((zoy)oy)oz C g = ((xoy)oy)oz K g,
which along with z € py implies x o (y o (yox)) C py. Hence for all u € z o (y o (yox)), we
get

M(U) 2 d = min {infcg((xoy)oy)oz M(C)a IU(Z)}

Thus p is a fuzzy hyper BCK-implicative ideal of H. [

Theorem 3.6. If u is a fuzzy (weak, strong, reflexive) hyper BCK-implicative ideal of H
then the set A= {x € H | u(z) = u(0)} is a (weak, strong, reflexive) hyper BCK-implicative
tdeal of H.

Proof. Suppose that p is a fuzzy hyper BCK-implicative ideal of H. Clearly 0 € A. Let
((roy)oy)oz < Aand z € A for any x,y,z € H. Then for all a € ((zoy)oy)oz, Ibe A
such that a < b. Therefore pu(a) > p(b) = w(0). But being a fuzzy hyper BCK-implicative
ideal, p is also a fuzzy weak hyper BCK-implicative ideal of H (by Theorem 3.3(i)), so u
satisfies ©(0) > p(v), for all v € H. This implies u(0) > p(a), for all @ € ((xoy)oy) o z.
Therefore pi(a) = p(0), for all a € ((x 0 y) oy) o z, that is, in foc((zoy)oy)o- #(a) = 1£(0). Also
w(z) = u(0). Being a fuzzy hyper BCK-implicative ideal, for all t € zo(yo(yox)), p satisfies

ult) = min {in fuc(oopono: #a). p(=)} = min {p(0). 1(0)} = u(0)

Since u(0) > w(v), for all v € H, therefore u(t) = p(0), for all t € z o (y o (y o x)).
Thus z o (yo (yox)) C A.

Hence A is a hyper BCK-implicative ideal of H. O]

11



The transfer principle for fuzzy sets described in [12] suggest the following theorem.

Theorem 3.7. For any subset A of a hyper BCK-algebra H, let u be a fuzzy set in H defined
by:

ula) = 0 ife¢gA

for all x € H, wheret € (0,1]. Then A is a (weak, strong, reflexive) hyper BCK-implicative

{t ifre A

ideal of H if and only if p is a fuzzy (weak, strong, reflexive) hyper BCK-implicative ideal of
H.

Proof. Suppose that A is a hyper BCK-implicative ideal of H. Let z < y for some z,y € H
and put u(y) =t. Then y € . So v K y € uy = = < . Being a hyper BCK-implicative
ideal, p; is also a hyper BCK-ideal of H (by Theorem (2.7)) therefore by Proposition 2.5,
x € py. Hence p(z) >t = p(y). That is x < y = p(x) > p(y), for all z,y € H

Moreover for any x,y,z € H,
If ((xoy)oy)oz < Aand z € Athen zo(yo(yox)) C A. Since A is a hyper BCK-implicative
ideal of H, so by Proposition 2.5, ((xoy)oy)oz C A. Thus u(a) =t, foralla € ((xoy)oy)oz
which implies in foe((@oy)oy)or (a) = t. Also pu(z) = t. Since z o (yo (yox)) C A, for all
u€xo(yo(yox)), we have

pu(u) =t = min {in foe(@woyoy)o- 1(a), pu(2)}

If ((xoy)oy)oz &K Aand z ¢ A then
min {infae((xoy)oy)oz M(a)v :u(z)} =0 S M(u)) for all u € x o (y © (y o {L‘))

If ((zoy)oy)ozK Aand z€ A (OR) If (roy)oy)oz <K Aand z ¢ A
Then in both of these cases we have
min {in fue((aepenyes #(@), 1(2)} = 0 < (), for all u € a0 (y o (y o)
Hence p is a fuzzy hyper BCK-implicative ideal of H.

Conversely suppose that p is a fuzzy hyper BCK-implicative ideal of H. Then by Theo-
rem 3.5, for all £ € (0, 1], u; = A is a hyper BCK-implicative ideal of H. O]

12



For a family {p; | i € I} of fuzzy sets in a non-empty set X, define the join V,e; p; and
meet N;er p; as follows:
(Vier pi)(x) = supier pi(x)
(Nier pi)(x) = infier pi(x)
for all z € X, where [ is any indexing set.

Theorem 3.8. The family of fuzzy (weak, strong, reflexive) hyper BCK-implicative ideals of
a hyper BCK-algebra H is a completely distributive lattice with respect to join and meet.

Proof. Let {u; | i € I} be a family of fuzzy hyper BCK-implicative ideals of H. Since [0, 1]
is a completely distributive lattice with respect to the usual ordering in [0, 1], it is sufficient

to show that Ve; p; and Njer p; are fuzzy hyper BCK-implicative ideals of H.

For any z,y € H, if z < y then
(Vier pa)(x) = supier pi(x) = supier pi(y) = (Vier 1:)(y)
= (Vier ii)(x) > (Vier pi)(y)

Moreover, for any z,y,z € H and for all t € z o (y o (y o x)), we have
(Vier p:)(t) = supier pi(t) = supier [min {infoe(woy)oy)or ti(a), pi(2)}]
= min {supicr (infac(woyjoyyor 1i(a)), supicr (pi(2))}
= min {in foe(@oy)oy)or (Supier pi(a)), supier (ni(2))}
= min {infae(woyoyor (Vier pi)(a)), (Vier pi)(2)}
= (Vier 1) (t) = min {in foe(@woy)oyor ((Vier pi)(a)), (Vier pi)(2)}

Hence Ve p; is a fuzzy hyper BCK-implicative ideal of H.

Now we prove that A;e; p; is a fuzzy hyper BCK-implicative ideal of H.
For any x,y € H we have, if z < y then
(Nier i) () = inficr pi(w) > infier pi(y) = (Nier 1)(y)
= (Nier pi) (@) = (Nier 1) (y)

Moreover, for any z,y,z € H and for all t € x o (y o (y o x)), we have
(/\iEI ,uz)(t) = infie[ ,uz(t) Z infie] [mzn {infbe((zoy)oy)oz /Ll<b)7 /LZ(Z)}]
= min {inficr (infoe(@oyoy)oz (b)), infier (1i(2))}
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= min {in foe((@oy)oy)or (Inficr 1:(b)), inficr (pi(2))}
= min {in foe((woy)oy)or ((Nier 1i)(0)), (Nier pi)(2)}
= (Nier i) (t) = min {in foe(@oyjoy)or ((Nier 1) (D)), (Nier pi)(2)}

Hence Ajer p; is a fuzzy hyper BCK-implicative ideal of H.

Thus the family of fuzzy hyper BCK-implicative ideals of H is a completely distributive

lattice with respect to join and meet. O]

Let X and Y be hyper BCK-algebras. A mapping f : X — Y is called a hyper homo-

morphism if

(i) f(0) =0
(i) f(xoy) = f(x)o f(y), for all z,y € X.

Theorem 3.9. Let f : X — Y be an onto hyper homomorphism from a hyper BCK-algebra
X to a hyper BCK-algebra Y. If v is a fuzzy (weak, strong, reflexive) hyper BCK-implicative
ideal of Y then the hyper homomorphic pre-image p of v under f is a fuzzy (weak, strong,
reflexive) hyper BCK-implicative ideal of X .

Proof. Suppose that v is a fuzzy hyper BCK-implicative ideal of Y. Since p is a hyper
homomorphic pre-image of v under f then p is defined by p = v o f that is u(z) = v(f(z))
for all z € X.

For any z,y € X and f(x), f(z) €Y
If + < y then 0 € 2 oy, which implies f(0) € f(z oy)

= 0€ f(z)o fly) = f(x) < f(y)

= v(f(z)) 2 v(f(y) = wx) = uy)
that is, z < y = p(x) > p(y), for all x,y € X

Now for all t € wo (yo (yox)), f(t) € f(xo(yo(yow))) = flx)o (fy)o (f(y)o f(x))),
where z,y € X and f(z), f(y) € Y, we have

u(t) = v(f () = min {infi@es@orw)orw)o= v(f(a)), v(z')}
where 2/ € Y. Since f : X — Y is an onto hyper homomorphism, so for 2/ € Y, 3z € X

14



such that f(z) = 2/. Hence we get

p1(t) > min {infiaye((f(x)of (w))of@)of (2)=f (zov)onyoz) V(f(a)), v(f(2))}
= M(t) > min {infae((xoy)oy)oz M(a)7 M(Z)} for all Y,z € X

Hence p is a fuzzy hyper BCK-implicative ideal of X. O

4 Product of fuzzy hyper BCK-implicative ideals

Definition 4.1. [1] Let (Hy,09,0;) and (Hs,o09,0,) are hyper BCK-algebras and H =
H, x Hy. We define a hyper operation “o” on H by
(ay,b1) o (ag,by) = (aj o as, by o by)
for all (ay,b1), (az,be) € H, where for A C H; and B C H; by (A, B) we mean
(A,B) ={(a,b) :a € A,be B}
and 0 = (01,02) and a hyper order “ < ” on H by
(a1,b1) < (ag,be) & a1 < ag and by < by
Thus (H,o,0) is a hyper BCK-algebra.

Let i and v be fuzzy sets in hyper BCK-algebras H; and Hs, respectively. Then p x v,
the product of u and v of H = Hy x H, is defined as

(1 xv)((z,y)) = min {pu(z),v(y)}
From now on, let H; and H, are hyper BCK-algebras and let H = H; x Hs.

Definition 4.2. Let p be a fuzzy set in H. Then fuzzy sets pu; and puy on Hy; and Ho
respectively, are defined as

pi(r) = p((x,0)), p2(y) = w1((0,y))

Theorem 4.3. Let pu be a fuzzy set in H. If p is a fuzzy (weak, strong, reflexive) hyper
BCK-implicative ideal of H, then p = py X po, where g and po are fuzzy sets on Hy and Ho

respectively.

Proof. Suppose that p is a fuzzy hyper BCK-implicative ideal of H.
Then for any (z,u), (y,v), (z,w) € H, where x,y,z € H; and u,v,w € Hsy and for all
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(a,b) € (z,u) o ((y;v) o ((y,v) o (z,u))) = (zo(yo(yowx)), uo(vo(vou))), we have
p((a, b)) = min {infeae((@uommowoezw 1l d), p((z,w))}

Puttingy =v=2=d =0 and w = u, we get

pl(, w)) 2 min {in fieo)e((@ue©.0)000)00m H((¢;0)); p((0,u))}
= p((z,u)) = min {inf(c,O)E(:m wowy #((¢,0)), (0, w))}
= pl(z,u)) = min {pu(x), po(u)}
= pl(z,u) = (X p2)((, u))

= pa X p2 & (1)

Conversely, since (z,0) < (z,u) and (0,u) < (z,u)

= p((x,0)) = p((z,w)) and p((0,u)) = p((z, u))
Thus we have

(11 X p2)((z,w)) = min {pn (), pa(u)} =min {pu(z,0), p(0,u)}
> min {u(z,u), ple,w)} = ple,w)
= (1 X ) (2, ) = p(, u)
= 1 C 1 X i (2)
Hence from (1) and (2) we have, py X o = O

Theorem 4.4. Let pn = py X po be a fuzzy set in H. Then p = py X ps s a fuzzy (weak,
strong, reflexive) hyper BCK-implicative ideal of H if and only if u1 and po are fuzzy (weak,
strong, reflexive) hyper BCK-implicative ideals of Hy and Hy respectively.

Proof. Let p be a fuzzy hyper BCK-implicative ideal of H and let z; < x5 for some
x1,29 € Hy. Then (z1,0) < (x9,0) which implies p((z1,0)) = p1(x1) > p((22,0)) = p1(z9),
that is, pi1(21) > pa(22)

Moreover for any 1,y1, 21 € Hy, let t = min {in fac(@ioy)oy)os H1(a), pa(z1)}

Then for all b € ((x1 0y1) o y1) © 21, p1(b) > in fac((zroy1)oyi)oz (@) >t and p(z1) >t

= 1((5,0)) > £ and p((20,0)) > ¢, for all (5,0) € (((21,0) © (1, 0)) © (31, 0)) © (21,0)

= (b,0) € py and (21,0) € p, for all (b,0) € (((x1,0) o (y1,0)) o (y1,0)) o (z1,0)
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= (((21,0) © (y1,0)) © (41, 0)) © (21,0) € gy and (1,0) € py

Since by Theorem 3.5, u; # 0 is a hyper BCK-implicative ideal of H and so is a weak
hyper BCK-implicative ideal of H (by Theorem 2.9(i)). Thus

((((z1,0) 0 (91,0)) © (91,0)) © (21,0)) € pur and (21,0) € pyy imply
(21,0) o ((y1,0) © ((y1,0) 0 (1,0)))  pue

Therefore p((s,0)) > ¢, for all (s,0) € (x1,0) o ((y1,0) o ((y1,0) o (21,0))) = (z1 0 (v1 ©
(y1011)), 0)

= ul(s) Z t=min {infae((xloyl)oyl)oz1 Ml(a)7 lul(Zl)}’
for all s € 21 0 (y; 0 (y1 0 21))

Hence p; is a fuzzy hyper BCK-implicative ideal of H;.

Similarly we can prove that us is a fuzzy hyper BCK-implicative ideal of Hs.

Conversely suppose that p; and ps are fuzzy hyper BCK-implicative ideals of H; and Ho

respectively.

For any (z,u), (y,v) € H, where z,y € Hy and u,v € Hy, let (x,u) < (y,v)
Since (z,u) < (y,v) &z < y and u < v
= i (z) > pa(y) and po(u) >

= min {pi(z), pa(u)
= (1 X p2)((z, u
= p((z,u
Thus (z,u) < (y,v) = p((z,u) = u((y, v))

Moreover for any (z,u), (y,v), (z,w) € H, where x,y,z € H; and u,v,w € Hs and for
all (a,8) € (2,4) o ((y,0) o ((3,0) 0 (3,4))) = (0 (y o (yox)), wo (v (vou))), we have

p((a; b)) = (X p2)((a, b)) = min {p(a), pa(b)}
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> min [min {infee(@oyjoy)or H1(¢), p1(2)}, min {in fae(ov)ov)ouw H2(d), pa(w)}]
= mian [min {in fee((zoy)oy)or 11(C); N fae((uovyoryow t2(d)}, min { p(2), pa(w)}]
= MiN [in fee((zoy)oy)oz, de((uov)ov)ow 1N {p1(c), pa(d)}}, min { pi(z), pa(w)}]
= min {in f(cdye((@oy)oy)oz, ((wov)ovyow) (1 X pi2)((c,d)), (p1 X p2)((2,w))}
= min {in f(c.d)e((zoy)oy)oz, ((uov)ov)ow) H((c,d)), p((z,w))}
= p((a, b)) = min {infae(@wowuowo)eew k(¢ d), u((z,w))}

Hence p is a fuzzy hyper BCK-implicative ideal of H. Il

5 CONCLUSION

Every (fuzzy) reflexive hyper BCK-implicative ideal of a hyper BCK-algebra H is a (fuzzy)
strong hyper BCK-implicative ideal of H and every (fuzzy) strong hyper BCK-implicative
ideal of H is a (fuzzy) hyper BCK-implicative ideal of H, each of which in turn is a (fuzzy)
weak hyper BCK-implicative ideal of H. Moreover a fuzzy (weak, strong, reflexive) hyper
BCK-implicative ideal of H is a fuzzy (weak, strong, reflexive) hyper BCK-ideal of H. The hy-
per homomorphic pre-image of a fuzzy (weak, strong, reflexive) hyper BCK-implicative ideal
is also a fuzzy (weak, strong, reflexive) hyper BCK-implicative ideal in any onto hyper ho-
momorphism of two hyper BCK-algebras. The product of two fuzzy (weak, strong, reflexive)
hyper BCK-implicative ideals is also a fuzzy (weak, strong, reflexive) hyper BCK-implicative
ideal.
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