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1 Introduction Ever since Frechet introduced them in 1928, metric spaces have
come to stay as a basic aspect of abstract analysis. Several important classes of functions
and their modes of convergence typify metric spaces and supplement our understanding of
these classes. Zadeh[22], propounded the theory of fuzzy sets and fuzzy logic, in a path
breaking publication in 1965 to study quantitatively problems involving uncertainty due
to subjective considerations. Since then a number of attempts have been made to endow
fuzzy sets with interesting metrics. A metric being a non-negative real-valued function
it is natural to explore if it could take values in the set of fuzzy real numbers. Notable
contributions along this line are due to Kaleva and Seikkala [12] followed by Felbin [7].
Kaleva [9] had also shown that a fuzzy metric space (in the sense of Kaleva and Seikkala
[12]) has a completion unique up to isometry. In another direction Kramosil and Michalek
[13] defined a fuzzy metric space in analogy with and equivalent to a statistical metric space
as defined by Menger [14]. Inspired by an intermediate function considered by Hausdorff
in defining the Hausdorff distance between closed and bounded subsets of a metric space,
Erceg [6] defined a pseudo quasimetric as a map satisfying some natural conditions from
LX x LX into [0,00], LX being the set of all maps from a set X into L, a completely
distributive lattice with order-preserving involution. For fuzzy points, a pseudo metric was
defined and studied by Deng [1]. Subsequently Peng Yu Wei [15] simplified the concept
of Erceg’s pseudo quasi metric and also related his concept and results to Erceg’s theory.
Later Rodabaugh [17] and subsequently Jian-Zhong Xiao and Xing-hua Zhu [20] examined
L— fuzzy real line for a completely distributive lattice L, vis-a-vis Erceg’s pseudo metric.

Dubois and Prade [4] defined a fuzzy real number as a continuous function x : R — [0, 1]
vanishing outside a compact interval [c, d] of real numbers such that for some real numbers
a and b with ¢ < a < b < d, p increases on [c,a] and decreases on [b,d] and p(z) is 1 on
[a,b]. Goetschel and Voxman [8] modified the assumption of continuity in the definition of
Dubois and Prade to upper semicontinuity to avoid any inconsistency, while including the
characteristic functions of singleton real numbers. More importantly they defined a metric
for this set of fuzzy real numbers, based on the Hausdorff distance between closed and
bounded subsets. This metric has found applications in the study of fuzzy random variables
(see Puri and Ralescue [16]), fuzzy differential equations (Kaleva [10]) and the calculus of
fuzzy real variables (Kaleva [11]) and has been extensively studied by Diamond and Kloeden
in their monograph [3]. Besides this metric, other metrics on fuzzy real numbers have also
been studied by Voxman [18] (using reducing functions), Yang and Zhang [21] (endograph
metric) and Wu Congxion, Hongliang and Xuekun [19] (sendograph metric). Diamond and
Kloeden ([3], [2]) may be consulted for further details.

The purpose of this paper is to consider a wider class of fuzzy subsets of real numbers
that can be topologized by a family (gauge) of pseudometrics and study its properties.
These fuzzy numbers need not have bounded supports, though their supports intersect a
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fixed closed set. In this way this class of fuzzy numbers serves to supplement the existing
theory of fuzzy real numbers.

2 The space Fy(R) We recall the following

Definition 2.1. A fuzzy subset u of a topological space (X, T) is called upper semi-continuous
if u: X — [0,1] is a mapping such that [u]* = {x € X : wu(x) > a} is a closed subset X
for each a € [0,1]. A fuzzy subset u : X — [0,1] is called normal if {x : u(z) = 1} =
{z: u(z) > 1} is nonempty.

We denote the set of all normal upper semi-continuous fuzzy subsets of X by Fy (X).
In particular Fiy (R) is the set of all normal upper semi-continuous mappings of R (with the
normal topology) into [0, 1].

We now prove a representation theorem for members of Fy(X), X being a topological
space.

Theorem 2.1. Let (X,7) be a topological space and u € Fy(X), the set of all normal
upper semi-continuous fuzzy subsets of X. For each a € I = [0,1], let Co, = [u]* = {x €
X : u(x) > a}. Then

(i) for each a € I, C, is a nonempty closed subset of X ;
(i) Cg CCy for0<a<pg<1;
(iii) Co =iz Cas, for each sequence «y; increasing to « in I.

Conversely, if in a topological space (X, 1), there is a family of nonempty closed subsets
{Cq : a € I =10,1]} satisfying properties (i), (ii) and (iii) above, then there is a unique
u € Fy(X) such that [u]® = Cy for each a € [0,1].

Proof. Since u € Fyy(X) in an upper semi-continuous map of X into [0,1], Cyp = [u]* in a

closed subset of X for each a € [0,1]. Since C; = {z : u(x) > 1} is nonempty, Cy (2 C1) is
nonempty for each a € [0,1]. For 0 < a < 3 <1, C3 C C, is obvious. Thus for u € Fy(X),
(i), (#) and (4i%) are true.

Conversely, suppose {C,, : « € I =[0,1]} is a family of subsets of X satisfying (7)-(¢it).
Define u : X — [0, 1] by

u(z) =sup{a € I:x € Cy}

Clearly u is a well-defined map of X into [0, 1], since Cy = X. Since C; # 0, u(z) =1 for
some z € X and so u is normal. For a € I, if x € [u]®, then u(z) > o. Let I, = {f € I :
z € Cg}yand o = sup I, so that o' = u(z). Clearly a (= u(z)) > o and by hypothesis
z € C, CC,y. So [u]* C Cq,. On the other hand if z € C,, then u(x) = sup I, = a >a

and consequently x € [u®], so that C, C [u]®. Thus each [u]* = C,, for a € I and hence u
is an upper semi-continuous function. O

For topological spaces which are sums of an increasing family of proper closed subsets
this representation theorem can be stated in a different form. For this we need the following

Definition 2.2. A topological space (X, 7) is called F— summable if X = |J{F;: t € P}
satisfying the following conditions:

(i) (P, <) is a totally ordered set with a least element 0 ;

(ii) every nonempty subset of P has a greatest lower bound in P;
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(#ii) each Fy is a nonempty proper closed subset of X and F; > Fs fort > s, t,s € P.
Further F; # Fs fort > s.

Theorem 2.2. Let X be an F— summable topological space as in Definition 2.2 and u €
Fy(X). Then for eacht € P and a € I = [0,1], the sets Coy = ul®l N Fy satisfy the
following:

(i) Co is a nonempty closed subset of X for allt >ty € P for all a € [0,1];
(1) Cgy C Coy for all0 < a < (<1 forallte P;
(ii) If Cop # 0 and o;(€ [0,1]) T o then C,, v = N2, C,,. v for all t >t

() [u]* = UepCa, is closed for each o € 1.

Conversly, if X is an F— summable topological space (as in Definition 2.2) and Cq ¢,
a € [0,1], t € P is a family of closed subsets of X satisfying (i) — (iv) above. Then
there exists a unique u € Fiy(X) such that for each « € I andt € p, [u |*NEF = Cyy.

Proof. While the proof of necessity part of the theorem is straight-forward, for proving the
sufficiency part, define u : X — [0,1] by u(z) = sup{a € [0,1] : « € Cyo for least t € P}.
Since © € X = UepFy, v € F; for smallest t € P and 1 > u(xz) > 0. Let ag = u(x).
Then & € Cyy 1, clearly [u]* N Fyy = Cuy 1. Further [u]® = Up>y,Cay is closed, by (iv).
Thus v is upper semi-continuous. Since (' ; is a nonempty closed subset of X for some ty,
[u]' = Ui>1,C1 ¢ is a closed set by (iv) and w is normal. Thus u € Fy(X). O

3 A topology on a subspace of F;(R) Let (X, d) be a metric space and Fy;(X) the
set of all normal upper semi-continuous fuzzy subsets of X. For a fixed element a of X, let
B,, denote the closed ball in X centered at a and radius r,, and H,, be the Hausdorff metric
on the nonempty closed subsets of B, for each n € N. As B,, is bounded, the Hausdorff
distance H,, induced by d is well-defined on the family of nonempty closed subsets of B,,.
We recall the following

Definition 3.1. Let dy be a pseudometric on a nonempty set X for each A € A. The family
D = {dy : X € A} is called separating if for x,y € X with x # y, there exists \g € A such that
dyx,(x,y) > 0. The topology T(D) with the subbase {B(x;dx,t): v € X,A € A and € > 0}
1s called the topology on X induced by the family D. D is called a gauge and a topological
space whose topology admits a gauge structure is called a gauge space.

Definition 3.2. Let (X, D) be a gauge space and (), a sequence in D is called Cauchy if
limy m—oodr (T, Tm) = 0 for each dy € D. If every Cauchy sequence in (X, D) converges
to a limit, (X, D) is called sequentially complete.

We also recall the following

Theorem 3.1. (see Dugundji [5]) A topological space is a gauge space if and only if it
is completely regular (or Tychonoff). A gauge space is metrizable if and only if it has a
countable gauge.

With these preliminaries, we can provide a metric topology on C'Li(X) for any metric
space (X, d), that have a non-void intersection with B(a;r1).
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Theorem 3.2. Let (X,d) be a metric space. Then H, is a pseudo-metric on CLy(X),
the set of all nonvoid closed subsets of X, that have a non-void intersection with B(a;ry)
for each n € N, where H,(A,B) = H(AN B,, BN B,) for A,B € CL(X), H being the
Hausdorff distance induced by d. Then CL1(X) is a gauge space with the gauge {H,, : x €
N} and is metrizable assuming that It, ..o = o0 and ) 5% converges. If X is complete
then C'L1(X) is also complete.

Proof. Since H,, is the Hausdorff metric on CL(B,,), H, is a pseudo-metric on CL(X) for
eachn € N. For A # Bin CL(X), ANB,, # BNB,, for somen = ng. So H,,(4,B) =1 > 0.
Thus {H, : n € N} is a countable separating family of pseudometrics on CL;(X). Thus
CL,(X) is a metrizable gauge space, in view of Theorem 3.1. Since H,(A, B) < r, for
all A,B € CLy(X) and n € N, and »[° £ converges. H(A,B) = > ° %‘3’3) defines a
metric on CLy(X). Further, this metric topology is the same as the gauge topology (we
take H,(A, B) = 0 whenever F,, N A or F,, N B = ¢).

Let {C),} be a Cauchy sequence in CL;(X). Without loss of generality, we can assume
that >-7° H(C;, Cit1) < oo. For Cy and Cy we can find nq so that C1NF,, and CoNF,, # ¢.
So for z; € C1 N F,,, noting that I;:j
can find 9 € Cy N F,,, such that

is the Hausdorff metric on F),, induced by 2%, we

#5552 < b (Hay (G, C) 1)

For this ny, we can find ny > ny so that Co N Fy,, and 23 € C3 N F,,, # ¢. Since 515d

2n2
induces Q%an, a Hausdorff metric on F,,,, we can find C3 N F;,, so that

UG < g (Huu (5, C3) + ).

Thus proceeding we get a sequence of elements (xy) € C,, N F,, so that

d(xp, Try1) 1 1

(1) o QTk(an(CkaH) + ka)-

Since Y2, H(C;,Ci41) is convergent,

Zliil an (Cnlm an+1) + 2%

converges. From (1) it follows that d(zg, Tx+1) < Hny (Chy, Crip i )5 and so > pe | d(@g, Tpt1)
is finite. Hence {z,} is a Cauchy sequence that converges to some element x by the com-
pleteness of X. Since x, € C}, for each k, z,, € U,>1C,, for all n > k. So z* = limy> 2,

2* € Upsyp O for all k. Thus z* € NpZ, (U, Cr)-

Define C' = N%%;(Uz,, Ck)- Then C is nonempty and closed and is the closure of the
set of all limit points of {z,,}. We now show that H(C,C,) — 0 as n — oo. For any
€ > 0 given, let n = N(e) be chosen so that ZZ‘;N(G) [H(Ch, Cpi1) + 5] < 5. Let 2* € C
and zo be the limit of sequence (z,) so that d(z*,2¢) < §. Then the distance of z* from

C =d(z*,Cy) is
< d(w”,w0) + g d(@n, Tnia)
<d(@*,x0) + >0y [H(Cry Crgr) + 5]
< §+§=¢efor k> N(e).

Since any xj € Cy can be the starting point of such a convergent sequence (z,,) converging
to o,

d(xka xO) < Z;)zozk d(xna $n+1) < Zyozozk[H(Cm Cn+1) + %]
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< §, for all k> Ne).

So it follows that H(C, Cy) = maz{supz-ccd(z*, Ck), supy,ec,d(xg, C)} < € for k > N(e).
Thus limg—Cx = C in CLy(X). Thus for a complete metric space (X, d) that is the
countable union of closed spheres B(a;r,) where (r,,) increases to oo with ) 52 < oo, the
set of all non-void closed subsets of X that intersect B(a;r1) (and hence B(a;r,) for all
n) can be given a complete metric using the Hausdorff metric on C B(a;r,). Consider a
subclass FL(R) of Fyy(R) comprising upper semicontinuous functions u : R — [0, 1] such
that [u]' C [—r1,71] where R = US2 [, mp), 0 < 7, limy oo, = 00 and > 52 < +00.
Clearly for such functions the level sets need not be compact nor convex. Although for such
functions, the level of normality has to lie in [—r1,71], by choosing r; sufficiently large many
fuzzy numbers with compact support can be found in Fl} (R). The following theorem shows
that F/(R) and more generally F}}(X) admits a complete metric so that analysis can be
carried out in F{(X). O

Theorem 3.3. Let (X,d) be a complete metric space. Suppose X = U2, B(a;r,) where
B(a;ry,) is the closed sphere centered at a and radius r, with lim,—corn = + 00 and

e s < oo. Let F}(X) be the set u of all normal upper semicontinuous fuzzy subsets of
X, so that [u]' N B(a,r1) # 0. Then F}L(X) is a complete metric space under the metric A

defined by A(u,v) = supo<a<iH([u],[v]*) where H(A,B) = Y 07, w (as defined
in Theorem 3.2), for A,B € CLi(X).

Proof. Clearly F{;(X) is nonempty, as the characteristic function of B(a,r1) is in F5(X)
For u € F}(X), for all a € [0,1], the closed sets [u]* D [u]' and the nonempty set [u]' C
B(a,r1). So for u,v € F(X), for 0 < a <1,

H([u]*, [o]) = Yoo, HelldDll®) < 5700 o — k< o0,

for supo<a<1H([u]*, [v]¥) = A(u,v) < k is well-defined. Also for 0 < a < 1, u,v,w €
Fj(X)

H{([u)*, [0]%) < H([u]?, [w]”) + H([w]*, [v]*)

and so A(u,v) < Au,w) + A(w,v). Thus (F5(X),A) is a metric space.

For proving the completeness of F[}(X ) under A, consider a Cauchy sequence u,, in
F}(X). So given € > 0, we can find M (e) € N such that A(ug, un,) < € for all k,m > M(e).
Let H}!(u,v) = supo<a<iHn([u]¥, [v]*) for each n € N. Since the gauge {H.} : n € N}
generates A and {u,} is Cauchy with respect to {H} : n € N}, it follows that {[u]® N B,}
is uniformly Cauchy in « for a fixed n and being a Cauchy sequence of closed sets in the
complete space CL(B,,), [u]*NB, converges to C*NB,, for each n uniformly in acin CL(B,,).
Clearly the family of closed sets {C* N B,, : @ € [0,1],n € N} satisfies the conditions of
Theorem 2.2 and so there exists a function u in F;(X) for which [u]* = U ,C*NB,, = C*
is closed for 0 < a < 1. Further H}(u,u,,) — 0 as m — oo for each n € N. Thus F}(X) is
complete. O

Remark 3.1. If we specialise X to R or R™ (n > 1), the F}(X) is a special space of
fuzzy numbers whose support can be unbounded. It will also contain all fuzzy numbers with
support lying in a prescribed interval. In a sense this can supplement the space (E™, doo)
considered notably by Kaleva [10] and Kloeden and Diamond [3].
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4 An alternative approach While the space F,}(X ) complements E' or E™ with
deo for X =R! or R" respectively, F{;(R) or F5(R™) does not contain E! or E™. However,
this situation can be remedied in the following manner: for a metric space (X, d), the metric
topology induced is the same as the topology induced by the bounded metric d* defined by
d* = min{l,d(z,y)} for x,y € X so that (X, d*) is complete whenever (X, d) is complete.
The following theorem is easy to prove.

Theorem 4.1. Let (X, d) be a metric space and d* be defined by d*(x,y) = min{l,d(z,y)}
forxz,y € X. Then (X,d*) is a metric space and H* be the Hausdorff metric induced by d*
on CL(X), the set of all non-void closed subsets of X. If d is complete, then d* is complete,
Further (CL(X), H*) is also complete.

This enables us to define a metric on Fy;(X), the space of normal upper semi-continuous
fuzzy subsets of metric space (X, d) into [0,1]. Again the proof of the following theorem is
straight forward.

Theorem 4.2. Let (X, d) be a complete metric space. Then Fy(X), the space of all normal
upper semi-continuous fuzzy subsets of X is a complete metric space with the metric D*
defined by D* = supo<a<1 H*([u]®, [v]*) for u,v € Fy(X), H* being the Hausdorff metric
on CL(X) induced by d* = min{l,d}.

Remark 4.1. Besides D*, other bounded metrics homeomorphic to d can be used to gen-

erate Hausdorff metrics on CL(X). This, in turn can be used to metrize Fy(X), the space
of normal upper semi-continuous fuzzy subsets of X.

Remark 4.2. If (X,d) is a real normed linear space, then taking r, =n € N and a = 0,
the zero vector, it can be seen that the maps ¢ defined by

1 z=1,
(2) di(x) =qt z€][0,1),
0 otherwise

are in FL(R) and A(¢y, ¢5) > 5. Consequently F(X) containing an isometric copy of
FL(R) is not separable.
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