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Abstract.

This paper proposes homological analysis of statistical dependency graph. If a
dependency graph model satisfy the condition of a chain complex, homological algebra
can be applied. Especially, the degree of freedom can be viewed as a dual space of an
original complex.
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1 Introduction Analysis of a contingency analysis has a long history, where χ2-test
play a central role in detecting statistical independence of two variables. The key idea of
χ2-test is a degree of freedom of χ2-test statistics, the number of independent cells in a given
table. If we assume that the marginal distributions of a column and a row are fixed, all
the numbers in the cell will be determined by the values of independent cells. For example,
since the degree of freedom of a 2 × 2 contingency table is equal to 1, if one cell is given,
other three cells will be obtained under the given marginal distribution.

One interesting observation is that the formula of chi-square test statistics of a 2 × 2
contingency table includes the form of a determinant when a table is regarded as a 2×2 ma-
trix. Tsumoto focuses on this observation and finds the interesting relations between linear
algebra and statistical independence. from the viewpoint of granular computing.
The important result is that a degree of freedom is equal to the number of 2 × 2 subma-
trices in a contingency table, which can be viewed as a granule of statistical independence.
Interestingly, the results are generalized into mulivariate contingency tables, where com-
binatorics of independent variables is important to determine the degree of freedom.
Furthermore, symmetry of dependent variables gives classificaiton of a contingency table.
This paper gives further extension of this analysis, which shows that the degree of freedom
corresponds to the number of outer products of dependent variables, which shows that the
degree of freedom will give a dual space of statistical dependency graph when a graphical
model satisfies the condition of a chain complex.

The paper is organized as follows: Section 2 gives the results of previous studies on
Pearson residuals. Section 3 gives some mathematical discussions on geometrical and
combinatorial structure of the above theory. Section 4 introduces homological algera as a
tool for the analysis of statistical dependence. Section 5 discusses correspondence between
boundary and coboundary operators and table operations. Finally, Section 6 concludes
this paper.

2 Combinartorics of Peasrson Residuals



2.1 Multiway Contingency Table

Definition 2.1 Let R1, R2, · · · , Rn denote n(∈ N) multinominal attributes in an attribute
space A which have m1,m2, · · · ,mn values Let |Rj = Aji | denote the set of data whose
jth-attribute is equal to Aji (ith-partition of j). Then, an element of a multiway contigency
table, which has n attributes, is defined as:

xi1i2···in = #{x ∈ |R1 = Ai1 | ∧ |R2 = Ai2 | · · · ∧ |Rn = Ain |},

where their marginal sums are not included as elements. ut

For example, in the two dimensional case, this table is arranged into the form shown
in Table ??, where: |[R1 = Aj ]A| =

∑m
i=1 x1i = x·j , |[R2 = Bi]A| =

∑n
j=1 xji = xi·,

|[R1 = Aj ∧ R2 = Bi]A| = xij , |U | = N = x·· (i = 1, 2, 3, · · · , n and j = 1, 2, 3, · · · ,m).

Table 1: Contingency Table (m × n)

A1 A2 · · · An Sum

B1 x11 x12 · · · x1n x1·
B2 x21 x22 · · · x2n x2·
· · · · · · · · · · · · · · · · · ·
Bm xm1 xm2 · · · xmn xm·

Sum x·1 x·2 · · · x·n x·· = |U | = N

Let us denote the sum over one attribute a contingency table by “•”. Then, marginal
sums over one attribute is defined as follows.

Definition 2.2 Let a contigency table have m attributes. The marginal sum over ik(1 ≤
k ≤ m) is:

xi1···ik−1•ik···im =
qk∑

j=1

xi1···ik−1ijik+1···im ,(1)

where qk is the number of equivalence classes of ik. ut

Then, marginal sums over all the attributes is equal to the sample size:

x•···• = N,

2.2 Information Granule in a Contingency Table

2.2.1 Pearson Residual

Definition 2.3 Pearson residual of the cell i1 · · · im(m ≥ 2), denoted by σi1···im , is defined
as the difference between the observed value xi1···im and its expected value:

σi1···im =xi1···im

− xi1•···• × x•i2···• · · · × x••···im

xm−1
•••

.
(2)

ut
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“Partial residuals” in which one of three attributes are summarized (marginalized) are
defined as follows:

σ•i2···im = x•i2···im

− x•i2···• × x••i3···• · · · × x••···im

xm−2
•••

.
(3)

Therefore, we obain the following theorem:

Theorem 2.1 The Pearson residual of a m-way contingency table is reformulated as:

σi1···im =
xi1•···•

x••···•
σ•i2···im

+
1

x••···•
(xi1···imx••···• − xi1•···•x•i2···im)

(4)

ut

In the subsequent sections, the second part of Equation, xi1···imx••···•−xi1•···•x•i2···im

is denoted by σi1
i2···im

. More detailed examples are shown in [  ].

2.3 Degree of Freedom

2.3.1 Formula of Degree of Freedom From Equation,

σi1···im =
xi1•···•

x••···•
σ•i2···im

+
1

x••···•
(xi1···imx••···• − xi1•···•x•i2···im)

Although the first part includes the same number of the determinants as σi2·ım multiplied
by the size of the first attribute, the weight:

xi1•···•

x••···•
=

1
size of the first attribute

should be considered for estimation of the degree of freedom. In other words, the number of
the subdeterminants can be estimated as the number of the subdeterminants of (m−1)-way
contingency table. On the other hand, the second part is equal to:

σi1
i2···im

= xi1···imx••···• − xi1•···•x•i2···im

=
∑

j1 6=i1

(xi1···imxj1•···• − xi1•···•xj1i2···im)

(5)

If the other terms ik(k = 2, · · · ,m) are not equal to jk, the subdeterminant is not equal
to 0 and the subscript of the summation of Equation is equivalent to:

m∨
k=2

(ik 6= jk),

Therefore, the following theorem is obtained:
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Theorem 2.2 Let INDm
p denote a set of index which is a p out of m attributes. Then,

the total number of determinants of 2× 2 submatrices in a residual of a m-way contingency
table is given by:

(6) ζ(1, 2, · · · , m) =
m∑

p=2

∏
t∈INDm

p

(nt − 1),

where nt denote the number of partitions of an attribute t. ut

Corollary 2.3 The total numbers of determinants of 2 × 2 submatrices in m-way contin-
gency table, denoted by ζ(1, 2, ·,m) are equal to

ζ(1, 2, · · · ,m) = n1n2 · · ·nm −
m∑

i=1

ni + (m − 1).

ut

In this way, the degree of freedom summarizes information on combinatorial nature of
Pearson residuals:

Corollary 2.4 Let INDm
p denote a set of index which is a p out of m attributes The degree

of freedom of a m-way contingency table is given by:

ζ(1, 2, · · · , m) =
m∑

p=2

∏
t∈INDm

p

(nt − 1),

where nt is the number of partitions in an attribute t, if all the variables are assumed to be
independent. ut

When some of attributes are dependent, the corresponding term will be eliminated.
For example, m2 and m3 of three-way attribute is dependent, but m1 is conditionally
independent of this pair:

ζ(1, 2, 3) = (n1 − 1)(n2 − 1)(n3 − 1)
+(n3 − 1)(n1 − 1)
+(n1 − 1)(n2 − 1)

= n1n2n3 − n2n3 − n1 + 2,(7)

which is the same formula given in [　].

3 Symmetry in Pearson Residuals

3.1 Determinants as Pencil of Lines Equation shows that 2×2-subdeterminants
are information granules of statistical independence. Since a 2 × 2-subdeterminant gives a
line in a projective plane in classic projective geometry, a set of the subdetermiants can be
viewed a pencil of lines in a space of projective plane whose coordinates are given as a cell
in a given contingency table: dependence and independence can be captured as geometrical
structure of a pencil in a projective space. Thus, dependent or independent relations of a
multivariate table gives complex geometrical structure, which suggests that a tool of algebra
can be applied to analysis
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3.2 Symmetry Let a1, a2, · · · , am denote m attributes in a m-way contingency table and
ei be equal to ni − 1 where ni is a number of partition in attribute ai. Then, ejek gives the
number of 2 × 2subdeterminants when aj and ak are dependent. In general, ej1ej2 · · · ejl

gives the number of l − way subdeterminants when these l attributes are dependent.
Let El

12···m denote a set of ej1ej2 · · · ejl
, each element of which is a product of l selected

from m attributes. For each l dimension, a polynomial symmetric over Sm can be derived
as:

sl
m =

∑
E12···m

ej1ej2 · · · ejl
,

Then, a polynomial symmetric over Sm is represented as:

(8)
l⊕

k=2

sk
m =

l⊕
k=2

∑
E12···m

ej1ej2 · · · ejl

Then, relations between symmetric group and geometrical structure can be discussed.
For example, since conditional dependence is defined as statistical dependence of a set of
variables, denoted by V1 under the assumptions where the values of the set of other variables
(V2) are fixed, the symmetry of V2 will be lost, that is , ”breakdown of symmetry”.

Theorem 3.1 Let a1, a2, · · · , am denote m attributes in a m-way contingency table and ei

be equal to ni−1 where ni is a number of partition in attribute ai. A formula ej1ej2 · · · ejl
is

equal to the number of l − way subdeterminants when these l attributes are dependent. Let
El

12···m denote a set of ej1ej2 · · · ejl
, each element of which is a product of l selected from m

attributes. Then, a polynomial symmetric over Sm is given as:

(9)
l⊕

k=2

sk
m =

l⊕
k=2

∑
E12···m

ej1ej2 · · · ejl
.

ut
Then,

Corollary 3.2 A model with partial independence can be derived by removal of attributes
whose values a fixed. For example,

(10)
l⊕

k=2

sk
m −

m∑
k=2

∑
T m

k

ej1ej2 · ejk

gives the number of subdeterminants where Tm
k gives a set of k-pair statistical independent

attributes out of m attributes. ut
Tsumoto shows that structure of symmetric group will give some global information

on statistical dependency model in a multivariate contingency table. However, this tool fo-
cuses on interchangeability of dependence relations among variables. In order to investigate
other properties of geometrical structure, other tool is needed as shown in the next section.

4 Degree of Freedom and Homological Calculus Equation is a little compli-
cated and it is difficult to see the meaning except for the action of symmetric group. The
most import problem is that we have to eliminate independence variables explicitly, which
makes the representation power weak. The other point is that we may have a situation when
three variables are statistical dependent (independent) although all the combinations of two
of three variables are statistical independent (dependent), which analysis based on symmet-
ric group cannot capture. Thus, by investigating the nature of statistical dependence much
further, new representation should be explored.
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4.1 Main Ideas The main idea is that geometrical structure of a statistical dependence
model corresponds to its degree of freedom of a contingency table as shown in Figure 1. Let
us assume three variables provided in a contingency table. In the case of one dimension, the
degree of freedom of one attribute will be the number of its partition minus 1 if the number
of examples is fixed. If we add one more dependent attribute, the degree of freedom is equal
to (n1−1)(n2−1), where n1 and n2 denote the number of partitions of the first and second
attribute. In the same way, dependency graph of three attribute has (n1−1)(n2−1)(n3−1)
as its degree of freedom. If we consider dependency of three attributes with full dependency,
the degree of freedom is equal to:

(n1 − 1)(n2 − 1)(n3 − 1) +(n1 − 1)(n2 − 1)
+(n2 − 1)(n3 − 1)
+(n3 − 1)(n1 − 1).

The main idea is that decomposition of a dependency graph gives a homological sequence
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Elements of Dependence Graph: Complex
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Figure 1: Correspondence between Dependency Graph and its Degree of Freedom

shown in Figure 1. Formal definition of mappings will be given in subsequent subsections.

4.2 Basic Definition The key components of the above section are the degree of freedom
of each attribute. When two attributes are dependent, the degree of freedom is obtained
by their product of the degree of freedom. Furthermore, the product is invariant over
permutation.

Definition 4.1 Let A = {a1, a2, · · · , am} denote a set of m attributes in a m-way contin-
gency table and ei be equal to ni−1 where ni is a number of partition in attribute ai. Then,
a linear sum of m attributes gives a vector space spanned by A:

vec(A) =
m∑

i=1

kiai,

where ki ∈ Z. Thus, vec(A) can be viewed as Z-module. ut
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Figure 2: Homological Sequence of Three Attributes

As a different type of operation, we define a1 ∧ a2 as a matrix generated by a1 and a2:

a1 ∧ a2 = Mat(a1, a2).

It is notable that a1 and a2 are reversibly obtained by Mat(a1, a2) as marginal sums. For
example, when a matrix is given as: (

2 2
1 3

)
,

corresponding two vectors are: a1 = (2 + 2, 2 + 3) = (4, 4) and a2 = (2 + 1, 2 + 3) = (3, 5).
It is notable that this transformation is linear and can be represented as a matrix. In

the above example, the transformation is given by:(
4 3
4 5

)
= X

(
2 2
1 3

)
,

In this case,
(

2 2
1 3

)
has a reverse, so X is obtained as:

X =
1
4

(
9 −2
7 2

)
However, if the determinant of original table is equal to 0, the situation is much more
complex: we should use the generalized inverse for calculation. But, since this case is
corresponding to statistical independence, let say Mat(•∧•) = 0. That is, for two attributes
ai, aj (i, j = 1, · · · ,m),

(11) ai ∧ aj =
{

Mat(ai, aj) det(ai, aj) 6= 0
0 det(ai, aj) = 0,

where det(ai, aj) gives a determinant of a matrix (ai, aj) and Mat is a corresponding matrix
operation. Thus, although there are many ways to make a matrix from a1 and a2, for a
given table, a matrix corresponds to one function which partitions a1 and a2 as shown the
above. Thus, a matrix can be viewed as a partition function of Z × Z.

Since a vector and matrix can be viewed as a specific form of tensor, the above discussion
can be discussed in the context of tensor calculus: it is easy to see that this framework
satisfies the axiom of tensor space. Moreover, a space have elements of different grades,
since a1 and a1 ∧ a2 are the first and second grade, respectively.
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4.3 Degree of Freedom as a Mapping Since the degree of freedom of ai is the number
of elementary partition of ai minus 1, it can be viewed as a function of ai:

df(ai) = ei.

It can be rewritten as:
df = Hom(ai, Z),

which is a homomorphism under addition. In the above example of matrix, df(a1 ∧ a2) =
(2− 1) ∗ (2− 1) = 1 and df(a1) = df(a2) = 1− 1 = 0 because the second element of a1 and
a2 can be described as a linear sum of the first element: 4 = 1 × 4, 5 = 5

3 × 3.
It is notable that df will give a dual space of ai. Let us denote df(ai) by a∗

i . Then, it is
easy to show that A∗ = df(A) = {df(a1), df(a2), · · · , df(am)} gives a dual (tensor) space of
A = a1, a2, · · · , am.

Thus, dependence and independence can be easily described as an outer product, al-
ternating tensor product of df(ai) (i = 1, 2, · · · ,m). Since the calculation of the degree of
freedom starts from two attributes as a matrix calculus, let us select two attributes first. If
we take two dependent attributes ai and aj , then ai ∧ aj gives:

ai ∧ aj = det(M(ai, aj))ei ∧ ej ,

where a rectangular matrix M(ai, aj) is generated by {ai, aj} and ei and ej denote the
orthonormal basis generated by ai and aj . Here, the determinant is given by Cullin’s
determinant, which is an extension of ordinary matrix. Then, when two attributes a1

and a2 are independent, since the rank of matrix is equal to 1, M(ai, aj) is represented as
(vi, kvi).

Thus,

df(a1 ∧ a2) = df(a1 ∧ ka1) = 0,

where k ∈ Z. On the other hand, if both are dependent:

df(a1 ∧ a2) = df(a1)df(a2) = (n1 − 1) ∗ (n2 − 1),

where n1− and n2 − 1 denote the degree of freedom of a1 and a2.
When we take 3 attributes, we can append this attribute as a1 ∧ a2 ∧ a3. Then, full

dependence can be described as:

a1 ∧ a2 ∧ a3 + a1 ∧ a2 + a2 ∧ a3 + a3 ∧ a1.

The formula shown in Equation is given by:

df(a1 ∧ a2 ∧ a3) = df(a1 ∧ a2 ∧ a3 + a1 ∧ a2

+a2 ∧ a3 + a3 ∧ a1)
= df(a1 ∧ a2 ∧ a3) + df(a1 ∧ a2)

+df(a2 ∧ a3) + df(a3 ∧ a1)
= (n1 − 1)(n2 − 1)(n3 − 1)

+(n1 − 1)(n2 − 1)
+(n2 − 1)(n3 − 1)
+(n3 − 1)(n1 − 1)
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If a1 and a2 is independent, since df(a1 ∧ a2) = 0, we should remove this term from the
above equation.

Since the df(ai) can ve viewed as a dual vector, we can rewrite the above equation as:

a∗
1 ∧ a∗

2 ∧ a∗
3 = a∗

1 ∧ a∗
2 ∧ a∗

3 + a∗
1 ∧ a∗

2 + a∗
2 ∧ a∗

3

+a3 ∧ a∗
1

= a∗
1 ∧ a∗

2 ∧ a∗
3 + a∗

1 ∧ a∗
2 + a∗

2 ∧ a∗
3

+a∗
3 ∧ a∗

1

= (n1 − 1)(n2 − 1)(n3 − 1)
+(n1 − 1)(n2 − 1)
+(n2 − 1)(n3 − 1)
+(n3 − 1)(n1 − 1)

By using these ideas, Theorem can be reformulated as follows.

Theorem 4.1 Let A = {a1, a2, · · · , am} denote a set of m attributes in a m-way contin-
gency table and ei be equal to ni − 1 where ni is a number of partition in attribute ai. Let
DEPm denote a set of dependent variables of A. Then, since the correspondence between
ai and ei is given as a function: f(ai) = ei, dual tensor space can be defined by df(A),
which can be denoted by A∗ = {a∗

1, a
∗
2, · · · , a∗

m} Then, a polynomial symmetric over Sm is
represented as:

(12)
l⊕

k=2

sk
m =

l⊕
k=2

∑
DEP k

(−1)σ(j)a∗
j1 ∧ a∗

j2 ∧ · · · ∧ a∗
jk

,

where σ(j) denotes the the number of substitutions over j1, j2, · · · jk. ut

4.4 Chain Complex Let A∗
n denote a space spanned by a set of dual of outer prod-

uct of n attributes. Since this space is an Abelian group, we can consider a sequence
An, An−1, · · · , A2, A1. Let us define the boundary map from A∗

n to A∗
n−1 as:

∂n : A∗
n → A∗

n−1 : a∗
1 ∧ a∗

2 · · · ∧ a∗
n 7→

n∑
i=1

(−1)i−1σ([a∗
1 ∧ a∗

2 ∧ . . . â∗
i . . . ∧ a∗

n]),(13)

where the hat denotes the omission of an attribute. Then, the following theorem is obtained.

Theorem 4.2
∂n∂n−1A∗

n = 0
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Thus, (A·, ∂·) is a chain complex. Proof

∂n∂n−1A
∗
n = ∂∂a∗

1 ∧ a∗
2 · · · ∧ a∗

n

= ∂

(
n∑

i=1

(−1)i−1a∗
1 . . . ∧ â∗

i . . . ∧ a∗
n

)

=
n∑

j=1

(−1)j−1

(
n∑

i=1

(−1)i−1a∗
1 . . . ∧ â∗

i

∧ . . . ∧ â∗
j . . . ∧ a∗

n

)
=

n∑
i,j=1

(
a∗
1 . . . ∧ â∗

i . . . ∧ â∗
j . . . ∧ a∗

n

− a∗
1 . . . ∧ â∗

i . . . ∧ â∗
j . . . ∧ a∗

n

)
= 0

ut

Example 4.1

∂3∂2(a∗
1 ∧ a∗

2 ∧ a∗
3) = ∂∂(n1 − 1)(n2 − 1)(n3 − 1)

= ∂ ((n2 − 1)(n3 − 1)
−(n1 − 1)(n3 − 1)
+(n1 − 1)(n2 − 1))

= (n2 − 1) − (n3 − 1) − (n1 − 1)
+(n3 − 1) + (n1 − 1) − (n2 − 1)
= 0

Since it is easy to see that the outer space of ai gives a chain complex, the dual space a∗
i is

its dual space. Thus, homology of a sequence Hn(A)can be considered:

Hn(A) = ker ∂n/im∂n+1.

Hn(A) = ker ∂n+1/im∂n

Example 4.2 In the above example,

C2 = {(n1 − 1)(n2 − 1)(n3 − 1)}
C1 = {(n1 − 1)(n2 − 1), (n2 − 1)(n3 − 1),

(n1 − 1)(n3 − 1)}
C0 = {(n1 − 1), (n2 − 1), (n3 − 1)}

im∂2(A) = (n2 − 1)(n3 − 1)
−(n1 − 1)(n3 − 1) + (n1 − 1)(n2 − 1)
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Then, ∂2(A) , ∂1(A) , and ∂0(A) can be represented in a matrix form shown as below.

∂2(n1 − 1)(n2 − 1)(n3 − 1)

=
(

1 − 1 1
)  (n1 − 1)(n2 − 1)

(n2 − 1)(n3 − 1)
(n1 − 1)(n3 − 1)


∂1

 (n1 − 1)(n2 − 1)
(n2 − 1)(n3 − 1)
(n1 − 1)(n3 − 1)


=

 −1 1 0
0 −1 1
−1 0 1

  (n1 − 1)
(n2 − 1)
(n3 − 1)


∂0

 (n1 − 1)
(n2 − 1)
(n3 − 1)


=

 0 0 0
0 0 0
0 0 0

 1
1
1



(14)

Since the rank of each matrix gives the dimension of ∂, the difference between matrix
size and its rank is equivalent of the dimension of ker ∂ From these equations, we obtained
the ranks of im and ker as follows.

Im Ker
∂3 0 0
∂2 1 0
∂1 2 1
∂0 0 3

Thus, H0, H1 and H2 is obtained as follows.

H2 =
0
1

= 0

H1 =
0

Z ⊕ Z
= 0

H0 =
Z
0

= Z

Thus, the cohomological sequence is obtained as follow.

0 → Z → 0 → 0

In a dual way, homological sequence of the outer product of dependency relations can be
obtained as follows: since ∂n is given as the transpose of ∂n in a matrix representation, the
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table of rank of im and ker is equivalent. Thus, H0, H1 and H2 is obtained as follows.

H2 =
0
0

= 0

H1 =
Z
Z

= 0

H0 =
Z ⊕ Z ⊕ Z

Z ⊕ Z
= Z

Thus, the homological sequence is obtained as follow.

0 → 0 → Z → 0

ut

In the same way, both the homological and cohomology sequences for the model with only
two variables dependent are:

0 → Z → Z → 0

which corresponds to the homology of a corresponding dependency graph.

5 Discussion Figure 3 illustrates how boundary and coboundary operators are used in
the context of contingency table analysis. Boundary operators will reduce the degree of
freedom, which corresponds to marginalization as shown in Figure 3. On the other hand,
coboundary operators corresponds to partition as shown in Figure 4.

Although boundary and coboundary operators are dual to each other, corresponding
operations show that although boundary is one choice, but coboundary may give many
possible ways. In other words, partition or coboundary suffers from combinatorial problems.
Thus, cohomological analysis may give insights to formal discussions on partition.

e=0 e=1

b=0 1 1 2

b=1 2 1 3

3 2 5

Marginalization

Marginalization

2

3

5

3 2 5

b=0

b=1

e=0 e=1

Figure 3: Marginalization as Boundary Operator

6 Conclusion This paper focuses on the formula of degree of freedom and investigate
its nature. First, if we assume that a dependency graph satisfies the condition of a com-
plex, a boundary operator ∂ for the formula of degree of freedom can be defined and the
duplicated operation will be 0: ∂∂ = 0, which leads to the basic step to homological al-
gebra. Second, the formula can be viewed as a homomorphism from structure to integer,
denoted by Hom(Structure, Z), thus the hierarchy of the formula of degree of freedom,
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e=0 e=1

b=0 1 1 2

b=1 2 1 3

3 2 5

Partition

Partition

2

3

5

3 2 5

b=0

b=1

e=0 e=1

Figure 4: Partition as Coboundary Operator

which corresponds to the hierarchy of the dependency graph, generates a cocomplex. Thus,
cohomology of the formula can be considered. By using this framework, the complex nature
of dependency graph is translated into the algebraic structure of (co-)homological sequence,
and (co)homology groups characterize the dependency graph. Thus, several tools in homo-
logical algebra can be applied to analysis of statistical independence

This study is a preliminary step of the analysis of statistical (in)dependence based on
homological algebra. It will be our future work to investigate further the property a of
contingency table from the viewpoint of algebra.
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