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ABSTRACT. We study idempotents and square roots in the upper triangular matrix
Banach algebras over real or complex numbers. We compute explicitly and determine
algebraically the idempotents and the square roots in the cases of size: two by two,
three by three, and four by four. We also consider their equivalence classes by homo-
topy and classify topologically the upper triangular matrix algebras in those cases and
in general by the groups generated by the homotopy classes. Moreover, we consider
some infinite dimensional, Banach algebras obtained as inductive limits of the upper
triangular matrix algebras and obtain several topological classification results for the
inductive limits.

1 Introduction We begin to study idempotents and square roots in the upper triangular
matrix Banach algebras over real or complex numbers. The upper triangular matrix algebras
are typical examples of finite dimensional non self-adjoint Banach algebras over real or
complex numbers. We compute explicitly and determine algebraically idempotents and
square roots of the upper triangular matrix algebras in the cases of size: two by two, three
by three, and four by four. The statements as lists as examples obtained should be useful
and convenient for the readers. We also consider the equivalence classes of the idempotents
and the square roots by homotopy and classify topologically the upper triangular matrix
algebras in the cases and in the general case by the groups generated by the homotopy
classes. Moreover, we consider some infinite dimensional, Banach algebras obtained as
inductive limits of the upper triangular matrix algebras, and obtain several (topological)
classification results for the inductive limits by our V-theory groups mentioned below and
also by the scales for the units

As a contrast, C*-algebras are self-adjoint Banach algebras over complex numbers with
the C*-norm condition. The full matrix algebras over complex numbers are typical ex-
amples of finite dimensional C*-algebras. Projections of C*-algebras, that are self-adjoint
idempotents, and unitaries of C*-algebras, with adjoints as inverses, play main roles in the
K-theory for C*-algebras, and their associated K-theory classes generate K-theory groups
of C*-algebras ([1], [4] and [5]). By lack of self-adjointness for non self-adjoint Banach
algebras, as candidates as substitute, we consider idempotents and square roots and their
homotopy classes, that generate our named V-theory groups, first introduced in this paper.

As for inductive limit algebras, AF (approximately finite dimensional) C*-algebras, that
are inductive limits of finite direct sums of full matrix algebras, are classified by K-theory
groups (but Ky only since K; trivial) as ordered groups with the scales (see the corre-
sponding results in [1], [4], or [5], due to [2]). Our V-theory groups (Vy of Vp and V1) just
correspond to the scales in the C*-algebra K-theory, in which the symbol V is used for
indicating the sets of equivalence classes of projections of matrix algebras over a C*-algebra
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and the symbol ¥ is used for indicating the scales for a C*-algebra (see [1]). Note that, by
lack of self-adjointness, there are no non self-adjoint unitaries, and no unitary equivalence
and no stably unitary equivalence as for idempotents in non self-adjoint Banach algebras,
but can be used homotopy in the algebras.

However, the scaled ordered, C*-algebra K-theory groups (Kj) for the inductive limits
of non self-adjoint Banach subalgebras obtained in inductive limits of C*-algebras, such as
AF-algebras and UHF-algebras, have been already used to classify those non self-adjoint
inductive limit algebras, containing the case we consider here (see [3]). Therefore, our
classification results in application to inductive limit non self-adjont algebras are not new,
but our formulation in terms of non self-adjoint algebras only, Vj as well as V; (non-trivial
while K trivial in that case) seems to be new in this sense, and anyhow to be an equivalent
replacement as another method or attempt.

2 The two by two case We denote by T>(R) the algebra of all upper triangular 2 x 2
matrices over the real field R and by 75(C) the same algebra over the complex field C. We
give the topology on the algebras by the Euclidean norm, for convenience, via To(R) & R3
and T5(C) = C3 as a space. Let F be either R or C.

Recall that a matrix element A of T5(F) is said to be an idempotent if A% = A.

Proposition 2.1. All idempotents of To(F') are listed up as

6 6o G 6o

forany b e F.

Proof. Let

c

A= (g b) € Ty(F)

with A2 = A, so that a? = a, ¢® = ¢, and b(a +¢) = b. Hence a = 0 or 1, and ¢ = 0 or
1. O

Denote by Po(F) the set of all idempotents of T»(F’). Define the equivalence relation for
elements of Py(F') by that two elements of P,(F') are equivalent if there is a continuous path
within Py(F') between the two elements. Write by Eo(T>(F')) the set of all equivalence classes
by the equivalence relation. Denote by [-- -] the class of an idempotent P = (---) € Pa(F).

Corollary 2.2. All classes of Eo(To(F)) are listed up as

TR e O O

As, possibly, a new notion to simplify the situation, we may introduce, as an attempt,

Definition 2.3. We now define the anti-diagonal transpose A% of A € Ty(F) by

at__f[C b _fa b
A _(O a) for A—<O C).

We denote by T(F')/ ~q: the set of matrices of T5(F') identified under the anti-transpose.
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Note that the anti-diagonal transpose corresponds to a permutation on Ty(F) = F3.

Also, one has
s [(0 1\ [a b\ [0 1\\'_ [c b\ _ a
{12472} :{(1 0) (0 J\t o)y =\o o) =4

with {---}' the usual transpose, but in My(F') the 2 x 2 matrix algebra over F.

Corollary 2.4. All idempotents of To(F)/ ~qt are listed up as
1 0 10 0 0
0o 1)’ 0 0/}’ 0 0
Corollary 2.5. All classes of Eg(To(F)/ ~qt) are listed up as

10 10 0 0
0 1}’ |0 0o]” [0 O]
Recall that a matrix element A of T3(F) is said to be a square root if A2 = I the 2 x 2
identity matrix.

for any b e F.

Proposition 2.6. All square roots of To(F') are listed up as

+1 0 +1 b
( 0 :I:l) (compound 4 cases), ( 0 :Fl> (not compound 2 cases)

for any b € F non-zero.

Remark. In what follows, we make the difference of the compound (or composite) in order
case or not by denoting +1 usual or +1 bold as in the statement above.

Proof. Let

a b
A= (0 C> S TQ(F)
with A% = I, so that a® =1, ¢2 = 1, and b(a +¢) = 0. Hence a = 1 or —1, and ¢ = 1 or
—1, and if b is non-zero, then a = —c. O

Denote by Ra(F') the set of all square roots of T5(F'). Define the equivalence relation
for elements of Ry (F') by that two elements of Ro(F') are equivalent if there is a continuous
path within Ry (F) between the two elements. Write by E;(T5(F)) the set of all equivalence
classes by the equivalence relation. Denote by [-- -] the class of a square root R = (--+) €
Ry (F).

Corollary 2.7. All classes of E1(To(F)) are listed up as

+1 0
0 =1

} (compound in order 4 cases).
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3 The three by three case We denote by T3(F) the algebra of all upper triangular
3 x 3 matrices over F', where F is either R or C. We give the topology on the algebra by
the Euclidean norm, for convenience, via T3(F) = F° as a space.

Proposition 3.1. All idempotents of T5(F') are listed up as

0 0 O 1 =z vy 0 =z xz 0 0 vy
0 0 0], 0 0 0f, 01 =z|, 00 z|,
0 0 0 0 0 O 0 0 O 0 0 1
1 0 y 1 =z —zz 0 = y 1 0 0
01 z|, o0 =z |, 0 1 0f, 0 10
0 0 O 00 1 0 0 1 0 0 1
for any x,y,z € F.
Proof. Let
a Ty
A=|0 b z| eT5(F)
0 0 ¢

with A2 = A, so that a®? = a, b> = b, ¢*> = ¢, and (a+b)x = z, (b+c)z = 2, (a+c)y+rz = 9.
Hencea =0or 1,and b=0o0r 1, and c=0 or 1.

Ifa=b=c=0,thenx=y=2=0.

Ifa=1and b=c=0, then z =0.

Ifb=1and a =c=0, then y = zz.

Ifc=1and a=0b=0, then x = 0.

Moreover, if a = b =1 and ¢ = 0, then z = 0.

Ifa=c=1and b =0, then y = —xz.

Ifa=0and b=c=1, then z = 0.

Ifa=b=c=1,thenzx=y=2=0.

These cases correspond to the matrices in the statement in this order. O

Denote by P3(F') the set of all idempotents of T5(F'). Define the equivalence relation for
elements of P3(F') by that two elements of P5(F') are equivalent if there is a continuous path
within Ps(F') between the two elements. Write by Eo(T5(F)) the set of all equivalence classes
by the equivalence relation. Denote by [-- -] the class of an idempotent P = (---) € P3(F).

Corollary 3.2. All classes of Eo(T3(F)) are listed up as

00 0 100 000 000
0 0o, (000, [01 0, [00o0f,
000 |oo0o Jooo |00 1]
1 0 0] [t o0 Joo o] [t o o
o 10|, [0o0oof, [010], |01 0.
0o oo foo1 Joo 1 [0oo0 1]

Definition 3.3. We now define the anti-diagonal transpose A of A € T3(F) by

Aat —

o oo
S T W
SERS IS

a T Yy
for A=|0 b =z
0 0 ¢

We denote by T5(F")/ ~q: the set of matrices of T3(F) identified under the anti-transpose.
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Note that A% is just the transpose of J3AJs:
A% = [Ty ATV = JLALTE = Jy AT,
with J5 the 3 x 3 matrix of (1,3),(2,2), (3,1) components as 1 and other components as 0.
Corollary 3.4. All idempotents of T3(F)/ ~q are listed up as

0 0 0 1 =z y 0 = zz

0 0 0], 0 0 0f, 01 =z,
0 0 0 0 0 0 0 0 O

1 0 y 1 =z —zz 1 0 0
01 z|, o0 =z |, 0 1 0
0 0 O 00 1 0 0 1

for any x,y,z € F.
Corollary 3.5. All classes of Eo(T3(F)/ ~at) are listed up as

[0 0 O] 1 0 0] [0 0 O]

0 0 0f, 0 0 0], 0 1 0],

10 0 0] 10 0 0] 10 0 0]

[1 0 0] [1 0 0] [1 0 0]

0 1 0], 0 0 0, 01 0

10 0 0] 0 0 1] 0 0 1]

Proposition 3.6. All square roots of T3(F) are listed up as

+1 0 0 +1 =z 0 +£1 0 0 1 0 Y
0 +1 0 ], 0O F1 0], 0o +1 =z |, 0O £1 0 |,
0 0 =1 0 0 =1 0 0 =F1 0 0 1
+1 =z 0 +1 =z Y +1 0 Y +1 =z Y
0 F1 =z |, 0 F1 0 |, 0o +x1 =z |, 0 F1 =
0 0 =+1 0 0 =F1 0 0 =F1 0 0 =1

for any non-zero x,y,z € F, where x,y, z satisfy the equation 2(£1)y + xz = 0 in the last
case, so that y = 271 (F1)xz. There are compound or not 8 +4+4+4+2+2+2+2 =28
cases.

Proof. Let

A= ETg(F)

o o Qe
o o R
o v

with A% = I3 the 3 x 3 identity matrix, so that a? = 1, > =1, ¢2 = 1, and (a + b)x = 0,
(b+¢)z=0, (a+c)y+zz=0. Hence a = £1, and b = £1, and ¢ = 1.

If y = 2z =0 and « is non-zero, a = —b.
If x =y =0 and z is non-zero, b = —c.
If x = 2 =0 and y is non-zero, a = —c.

If y=0and zz # 0, then a = —b and b = —c.

If y #0 and a = —¢, then x =0 or z = 0.

The rest case is that zyz # 0 with 2ay + xz = 0.

These cases correspond to the matrices in the statement in this order. O
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Denote by R3(F') the set of all square roots of T3(F'). Define the equivalence relation
for elements of R3(F') by that two elements of R3(F') are equivalent if there is a continuous
path within R3(F') between the two elements. Write by E;(T3(F)) the set of all equivalence
classes by the equivalence relation. Denote by [-- -] the class of a square root R = (--+) €

R3(F).
Corollary 3.7. All classes of E1(T3(F)) are listed up as

1 0 0
0 +1 0 (compound in order 8 cases).
0 0 =1

4 The four by four case We denote by Ty (F') the algebra of all upper triangular 4 x 4
matrices over F', where I is either R or C. We give the topology on the algebra by the
Euclidean norm, for convenience, via Ty(F) =2 F1+2+3+4 = P10 a5 a space.

Proposition 4.1. All idempotents of Ty(F) are listed up as the zero matriz and

for any x; ; € F (i < j), and the identity matriz.

Proof. Let
ay T12 T13 Ti4
|0 ax z23 w4
A= 0 0 as T34 < T4(F)

0 0 0 aa

with 42 = A, so that %2_ =a; (1 <j<4),and (a1 + a2)z12 = T12, (a2 + az)res = xas,
(a3 + a4)T34 = T34, (a1 +a3)T13 + T12T23 = T13, (G2 + G4)Toa + T23T34 = Toa, (a1 +aa)T14 +

X12%24 + £13%34 = T14.- Hence aj = Oorl (1 S j S 4)
Ifa;=0(1<j<4),thenz;; =0(1<i<yj<4).

1 z12 113 714 0 12 w1223 12724 0 0 z13 13734

0 0 0 0 0 1 Z23 T4 0 O T23 X23T34

0 O 0 0 ’ 0 O 0 0 ’ 0 0 1 T34 ’
0 O 0 0 0 O 0 0 0 0 O 0

0 0 0 x4 1 0 x3 w14 1 w12 —x12w23 714

0 0 O o4 0 1 o3 T24 0 0 X923 X23T34

0 0 0 x34]’ 0 0 O 0 ’ 0 0 1 T34 ’

0 0 O 1 0 0 O 0 0 0 0 0

1 z12 713 —T12%T24 — T137T34 0 T2 %13 T12%24 + 713734

0 0 0 T4 0 1 0 T4

0 0 0 T34 ’ 0 0 1 T34 ’

0 O 0 1 0 O 0 0

0 z12 12723 T14 0 0 13 7w 1 0 0 z14

0 1 To3 —X23X34 0 0 T23 X24 01 0 To4q

0 O 0 T34 ’ 0 0 1 0 ’ 0 0 1 x3a]’

0 O 0 1 0 0 O 1 00 0 O

1 x12 —T12w23 —T12W24 1 0 x3 —713734 0 712 %13 714
0 0 ZIo3 T4 0 1 To3 —T23%34 0 1 0 0
0 O 1 0 ’ 0 0 O T34 ’ 0 O 1 0
0 O 0 1 0 0 O 1 0 O 0 1
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Ifaj=1anda; =0 (2 <
Ifag=1and a; =0 (j #
Ifaz=1and a; =0 (j #
If ay =1 and a; =0 (j #4), then 12 = x93 = 213 = 0.

j ) then T23 =— X34 = 0, X4 = 0
2) then T34 = 0 and T12X23 = X13, 1224 — T14-
3) then 12 = 0 and I23X34 — X24, 13L34 — T14-

Moreover, if a1 = a2 =1 and a3 = a4 = 0, then x5 = 234 = 0.

If ay = a3 =1 and as = a4 = 0, then x93 = —x12223 and Tog = To3x34.

If ay = a4 =1 and as = a3 = 0, then 253 = 0 and 114 = —X12%24 — T13T34.

If ao = a3 =1 and a1 = a4 = 0, then x93 = 0 and 14 = T12T24 + T13T34.

If A = Qg4 — 1 and a]; = az = 0, then 13 — X12T23 and To4 =— —I23T34.-

If a3 = a4 =1 and a1 = as = 0, then x15 = x34 = 0.

Furthermore, if a1 = as = a3 =1 and a4 = 0, then x15 = x93 = 213 = 0.

If a1 — ag — a4 = 1 and as = 0, then T34 — 0, T13 = —T12723, 14 = —T12T24-
If a1 — a2 — A4 — 1 and az — 0, then 12 = 0, T4 = —X23T34, £14 = —T13T34-
If ay =0 and as = a3 = a4 = 0, then x93 = T34 = 194 = 0.

Finally, if a; =1 (1 <j <4),thenz;; =0 (1 <i<j<A4).

These cases correspond to the matrices in the statement in this order. O

Denote by Py(F) the set of all idempotents of T4(F'). Define the equivalence relation for
elements of Py(F') by that two elements of Py(F') are equivalent if there is a continuous path
within Py(F') between the two elements. Write by Eo(Ty(F')) the set of all equivalence classes
by the equivalence relation. Denote by [- - -] the class of an idempotent P = (---) € Py(F).

Corollary 4.2. All classes of Eo(T4(F)) are listed up as the zero class and

1 000 00 0 0 00 0O
00 0 0 01 0 0 00 0 0
00 0 O0[” |00 0O [00 1 0|
0 0 0 0] 0 0 0 0] 0 0 0 0]
[0 0 0 0] (1 0 0 0] [1 0 0 0]
00 0 0 01 00 00 00
000 oO0[” |00 oO0O0|” (001 0|
0 0 0 1] 0 0 0 0] 0 0 0 0]
[1 0 0 0] [0 0 0 O]

00 0 0 01 00

00 0 0/’ |00 1 0}’

0 0 0 1] 0 0 0 0]

[0 0 0 0] [0 0 0 0] [1 0 0 0]
01 0 0 00 00 01 00
00 0 O0[” |00 10> (001 0|
0 0 0 1] 0 0 0 1] 0 0 0 0]
1 0 0 0] 1 0 0 0] [0 0 0 0]
00 0 0 01 00 01 00
00 1 o[’ |00 o0oO0/>” (00 1 0|
0 0 0 1] 0 0 0 1] 0 0 0 1]

and the identity class.
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Definition 4.3. We now define the anti-diagonal transpose A of A € Ty(F) by

a4 T34 T24 T14 a1 T12 T13 T4
at | 0 a3 x23 w13 10 ax w23 w4
A = for A=

0 0 as 12 0 0 as T34

0 0 0 ay 0 0 0 ay

We denote by Ty(F)/ ~q: the set of matrices of Ty(F') identified under the anti-transpose.

Note that A% is just the transpose of JyAJ,:

A% = {LATY = T, AT,

with Jy the 4 x 4 matrix of (1,4),(2,3), (3,2), (4,1) components as 1 and other components
as 0.

Corollary 4.4. All idempotents of Ty(F)/ ~q: are listed up as the zero matriz and

1 w2 713 714 0 z12 12723 T12%24

0 0 0 0 0 1 23 X4

0 O 0 (O 0 O 0 0 ’

0 O 0 0 0 O 0 0

1 0 z3 w14 1 w2 —x12w23 T14

0 1 w@o3 o4 0 0 T23 23734

00 O 0|’ 0 O 1 T34

0 0 O 0 0 O 0 0

1 z12 13 —%127T24 — 213734 0 z12 13 T12%24 + 713734
0 0 0 T24 0 1 0 T24

0 0 0 T34 ’ 0 0 1 T34 ’
0 0 0 1 0 O 0 0

1 0 0 x4 1 w12 —Z12w23 —T12724

01 0 To4 0 0 T3 Io4

0 0 1 x34 0O O 1 0 ’

0 0 0 O 0 O 0 1

for any x; ; € F (i < j), and the identity matriz.
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Corollary 4.5. All classes of Eo(Ty(F)/ ~at) are listed up as the zero class and

1 000 00 0 0
00 0 0 01 00
00 0 0’ |00 0 0]’
0 0 0 0] 0 0 0 0]
(1 0 0 0] 1 0 0 0]
01 00 00 00
00 0 o0’ |00 1 0]’
0 0 0 0] 0 0 0 0]
(1 0 0 0] [0 0 0 0]
00 0 0 01 00
00 0 0’ |00 1 0}’
0 0 0 1] 0 0 0 0]
(1 0 0 0] [1 0 0 0]
01 00 00 00
00 1 0ol” |00 1 0}’
0 0 0 0] 0 0 0 1]

and the identity class.

Proposition 4.6. All square roots of Ty(F) are listed up as, for any nonzero z;; € F,

+1 0 0 0 +1 x5 O 0 +1 0 0 0

0 £1 0 0 0 F1 O 0 0 £1 x93 O

0 0 +1 0 |’ 0 0 +1 0 |’ 0 0 F1 0]’
0 0 0 =1 0 0 0 =1 0 0 0 +£1
+1 0 0 0 +1 x5 x93 O +1 0 0 0

0 +1 0 0 0 +1 o3 0 0 +1 23 X24

0 0 +1 x34 |’ 0 0 +1 0 ’ 0 0 F1 w34 |’
0 0 0 =F1 0 0 0 =1 0 0 0 =1
+1 2120 O 0 not compound in +1 212 213 O
0 F1 O 0 each bold and italic, 0 F1 x93 w04
0 0 +£1 x34 but compound ’ 0 0 £1 x34
0 0 0 =F1 between both 0 0 0 =F1

with x1oTo4+x13T34 = 0, where possible cases in the following are written as matrix forms as
above, and there are impossible case as tuples as below, with non-zero components (x12, T23)
but x13 = 0 or with non-zero components (xa3, x34) but xo4 = 0 or with more other non-zero
components:

($12,$23;$14), ($12,$23;l‘24)7 (331273723;3334),
(331275623;551473324), (9612,3?23;%4,1’34), (5612,3?23;3324,5634),

or (5612,1?23;%1479624,&534)7

and

($23,$34;$13), (.%'23,1‘34;.’)314), (3323’1'34;371373714)7

(3523»%34;5512,5313), or (55237%34;&312,%137%14);
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and moreover,

0 £1 0 0 0 +£1 0 =294
0 0O 1 0 |’ 0 0 +£1 0 |}’
0 0 0 =1 0 0 0 F1
and
+1 T12 X113 0 +1 0 I13 0 +1 0 I13 0
0O F1 O 0 0 +1 x93 O 0 +£1 0 0
0 0O F1 0}’ 0 0 F1 0 |’ 0 0 F1 x34
0 0 0 =1 0 0 0 =1 0 0 0 =+£1
+1 12 X13 0
0O F1 O 0
0 0 Fl1 z34
0 0 0 =1

and there is an impossible case with non-zero components (13, Ta3, Toa, T34) but x14 = 0O;
and

+1 0 0 0 +1 0 0 0 +1 x5 O 0

0 +1 x93 x4 0 +1 0 T4 0 F1 0 T4
0 0 F1 0 |’ 0 0 +1 x34]’ 0 0 +1 0 |’
0 0 0 =1 0 0 0 F1 0 0 0 =+£1
+1 Z12 0 0

0 :F]. 0 T4

0 0 F1 z34 ’

0 0 0 =1

and there is an impossible case with non-zero compoents (x12,x13, Toz, Tog) dbut x14 = 0; and
furthermore,

+1 0 T14 +1 Z12 0 T14

HR

1

0 0 0 14

0 £1 0 0 0 F1 O 0 0 +£1 0 1xo4
0 0o 4+1 0 |’ 0 0O +£1 0 |’ 0 0 £1 0 |’
0 0 0 =1 0 0 0 =F1 0 0 0 =F1
+1 0 13 X14 +1 0 0 14

0 #£1 0 0 0 +£1 0 0

0 0 F1 0 ’ 0 0 +1 x34 ’

0 0 0 =F1 0 0 0 F1
+1 0 0 x4 not compound in

0 £1 x93 O each bold and italic,

0 0 F1 O but compound ’

0 0 0 =F1 between both

and there are the cases which do not exist, with non-zero components:

(25127551379014,%2475534) or ($127~T13,3314,102375524,3334)
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(the full case); and moreover,

+1 0 a3 O not compound in +1 219 213 O
0 £1I 0 1294 each bold and italic, 0 F1 0 1294
0 0 F1 O but compound ’ 0 0 F1 0 |’
0 0 0 =F1 between both 0 0 0 #+1
+1 0 X113 0 +1 0 X13 0 +1 12 213 0
0 +1 x93 oy 0 F1 0 24 0 F1 0 T24
0 0 F1 0 ’ 0 0 F1 x34 ’ 0 0 Fl1 x34 ’
0 0 0 =F1 0 0 0 =1 0 0 0 =1

and the two impossible cases with non-zero components (12,13, T23, T24) and (13, Toz, Toa, T34);
and furthermore,

+1 0 r13 T14 +1 0 r13 T14
0 +1 0 T4 0 +1 T3 T24
0 0 F1 0 |’ 0 0 1 0 })°
0 0 0 1 0 0 0 1

and there are five impossible cases with non-zero components:

($127$13,$14,$24)7 ($127$13,$14,$237$24), (9612,1?13,$1479624,£U34)7

(11713,9314,9524711734), or (I13,I14,$237I24,9334);

and
+1 T12 T13 X114 +1 O 0 14 +1 O 13 T14
0 :F]. 0 0 0 +1 0 To4 0 +1 23 0
0 0 F1 0 })° 0 0 +1 x34|’ 0 0O F1 0 |’
0 0 0 =F1 0 0 0 F1 0 0 0 =F1
+1 0 0 14 +1 0 13 X114 +1 12 0 X114
0 1 x93 x94 0 +1 O 0 0 F1 0 zo4
0 0 F1 0 |’ 0 0 F1 234’ 0 0 £1 0 |’
0 0 0 F1 0 0 0 =1 0 0 0 =+£1
and finally,
1 212 13 T14 1 212 713 T4
0 F1 x5 0 0 F1 O 0
0 0 +1 0 |’ 0 0 F1 z34)’
0 0 0 =1 0 0 0 =1
+1 0 0 T14 +1 T12 0 T14
0 F1 wo3 24 0 F1 0 @4
0 0 +1 34 ’ 0 0 F1 34
0 0 0 =1 0 0 0 =1

In total, with respect to the off diagonal part, there are 41 distinct possible cases and 23
distinct impossible cases in 64 = 25 all the cases. In more details, together with the diagonal
part of components compound or not, there are possible {24+3(23)+2(22)+2.24+2} +{2(23)+
3(22)+2}+{3(22)+2} + {23 +4(22) +2-2} +{2-2+4(2) } +{2(2) } +{4(2) +2(2?) +4(2)} = 166
cases.
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Proof. Let
ap Ti2 13 14

0 ax x23 724
0 0 as T34 < T4 (F)
0

0 0 aq

A:

with A% = I, the 4 x 4 identity matrix, so that a3 =1 (1
(a2 + as)xas = 0, (a3 + as)xza = 0, (a1 + ag)z13 + T12223
(a1 4 a4)x14 + 12224 + 213234 = 0. Hence aj = +1 (1 <j

If 212 # 0 and x;; = 0 otherwise, then a; + a2 = 0.

If 293 # 0 and x;; = 0 otherwise, then as + a3 = 0.

If x34 # 0 and x;; = 0 otherwise, then ag + a4 = 0.

If 212 # 0, 293 # 0, then (a1 + a3)x13 # 0 and a3 + az = 0 and ay + a3 = 0.

If x93 # 0, 234 # 0, then (a2 + ag)x24 # 0 and ag + a3 = 0 and a3 + a4 = 0.

If 12 # 0, x34 # 0, and x;; = 0 otherwise, then a; + az = 0 and a3 + a4 = 0.

There is another case with 1222334 7é 0, so that (a1 +a3)$13 7£ 0 and (a2 +a4)x24 7é 0.

Note that x19x93 # 0 implies 213 # 0 and also that xo3x34 # 0 implies zo4 # 0, so that
several impossible cases with x12293 # 0 but 13 = 0 and with zo3234 # 0 but zo4 = 0 are
obtained.

Moreover, if z13 # 0 and z;; = 0 otherwise, then a1 + a3 = 0. Also, if z24 # 0 and
x;; = 0 otherwise, then ag + a4 = 0.

And if z13 # 0, x12223 = 0, and x;; = 0 otherwise, then a; +a3 = 0 and either a; +ag or
as + az = 0. In addition, there are two possible cases with x34 # 0 and another impossible
case with x34 # 0.

And if @os # 0, wosx3a = 0, and x;; = 0 otherwise, then as + a4 = 0 and either
as + a3 = 0 or ag + a4 = 0. In addition, there are two possible cases with z12 # 0 and
another impossible case with x5 # 0.

Furthermore, if 14 # 0 and z;; = 0 otherwise, so that z12%24 + z13234 = 0, then
a1 + a4 = 0. In addition, there are some other cases with x12 # 0 or xo4 # 0; x13 # 0 or
x34 7 0; 223 # 0 and more in what follows. But if (a1 + a4)x14 # 0, then z15x94 # 0 if and
only if x13x34 # 0, which implies a contradiction in sigh on the diagonal, so that impossible
are the case with (212, %13, €14, T24, z34) and the full case.

Moreover, if x13224 # 0 and x;; = 0 otherwise, then a; + a3 = 0 and a2 + a4. In
addition, there are other four possible cases with several other non-zero components and
two impossible cases.

Furthermore, if z13214224 # 0 and z;; = 0 otherwise, then a1 + a4 =0, a; + a3 = 0 and
as + ag = 0. In addition, there are one more possible case with x93 # 0 and five impossible
cases by the contradiction of signs on the diagonal.

And there are the possible cases with ziox13214 # 0 or x14x94x34 # 0 and with
T13T14%23 7 0 Or T14%23T24 # 0, and the possible cases with z13x14%34 7 0 or 12214224 # 0,
so that a; + a4 # 0.

Finally, there are four cases that complement the list above in all the cases, with a1 +a3 #
0,a1+a4#0, ag+ayg #0, and ay + a4 # 0, respectively.

These possible and impossible cases correspond respectively to the matrices and the
tuples in the statement in this order. O

< j <4), and (a1 + az)z12 = 0,
=0, (ag + a4)xos + x23234 = 0,
<

).

Denote by R4(F') the set of all square roots of Ty(F'). Define the equivalence relation
for elements of R4(F) by that two elements of R4(F') are equivalent if there is a continuous
path (or a homotopy) within R4(F’) between the two elements. Write by Fy (T4(F)) the set
of all equivalence classes by the equivalence relation. Denote by [- -] the class of a square
root R=(--+) € Ry(F).
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Corollary 4.7. All classes of E1(Ty(F)) are listed up as
1 0 0 0
1 0 O
0 +1 0
0 0 =+

—_

+
8 (compound in order 16 cases).
0

1

Proof. Note that any square root in the list of Proposition 4.6 has a homotopy class within
R4(F), equal to one of the 2% = 16 homotopy classes in the statement, by deforming off-
diagonal components to zero. O

5 The general case by homotopy We denote by T,,(F') the algebra of all upper trian-
gular n X n matrices over F', where F is either R or C. We give the topology on the algebra
by the Euclidean norm, for convenience, via T),(F) & F1T2+3+4+4n — p27in(ntl) a4 4
space.

Denote by P, (F') the set of all idempotents of T,,(F). Define the equivalence relation
for elements of P, (F) by that two elements of P, (F') are equivalent if there is a continuous
path (or a homotopy) within P, (F) between the two elements. Write by Eo(T,,(F)) the
set of all equivalence classes by the equivalence relation. Denote by [---] the class of an
idempotent P = (---) € P,(F).

Let {ei;}} ;-1 ,<; be the matrix unit for T,,(F).

Theorem 5.1. All classes of Eo(T,(F)) are listed up as the zero class and the classes [e;;]
for1 < i< mn, and [e;; + ej;] for 1 <i < j < n, and [e;; +e;; +exs] for 1 <i < j <k,
and moreover, in general, [€;,; + €iyiy + -+ €5,4.] for 1 < iy <idg < -+ < iy < n with
3 <s<n-—1, and the class of the n x n identity matriz, and there are 2™ homotopy classes
in all.

Proof. One can prove the claim by induction. Indeed, let P € P,(F). Then there are two
cases of the block decomposition for P:

1 c 0 c
P= <On1 Q) or b= <On1 Q)

with @ € P,_1(F), calx (n—1) row vector and 0,_; the (n — 1) x 1 column zero vector,
such that Q% = Q and cQ = 0!,_; the transpose of 0,,_;. By induction, the class [Q] for Q
is one of the classes listed as in the statement in the case of n — 1. And then in both of two
cases, the class [P] can be one of the classes listed as in the statement just in the case of n,
by deforming ¢ to the 1 x (n — 1) row zero vector within P, (F') by a continuous path (i.e.
a homotopy). O

We define the semigroup (Eo (T, (F))) generated by Eo(T,(F')) with the addition given
by [p]+[q] = [p+¢| for p,q € P, (F) if p is orthogonal to g, i.e. if pg = 0 and by [p]+[p] = 2[p]
and by [p]+[q] = [p—pAgl+2[pAql+[g—pAq]if pg # 0, where p A g means the projection
corresponding to the intersection of their ranges. It follows that the semigroup (Eo (T, (F)))
becomes an additive semigroup with the zero class as the identity element by this operation.

We define an abelian group Vo(T,,(F')) to be the Grothendieck group of the semigroup
(Eo(T,(F))). We say that V(T (F)) is the Vy-group of T, (F).

Corollary 5.2. We obtain
Vo(Tn(F)) =2 Z™.
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Proof. Indeed, the group Vo (T, (F)) is generated by the classes [e11], [eaz], -, and [enn],
and the isomorphism is given by the correspondence:

n
Zaj[ejj] < (a1,az, -+ ,a,) € Z".
j=1

O

Corollary 5.3. The class of Banach algebras of all upper triangular matrices over real
or complex numbers is classified by their V-groups in the sense that T, (F) = T,,(F) as a
Banach algebra if and only if Vo(T,(F)) = Vo(Ti (F)) as a group.

Denote by R, (F') the set of all square roots of T),(F'). Define the equivalence relation
for elements of R, (F') by that two elements of R, (F') are equivalent if there is a continuous
path (or a homotopy) within R,,(F') between the two elements. Write by E;(T,,(F)) the set
of all equivalence classes by the equivalence relation. Denote by [-- -] the class of a square
root R=(--+) € R,(F).

Theorem 5.4. All classes of E1(T,(F)) are listed up as
[(e11) + (Feaz) + -+ + (Feun)],
2™ classes in all.

Proof. One can prove the claim by induction. Indeed, let R € R, (F). Then there are two
cases of the block decomposition for R:

1 ¢
= 3)
with S € R,,_1(F), ca 1l x (n—1) row vector and 0,_; the (n —1) x 1 column zero vector,
such that S? = I,,_; the (n—1) x (n— 1) identity matrix and £c+ ¢S = 0f,_; the transpose
of 0,—1. By induction, the class [S] for S is one of the classes listed as in the statement in
the case of n — 1. And then in both of two cases, the class [R] can be one of the classes

listed as in the statement just in the case of n, by deforming ¢ to the 1 x (n — 1) row zero
vector within R, (F') by a continuous path (i.e. a homotopy). O

We define the group V4 (T, (F)) generated by E;(T,(F)) with the multiplication given
by [r] - [s] = [rs] for r,s € R,(F). It follows that the group V4 (T, (F)) is an abelian group
with the class of the n x n identity matrix I,, as the unit. We say that Vi (T, (F)) is the
Vi-group of T, (F).

Let Zy = 7Z/27 the cyclic group of order 2. Denote by @ the diagonal sum.

Corollary 5.5. We obtain
VI(T(F)) = (Z2)" = 11" Z,.

Proof. Indeed, the group Vi (T, (F)) is generated by the classes [-1 @ I,_1], [l & -1 &
I,_ol], -+, and [I,—1 @ —1], and the isomorphism is given by the correspondence:

i [l ®a@ln—jl=la1 ®ax @ D ay)
— (a17a27' o 7an) € (ZQ)ny
where each a; is 1 or —1 and Iy is removed to be empty. O

Corollary 5.6. The class of Banach algebras of all upper triangular matrices over real

~

or complex numbers is classified by their V-groups in the sense that T,(F) = T,,(F) as a
Banach algebra if and only if Vi(T,(F)) = Vi(T(F)) as a group.
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6 Inductive limits by V-theory There is a canonical unital inclusion map %, ,, from
T, (F) to T,,,(F) if n divides m as m = kn for some k a positive integer, defined as iy, ., (p) =
@Fp the k-fold diagonal sum. Note that there are some other embeddings in the diagonal.

Let T (F) = UimT,,;(F) be the inductive limit of {T),;(F)}72; with unital connecting
maps i, n;,, for an increasing sequence {n; };";1 of positive integers such that n; divides
njy1 with n;1 = kjn; for some k; a positive integer. Then T (F) becomes a unital
Banach algebra as a Banach algebra completion of the infinite union U2, T, (F') of T, (F").
Note that To, (F') does depend on the choice of a family of connecting maps in general, as
a non-trivial known fact (see [3, Exercises 6.3]).

Proposition 6.1. Let Too(F) = lim T, (F)). We obtain

limZ" 2 lim{Z[ ] @ - ® Z[ 2]}

—_— —_— . .
1 1

I
IR

as inductive limits of scaled ordered groups, with [1] = limjﬂoo{[n%.] +- [%]} as scale.
Also,

S, 1
Vi(Tw(F)) = Im I Zy = h_n)l{ZQ[TT] @Zz[#]}
j j

with [1] = limjﬁoo{[nij] 4t [%]}

Proof. The inclusion map i, induces the injective group homomorphism:

nj+1

(inj7nj+1)* : ‘/O(T’Vl ( )) - %( ng+1(F))7

so that (in; n, ., )« maps Z" = Z[ ]@ @Z[ ]anectlvely to Z"i+t = Z[ - - @Z[ZJ:]

]
e
by Corollary 5.2, where we have (an,anrl) (lp ]) [@kip] for [p] € Vo(T,,(F)), so that the
class [p] is identified with [©*p] and with their limit class in V(T (F )) and each k-th
coordinate base for Z"s is identified with n% for 1 < k < n;. Therefore,

Vo(Too(F)) = lim Z™ = li_H)l{Z[ni] ©-- QL[

- j n;
Also, induced is the injective group homomorphism:

(inj,nj+1)* : Vl(Tn ( )) - ‘/1( 7+1(F))7

50 that (in, n,,, )« maps 1" Zy = Zg[nij] DD ZQ[Z;] injectively to II™+1 7y & Zy[ L
e ZQ[:’—:] by Corollary 5.5 and by the same reason as above.

1@

Nj4+1

Next, let lim ®%_; Ty, , (F) be a unital inductive limit of finite direct sums @}_, T, , (F)
with unital connecting maps i 41 such that each n; 11 is a weighted sum of n] k, SO that
Njkt1 = Zle Mg pNs k for some integers myy > 0 and i gy (z) = @521[@7m1kxl] for
x; € Ty, . (F). The diagram for such connecting maps is known as the Bratteli dlagram (cf.
[3] and [4]).

Proposition 6.2. We obtain
5

Vol &5, Ty, (F) 2 lim @5, 2 = limfe_, (22420~}
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as inductive limits of scaled ordered groups, with [1] = limy oo {®%_, (B2} [=-])} as scale.
7>

Also,

; ~ 1 ik Ao 1e nj, S
Vi(lim&f_, T, (F)) = lim&f_, (Zy)"+ = hﬁl{@fﬂ(@simﬂmm

with [1] = limp— oo { @ (9,21 [75])}-
Moreover, the V-theory groups Vo or Vi with the scaled unit classes are complete in-
variants for unital inductive limits of finite direct sums of upper triangular matriz Banach

algebras.

Proof. The last consequence follows from the classification theorem for unital AF C*-
algebras which contain canonically those non self-adjoint inductive limits as only subal-
gebras, by the same way as in [3]. O

On the other hand, let {n; };’021 be an increasing sequence of positive integers. We now
denote by Ko (F) the inductive limit of T}, (F') by the non-unital inclusion maps given
by 2 +— & ® Op,,,—n, for x € T, (F), where O, ,, n; is the zero square matrix of size
njy1 —n;. Then Ko (F) becomes a Banach algebra as a Banach algebra completion of the
infinite union of 7T, (F'). Note that K. (F') does not depend on the choice of a family of
connecting maps. Also, K (F) is a non-unital algebra, so that it has no square roots.

For a non-unital Banach algebra B, one may define its Vj-group to be that of the
unitization BT by F, so that V;(B) = V;(B™), as one way.

But, on the other way, for a non-unital Banach algebra which can be written as an
inductive limit of unital Banach algebras, which may or not depend on a choice of a family
of connecting maps, we this time define its V-theory group V; to be inductive limits of their
V-theory groups V7, so that the continuity in inductive limits do hold even in the non-unital
case, depending on the choice.

Proposition 6.3. We obtain

Vo(Koo(F)) 2 lim @™ Z,

and V1 (K (F)) = lim V3 (T, (F)) = lim(Zo)"s .
Proof. Note that
Vo(Kwo(F)) = Vo(lim Ty, (F)) 2 lim &7,
where n; — oo as j — oo. O

In general,

Proposition 6.4. Our Vy-theory group is always continuous, with respect to inductive
limit Banach algebras, and the Vi-theory group is continuous only for unital inductive limit
Banach algebras with unital connecting maps.

Proof. Tt should follows from continuity of K-theory groups for inductive limits of C*-
algebras (see [5]), by the similar way. But omitted. O

Remark. A more general theory for V-theory groups may be continued to be investigated
somewhere else in the future.

Let {N;}32, be an increasing sequence of positive integers. Denote by H_H)l@?le n; (F)
a canonical inductive limit of the block diagonal sums ®%_,T,,, (F) of T,,,(F) (1 < j < k)
in Ty, (F') with Z?Zl n; = Nj and ny = Ny — Ny—1 and ny = Ny, where the non-unital
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connecting maps are given by x +— x @ Oy,,, for z in the k-fold diagonal sum. Then the
inductive limit is non-unital and is an infinite direct sum of block diagonal components, so
that lim @?Zle (F) 2 @52, Ty, (F). As well, let lim Ty, (F) be a non-unital inductive limit
of T, (F) by the same way as above.

Proposition 6.5. We obatin
Vo(lim &5, T, (F)) = lim @, 2" = lim " 2= Vo (lim T, (F)),
as an inductive limit of groups, but not as an inductive limit of scaled ordered groups, with
[1] = lim {[1n,] + -+ [Ln ]} and 1] = lim {[Iy,]}
as the scales of the respective (extended) unit classes. Also,
Vi(lim ®5_, T, (F)) = lim &_, (Z2)" = lim(Z2)™* = V4 (lim T, (F))

as an inductive limit of groups, but not as an inductive limit of scaled oredered groups.
Consequently,
lim ©f_; T,,, (F) % lim T, (F).

Proof. The last consequence follows from the classification theory for non self-adjoint Ba-
nach algebras viewed as sub-Banach algebras of AF C*-algebras and UHF-algebras (see [3]
in details). O

To distinguish non-unital inductive limits of block diagonal sums of {7, () }32; for any
sequence {n; }‘;’;1 of positive integers, we introduce a notion as follows. We may say that the
sequence {n;}72; of positive integers is a sequence of block diagonal sums of {7}, (F)}32;.
We define that two sequences {a,}>2; and {b,}52, of positive integers is equivalent up
to inductive permutation if for any m a positive interger, there are positive intergers k
and k' such that k,k’ > m and the finite sequence {ay,---,ax} is the same sequence as
{b1,- - ,bir} by subtracting finitely many [ and !’ elements so that k — [ = k" — I’ = m and
by a permutation of m elements left, so that the respective unions of left elements are the
respective sequences.

Proposition 6.6. Two non-unital inductive limits of block diagonal sums of {Ty, (F)}524
and {Ty; (F)}52 for two sequences {n;}32, and {m;}72, of positive integers, respectively,
are isomorphic as Banach algebras if and only if these sequences are equivalent up to in-

ductive permutation.

Proof. The equivalence between those sequences {n;}32, and {m;}32, implies that there ex-
ist isomorphisms of corresponding finite block diagonal sums of {7, (F)}52, and {T,,, (F)}32,
by permutation of their direct summands, inductively. Therefore, there exists an isomor-
phism between those inductive limits by the density of unions of isomorphic finite block
diagonal sums in the inductive limits.

Conversely, the isomorphism denoted by ® between the inductive limits denoted by J
and R implies that each finite block diagonal sum of J is mapped into a finite block diagonal
sum of R by ®. Therefore, it follows that there is the equivalence between the sequences. [

Let J be a non-unital inductive limit of block diagonal sums of {T},;(F)}32, for a se-
quence {n;}32, of positive integers. Then the (inductive or extended) unit I associated to
J (but not in J) is equal to

li_r>n69§:1]nj, I,,; € Ty, (F) the units.
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We say that the limit is the inductive partition of the (extended) unit I. Or we may call it
the scale of the inductive limit J, and write X5. Similarly as in the case of sequences above,
we define that two inductive partitions @@?ZILL]. and lim @®*_ | Iy, of the respective units
associated to two inductive limits £ and R of {7, (F)}52, and {7}, (F)}72,, respectively,
are equivalent up to inductive permutation if for any m a positive interger, there are positive
intergers k and k' such that k,k’ > m and the element @?zllnj is identified with the

element @f/zllmj by subtracting finitely many [ and !’ diagonal sum components so that
k—1=Fk —1U =m and by a permutation of m diagonal sum components left, so that the
respective left components add up to the respective units. In this case, we write X5 ~ Xg.

Corollary 6.7. Non-unital inductive limits 3 and & of block diagonal sums of {Ty; (F)}32,
and {Tyn, (F)}52, for two sequences {n;}32, and {m;}32, of positive integers, respectively,
are isomorphic as Banach algebras if and only if the respective inductive partitions of units
@@lelnj and li_H)l@?:lImj are equivalent up to inductive permutation, i.e., Xy ~ Xg.

Proof. The respective inductive partitions of units lim ®}_, I, and lim ®%_,I,,,, are by
definition, equivalent up to inductive permutation if and only if the sequences {n; };”;1 and
{m;}32, are equivalent up to inductive permutation.

Remark. Those isomorphisms between the inductive limits are given by permutations,
that are essentially equivalent to taking unitary equivalences, that are not allowed in the
inductive limits. Namely, the isomorphisms exist in the self-adjoint world. If not allowed,
i.e., in the non self-adjoint world, the inductive limits can not be isomorphic except the
trivial cases. Note also that block diagonal sums are essentially equivalent to direct sums.

We may call the unital or non-unital, inductive limits of finite direct sums of the upper
triangular matrix algebras as ATM algebras, in the sense of being approximately triangular
matrix algebras. As a summary,

Corollary 6.8. Two non-unital ATM algebras are isomorphic if and only if their scales are
equivalent in our sense, where we suppose that permutations are allowed in isomorphisms.

As well,

Corollary 6.9. Two unital or non-unital ATM algebras are isomorphic if and only if their
scaled V-theory groups are isomorphic.

Proof. Note that the unital case can be proved within the same context as in the non-unital
case above, without using the classification result in C*-algebras. O

Remark. This is a sort of classification result in non self-adjoint Banach algebras corre-
sponding to that of AF C*-algebras. However, our method for the classification is similar
to that of the C*-algebra case, and the results should be the same essentially as contents.
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