Scienticae Mathematicae Japonicae

A NOTE ON A TWO—PE(I;'{&%\)/INE ZERO-SUM STOPPING

Cloud Makasu

Received September 23,2014 ; revised November 14, 2014

Abstract. In this short note, a two-person zero-sum stopping game when the observation processes
are exponential Brownian motions is formulated and solved explicitly under certain conditions. The
present problem extends the planar Brownian motion case treated by Vinnichenko and Mazalov [6].

1 Introduction For a planar Brownian motion on a closed interval [0, 1] and absorbed at the end
points, a two-person zero-sum stopping game is considered by Vinnichenko and Mazalov [6]. It is
proved therein that the optimal stopping times are the so-called Azéma-Yor stopping times [2] and
the value of the game is the smallest upper convex function of the payoff (see Dynkin and Yushkevich
[3]), both given explicitly. The proof is essentially a result of decomposing the zero-sum stopping
game into two pure optimal stopping problems [5]. In the one-dimensional case, a variant of the
zero-sum stopping game in [6] is treated by Yasuda [7]. The main purpose of this note is to extend
the result by Vinnichenko and Mazalov [6] to the case of exponential Brownian motions. We note
that our method of proof is based on similar arguments used in [6]. However, it must be stressed
that our main result is not contained in [6].

For the reader’s convenience, we shall use similar notation as in [6]. We consider the following

two-person zero sum stopping game. Let ¢ = 1,2 and in) be a geometric Brownian motion starting
at a; in the closed interval [0,1] and absorbed at the end points, with drift-diffusion coeflicients
(pix*, o;x") where p; < 0 and o; > 0 are fixed and given constants. The strategy of player i is the

stopping time 7; with respect to the process acgi). Players stop their observation processes at the
states xg), x(é), respectively. Then if xg) > xg) the payoff of player 1 is +1; if a:g) < xg) then the
payoff is —1. Otherwise, the payoff is assumed to be zero. Player 1 seeks to maximize the expected

payoff
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with player 2 seeking to minimize it, where 4 denotes the indicator function of the set A.

The motivation of the present problem arises from an application in mathematical finance. Consider
two investors observing the evolution of prices of two types of stocks. The problem is that of deciding
when to invest depending on the values of the two stocks.

2 Main result Fix i = 1,2. Let A; =1 — 20“;, where p; < 0 and o; > 0 are fixed and given

constants. Now following [6], we let a1 < ag, A4 § Ao and put
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and

0 ifz <0
vi(z) f0<z<a

Yi(a) fa<az<1

1 ifx>1.
To this end, we shall also introduce the following barycenter function

a; ifx=0

1
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gi(r) = a; +

2a5—x2

min{17a2+%(“—2—¢)} fo<z<1

and the Azéma-Yor stopping times

(2) 77 = inf {t : g,-(:z:ii)) < sup l’(:)} .

0<s<t

The main result of this note is stated in the next theorem.

THEOREM 2.1. Let ¢« = 1,2 and xﬁ” be an exponential Brownian motion starting at a; in the
closed interval [0,1] and absorbed at the end points, with drift-diffusion coefficients (p;z?, o)
where p; < 0 and o; > 0 are fixed and given constants. For a; < as and A; < A,, the value of the
two-person zero-sum stopping game

supinf B{T 0. o0y~ Ly | = st BT oy T o) |

T1 T1
Ay
is given by H* = % and the pair of stopping times (77, 75 ) given by (2) is the equilibrium point
provided that

A A
2a1a2 —ajay "t —agay? = 0.

Proof. This follows with minor modifications of the proof in [6]. Hence, we shall omit the details.

REMARK 2.1. In the special case when Ay = Ay = 1, then the above result coincides with the
result in [6] for the planar Brownian motion case.

3 Conclusion A two-person zero-sum stopping game when the observation processes are assumed
to be exponential Brownian motions is solved explicitly, under certain conditions. The present result
extends the one obtained by Vinnichenko and Mazalov [6] for the planar Brownian motion case, and
has several applications in mathematical finance.

Acknowledgment Partial results of this note were obtained when the author was visiting the
Institute of Mathematics and Computer Science, Wroclaw University of Technology (Poland). The
author wishes to thank Professor K. Szajowski for the invitation and hospitality.



A NOTE ON A TWO-PERSON ZERO-SUM STOPPING GAME

REFERENCES

[1] Abundo, M.(1997). On some properties of one-dimensional diffusion processes on an interval. Probab.
Math. Statist. 17, 235-268.

[2] Azéma, J., Yor, M.(1979). Une solution simple au problemé de Skorokhod. Lect. Notes Math., 721,
90-115.

[3] Dynkin, E.B., Yushkevich, A.A. (1968). Markov Processes: Theorems and Problems. Plenum Press, New
York.

[4] Dynkin, E.B. (1969). Game variant of a problem on optimal stopping. Soviet Math. Dokl. 10, 270-274.

[5] Shiryaev, A.N.(1978): Optimal Stopping Rules. Springer-Verlag.

[6] Vinnichenko, S.V., Mazalov, V.V. (1987). Games with a stopping rule for Wiener processes. Theory
Prob. Appl. 33, 550-552.

[7] Yasuda, M. (1992). On a separation of a stopping game for standard Brownian motion. Contemporary
Math, Vol. 125, 173-179.

Communicated by Viadimir V. Mazalov

Cloud Makasu

Dept. of Maths and Applied Maths
University of the Western Cape
Private Bag X17

Bellville 7535

Cape Town, South Africa

E-mail: cmakasu@uwec.ac.za



