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ABSTRACT. Let A and B be two strictly positive operators, and a € (0,1). The
operator valued a-divergence is defined by

o
a(l —a)

where AVy B=(1-—a)A+aB and A, B = Az (AféBAfé)o‘A%. In this paper,
firstly, we show some fundamental relations between operator valued a-divergence and
relative operator entropies (relative operator entropy, Tsallis relative operator entropy
etc.). Next, we introduce noncommutative ratio (A fu4+v B)(A . B)™' on the path
At B, and we discuss noncommutative ratio translation. Moreover, we discuss a-
divergence for operator distributions.

D.(A|B) = (AVy B— A, B),

1 Introduction. Throughout this paper, an operator means a bounded linear operator
on a Hilbert space H. An operator T on H is said to be positive (denoted by T' > 0) if
(Tz,xz) > 0 for all x € H, and an operator T is said to be strictly positive (denoted by
T > 0) if T is invertible and positive.

A relative operator entropy is introduced by Fujii and Kamei [3] as follows: For strictly
positive operators A and B,

[N

S(A|B) = A% log (A—%BA—%) A%
Moreover, for v € R, Furuta [8] introduced
Su(A|B) = A* (A73BA™) log (A" BATE) 43

as an extension of S(A|B), and Yanagi, Kuriyama and Furuichi [16] call it generalized
relative operator entropy.
For w € R, we consider a path A t,, B through A and B defined by [4], [5], [12] etc.:

Alby, B=A3(A"3BA 3)VA3,

A path through A and B is an extended notion of weighted geometric mean A #, B =
Az (A"2BA~2)*Az defined for a € [0,1]. S,(A|B) can be regarded as a tangent vector at
u on the path, and from this viewpoint, we showed several relations between S(A|B) and
Su(A|B) in [9].

Yanagi, Kuriyama and Furuichi [16] introduced Tsallis relative operator entropy as fol-
lows:
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For strictly positive operators A and B,

A (A3BAE) A -4 4y p oy
e - o
Since lin%)”‘/ﬂ(;1 = log z holds for x > 0, we have Ty(A|B) = lin})Ta(A\B) = S(A|B). Tsallis
a— a—

relative operator entropy can be extended as the notion for « € R. In [9], we showed
the following essential relation between relative operator entropies: For strictly positive
operators A and B, and for « € (0, 1),

(+) S(A|B) < Tu(A[B) < Sa(A|B) < —Ti_o(B|A) < —S(B|A) = 51(A|B).

T.(A|B) = L ae (0,1].

In the information geometry, a-divergence defined by Amari [1] plays an important role
as a notion to measure the difference between two probability distributions. Fujii [2] defined
an operator version of a-divergence as follows: For strictly positive operators A and B, and
for o € (0,1),

Da(A|B)E (A vozB_Aﬁa B)a

a(l —a)
where A V, B = (1 — a)A + aB is weighted arithmetic mean. In section 2, we show
some fundamental relations between operator valued a-divergences and relative operator
entropies.

In section 3, we show the following equality for u, v € R:

(<>) (A Buto B)(A Bu B)_15U(A|B) = Squv(A‘B)'

We call (A f,40 B)(A i, B)~! noncommutative ratio on the path A §, B, and show a
preservation on this ratio. We call to multiply S,(A|B) by (A fu1, B)(A i, B)™! like
the equality () noncommautative ratio translation for generalized relative operator entropy.
Applying noncommutative ratio translation to fundamental relations between operator val-
ued a-divergences and relative operator entropies shown in section 2, we get similar results
to the waving property in [9].

For discrete (positive) probability distributions p = (p1,p2, -+ ,pn) and ¢ = (q1,G2, " ,qn),

Shannon inequality 0 > Z:-L:l p; log K2 holds. Furuta [8] showed operator Shannon inequal-
p

K3

We call an operator sequence A = (Ay, As, ---, A,) an operator distribution if A; > 0
(1 <i<mn)and ", A; =1, since it can be regarded as an operator version of discrete
probability distribution.

Let A = (41, Ag, ---, A,,) and B = (By, Ba, -+, B,,) be operator distributions, and
a € (0,1). In [9] and [10], we introduced relative operator entropy for operator distributions
S(A|B), Tsallis relative entropy for operator distributions T, (A|B), and generalized relative
entropy for operator distributions S, (A|B) as follows:

n

S(AB) = ZS(Ai|Bi>7 T.(A[B) =) Ta(Ai|Bi), Sa(AlB) = ZSQ(Ai|Bi)-

i=1
Yanagi, Kuriyama and Furuichi [16] improved the operator Shannon inequality:
0> T,(AB) > S(AB), a € (0,1).
From the viewpoint of this improvement of Shannon inequality, in [9], we got

S(A|B) < Ta(A|B) < Sa(AB) < —Ti_o(BJA) < —S(BJA) = S, (A|B)
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by (%) and showed related inequalities. Moreover, in [10], we discussed generalizations of
these inequalities. In section 4, we define a-divergence for operator distributions, and show
its fundamental properties.

2 Operator valued a-divergence and fundamental properties. Amari [1] defined
a-divergence as a notion to measure the difference between two probability distributions as
follows: For two discrete probability distributions p = (p1,p2, -+ ,pn) and ¢ = (g1, G2, - , qn),
that is, pi,¢; >0 (1 <i<n)and > ;pi =) . ;¢ =1, and for a € R,

14«

4 i 14
Da[PZQ]El_aQ<1—ZP¢2 q;* )7 a# +l.
i=1

If « =—1,then D_4[p:¢q| = limlDa[p 1ql =Y 1 pilog %, and if @ = 1, then Dy[p: q] =
a—— i

lim1 D,[p:q] = D_1[q : p]. We call this quantity D_1[p : ¢| the relative entropy (Kullback-

a—

Leibler divergence, Kullback-Leibler distance), and denote it by Dxr(p|q) ([13], [14]). If
we put t = HT“, then a-divergence can be expressed as follows:

1
t1—t)

Di(pla) = Daa[p : 4] = > {0 —tpi+tg—pi'ql}, t#0,1.

i=1
Based on this expression, Fujii [2] defined an operator valued a-divergence as follows.

Definition 2.1. For strictly positive operators A and B, and for « € (0, 1), operator valued
a-divergence is defined as follows ([2], [6], [7]):

1

D,(A|B) = m

(AvaB_AﬁaB)v

where AV, B=(1—a)A+aBand A, B= A2(A"2BA " 2)%Az,

In this section, we show some fundamental properties of operator valued a-divergences.
Petz [15] introduced the operator divergence Dpi(A|B) = B — A — S(A|B). Fujii et al.
showed the following relation between Dpg (A|B) and operator valued a-divergences at end
points for interval (0, 1).

Proposition 2.2. (Fujii-Mi¢ié¢-Pecarié-Seo, [6], [7]) Let A and B be strictly positive opera-
tors. Then,

(1) Dy(A|B) = lim Do(A|B) = Drxc(A|B) = B — A~ S(A|B),
2) Di(A|B) = lim Do(A|B) = Dpic(B|A) = A~ B + Si(A| B)
hold.

The following (1) in Proposition 2.3 interpolates (1) and (2) in Proposition 2.2 since
To(A|B) = S(A|B) and —S(B|A) = S1(A|B) by ().

Proposition 2.3. Let A and B be strictly positive operators. Then,

1 1
(1) Da(AlB) = E(B —A-Tu.(A|B)) = E(A — B —Ti_(B|A)), for a € (0,1),
(2) Dy_o(B|A) = D,(A|B), for a € |0,1]

hold.
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Proof. (1) This can be shown as follows:

AV,B-Atf, B AV, B—-A A, B-—A
(1-a)Da(A|B) = 2V B _ AV _ Al
« a a
= B-A-T,(A|B),
A B—-Atf, B A B-B At,B-B
1-a 1-a l1-«o
— A_B_M = A—-B-T_(B|A).
-«

(2) For a €(0,1),
BVioA-Bfi o« A AV.B—-A4,B
Tafl (-a) (- -aa

holds. In case of & = 0 or a = 1, this can be obtained by Proposition 2.2 and the
relation —S(B|A) = S1(A|B) in (x).

The following result gives bounds of operator value D, (A|B).

Dl—a(B‘A) =

O

Theorem 2.4. Let A and B be strictly positive operators. Then,

(1) 0 < Du(AIB) < ——Do(AIB),

(2) 0 < Da(A|B)

IN

1
aDl(A|B)

hold for o € (0,1).
Proof. Since AV, B> Aty B for any a € (0,1), Dy(A|B) > 0 holds. Moreover, by (x)
and (1) in Proposition 2.3, we have

Da(A|B) = =—(B ~ A~ To(A|B) < —=— (B~ A~ S(AIB)) = —=—DolA|B),

Da(AIB) = H(A~ B~Ti_a(BJA)) < ~(A~ B+ Si(A|B)) = ~Di(A|B).

O

By the following Theorem 2.5, it is shown that an operator value D, (A|B) can be
represented by the sum of two operator values for Tsallis entropies.

Theorem 2.5. Let A and B be strictly positive operators. Then,
Da(A|B) = —{Ta(A|B) + T1-a(B|A)}

holds for o € (0,1).

Proof. This theorem can be shown as follows:

AV,B-A4, B

a(l —a)
{1-a)A +aB} —{(1-a)(Af. B)+ (Al B)}
a(l —a)
_ J0-a)AtaB)-(1-a)A n a(B f1—q A) —aB
N a(l —a) a(l —a)
{Aﬁa B—A Bfi oA-B
— +
« l-«

Da(AlB) =

} = —{T.(A|B) + Ti_o(B|A)}.

O
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Theorem 2.5 gives a new viewpoint for operator valued a-divergence. Tsallis relative
operator entropy T,(A|B) can be regarded as the slope of the line through points A and
Aty B. Since =Ty _o(BJA) = =2 ullf’ A-B _ B-A ’L" , we can regard this operator value
as the slope of the line through points A £, B and B Therefore we can regard D, (A|B) as
the difference between the slops of these two lines. We illustrate the quantity corresponding

to D (A|B) by bold straight line in Figure 1.

A

Atfa B

Figure 1: Do(A|B) = —T1_o(B|A) — Ta(A|B).

The following result can be shown by Theorem 2.5 and (*) easily.
Corollary 2.6. Let A and B be strictly positive operators. Then,
Da(A|B) < $1(A|B) — S(A[B)

holds for v € (0,1).

3 Noncommutative ratio translation on the path. First, we show the following
result on translation of generalized relative operator entropies.

Proposition 3.1. Let A and B be strictly positive operators. Then,
(A futo B)(A bu B)_ISU(A|B) = Sutv(4|B)

holds for u, v € R.
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Proof. This can be shown as follows:

(A flugo B)(A tu B)"'Su(A|B)
= ab(aipad) i (aipat) ac

Nl=

xA¥ (A¥BA3) log (A7BATE) A
= ab(abBa 1) iog (a-1Bart) Al
— Sui(AlB).
0

We can regard S, (A|B) and S,+,(A|B) as tangent vectors at u and w + v on the path
A, B, respectively. Then, Proposition 3.1 means that S, 4, (A|B) is parallelly transferring
Swu(A|B) by v along the path.

Here, we define the following noncommutative ratio on the path A f,, B, and give a new
viewpoint for the equality in Proposition 3.1.

Definition 3.2. For strictly positive operators A and B, and for u, v € R, noncommutative
ratio on the path A b, B is defined as follows:

R(u,v; A, B) = (A byso B)(At, B)™L.

We have the following property of noncommutative ratio.

Proposition 3.3. Let A and B be strictly positive operators. Then,
(A Butv B)(A Bu B)_l = (A 0o B)A_17

that is,
R(u,v; A, B) = R(0,v; A, B) = (A g, B)A™!

holds for u, v € R.
Proof. This can be shown as follows:

R(u,v; A, B) (A futo B)(A b B)™!
(a-tBat)"" ata

1

: (A—%BA—%)_“ A

N|=
Nl=

= A

— Az (A—%BA—%)UA—%

O

By Proposition 3.3, R(u,v; A, B) does not depend on u. So, we denote R(u,v; A, B) by
R(v; A, B), or simply R(v) in the rest of this section. We call multiplying by R(v) from
the left side noncommutative ratio translation.

From Proposition 3.1 and Definition 3.2, we get the following immediately.
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Corollary 3.4. Let A and B be strictly positive operators. Then,
R(v)Su(A|B) = Sutv(A|B)
hold for u, v € R.
In particular, by putting u = 0 in Corollary 3.4 , we have
R(v)S(A|B) = S,(A|B).
Tsallis relative operator entropy can be extended as follows: For strictly positive oper-

ators A and B, and for u € R,

Ag, B—A

From above definition and Proposition 3.3, we have

A hu-&-v B - A hv B

R(0)T,(AIB) = :

Let n be an integer. Then, R(n) = (A f, B)A™! = (BA™1)" holds. In [9], we showed
a similar relation to (x) as follows: For strictly positive operators A, B and u € (n,n + 1),

Ay, B—Ah, B A B—-—Ahn, B

u—n n+1l—u

(x)  Sn(A[B) < < Sn+41(A[B),

or equivalently,
(%) (BA™')"S(A|B) < (BA™")"T,_,,(A|B) < (BA™")"Su_n(A|B)
< —(BA™)"T,a1_u(B|A) < (BA™)"Si(A[B).

The relation (x) can be expressed by (**) which is the transferred form of (x) by n along
the path. We call this the waving property in [9].
The relation (xx) can be generalized as follows:

Corollary 3.5. Let A and B be strictly positive operators and u € (v,v + 1). Then,
S.(AIB) = R(v)S(A|B) < R(u)T, o(AIB) < Su(A|B)
< —R)To41-u(BJA) = R(u)Tor1-u(A|B) < Sui1(A|B)
hold for u, v € R.
Proof. We only show the relation —R(v)T 41—y (B|A) = R(u)Ty+1-v(A|B) since the others

can be obtained by the similar way to the proof in [9].
By Proposition 3.3, we have

B bv—&-l—u A—- B

R(0)Ty+1-u(B|A) v+ 1l—u

(A by B)AilTv+1—u(B|A) = (A it B)Ail

(A, B)YA (A%, , B)— (A%, B)A'B
v+1—u
Abt, B—AtY,41 B
v+1—u
A A4 B
= (A B4 v+1—u
= R(W)Tss1_u(AlB).
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We apply noncommutative ratio translation to fundamental relations shown in section
2, and try to show the similar property to the waving property. To see this, we make some
preparations.

Lemma 3.6. Let A and B be strictly positive operators. Then,

(A hu B) hw (A hquv B) =A hqu'uw B

holds for u, v, w € R.

Proof. By Lemma 4.2 in [11], T*(X t, V)T = (T*XT) b, (T*YT) holds for any invertible
operator T, for any positive invertible operators X, Y and for u € R. Therefore, we have

(A hu B) hw (A hu+v B)

{af(aipa~hyuat} g, {abaipa-t)eroat)

= A {(amiBaThyy, (ATEBATE) ) A
= AP(A 2BA3)utUWAS

= A lutow B
O
In [12], Kamei showed some kind of the additivity for entropy
S(A|A t; B) =tS(A|B)
for t € [0,1]. The following is an extension of this result.
Proposition 3.7. Let A and B be strictly positive operators. Then,
Su(A o BlA fv4w B) = wSyiuw(4|B)
holds for u, v, w € R.
Proof. Since }i_r)r(l)ﬁuﬂ_wu = x“%i_{%wt_l = z"log x holds for = > 0, we have
tim T Eert L2 BT g )
for strictly positive operators X, Y and w € R. Therefore, by Lemma 3.6, we get
Su(d Bl B) =ty 5 B st (A B) = (A1 )t (A s )
= wlm A Qotuwwt it— Abpruw B WSy (A[B).
O

We give the special cases of Proposition 3.7 which are useful in our calculations.
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Corollary 3.8. Let A and B be strictly positive operators. Then,
(1) S(A 'ty BlA G B) = wS,(AB),

(2) Su(Aty Bl|Abyt1 B) = Suio(AlB)

hold for v, w € R.

For the following two operator values which appear in (%),

AuuB_AunB _ (AhnB>ﬁufn(Aun+1B)_AunB
= Tu—n(A hn B|A lqn—&-l B)7
Ahu-ﬁ-lB_AhuB _ _(A hn B) ﬂu—n (A tln-i-l B)_Ahn-HB
n+1l—u n+1—u
. _(A hn-i-l B) ﬂl—(u—n) (A hn B) —A hn-‘rl B
1—(u—n)

= _Tl—(u—n)(A On+1 B|A lin B)

hold.
From these facts and (2) in Corollary 3.8, the relation (*) is equivalent to the following:

S(A hnB‘A hn+1 B) < Tu—n(A hnB‘A hn+1 B) < Su—n(A hn B‘A hn+1 B)
< =T (u-n)(A Gy BlA§ns1 B) < S1(A By BlA Gy B).
We show the similar phenomena for each operator value S,,(A|B), Ti,(A|B), and D, (A|B).
Theorem 3.9. Let A and B be strictly positive operators. Then,

(1) R(U)Su(A|B) = Su(A hv B|A bv-‘rl B),
(2) R(v)Tu(A|B) = Tu(A b, B|A 41 B)

hold for u, v € R.

In particular, by putting © = 0 in Theorem 3.9, we have

R(v)S(A|B) = S(A iy B|A lys1 B).

Proof. (1) By Corollary 3.4 and (2) in Corollary 3.8, we have
R)Su(AIB) = Suro(AlB) = Su(A 5, BIA bui1 B).
(2) By Proposition 3.3 and Lemma 3.6, we get
R(v)Tu(A|B) (A, B)A™'T,(A|B)
(At B)JA™ (A B)— (AL, B)A™'A

U
A hu—i—v B*A hu B

u
(A hv B) hu (A hv-i—l B) —A hv B
u
= Tu(Aby B|A §ot1 B).
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Theorem 3.10. Let A and B be strictly positive operators. Then,
R(U)DO&(A|B) = Da(A U’U B|A hv+1 B)
holds for ac € (0,1) and v € R.

Proof. By Proposition 3.3 and Lemma 3.6, we have

R(v)Da(A|B) = (Af, B)A™'Dy(A|B)
AT DA
_ (1-o)(Af BJAT A+ a(Al, B)A™'B— (A, B)A" (A . B)
_ (1-a)(A1 B)+ (A 1o Oé()l—_j)um B
_ (A B)Va (A hjﬁ ;2@)_ (1‘)1 fo B) fa (A fv41 B)

D, (A b, B|Aty+1 B).

Theorem 3.9 can be generalized as follows.

Theorem 3.11. Let A and B be strictly positive operators. Then,

(1) wR(U)Suw(A|B) = Su(A hv B|A hv+w B)7
(2) WR(v)Tyw(A|B) = Tu(A by BlA fytw B)

hold for u, v, w € R.
Proof. (1) By Corollary 3.4 and Proposition 3.7, we have

WR(V)Syw(A|B) = wSytuw(A|B) = Su(Aly BlA lyrw B).

(2) By Proposition 3.3 and Lemma 3.6, we get

wWR(v) Ty (A|B) w(A t, BYA ™ Ty (A|B)

(A, BYA" (A fiyw B) — (A, B)A™'A
v uw
Abyiuw B—Al, B

(3
(A hv B) hu (A uv+w B) —A hw B
u
= T.(At, B|A tytw B).

O

By using Theorem 3.10, we get the following properties by applying noncommutative ra-
tio translation to fundamental relations between operator valued a-divergences and relative

operator entropies shown in section 2.
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Theorem 3.12. Let A and B be strictly positive operators. Then,

(1-a) R(v)Do(A|B) = Do(A by B|A o411 B),

(1-b) R(v)D1(A|B) = Di(A i, B|A tiy41 B),

(2) R(v)Da(A|B) = —~R(v{Ta(A|B) + T1-o(B|A)},
(3-a) 0 < R()DalAIB) < - ! ~R()Do(A]B),

(3-b) 0 < R(v)Do(A|B) < én( )Dy(A|B),

(4) R(v)Do(A|B) < R(v){S1(A|B) — S(A|B)}

hold for o € (0,1) and v € R.

Proof. These can be obtained by applying Theorem 3.9 and Theorem 3.10 to Proposition
2.2, Theorem 2.5, Theorem 2.4, and Corollary 2.6. O

Remark 1. Although noncommutative ratio translation has been defined as multiplying
each operator value by noncommutative ratio R(v) from the left side, this is equivalent to
multiplying the operator value by R(v)* from the right side. For instance, in Theorem 3.9,

(1) R(v)Su(A|B) = Su(A|IB)R(v)",
(2) R(v)Tu(A|B) = Tu(A|B)R(v)"
hold for u, v € R.

Remark 2. In [9], we introduced D,.(A,B) = At,41 B— At B— S.(A|B) forr € R as a
generalization of Dpg (A|B) = Do(A|B). We remark that D, (A, B) = R(v)Do(A|B) holds
for v € R by (2) in Corollary 3.8 and (1-a) in Theorem 3.12.

4  a-divergence for operator distributions. On operator entropies for operator
distributions A = (A4, -+, A,) and B = (By,- -+, By), in [9], we obtained that the relations

S(AB) < I,(AB) < T, (AB) <0,
0<-T1_o(BJA) < —I1_,(BJA) < S1(AB)
and

TOL(AHB) S SQ(A”B) S 7T1—a(E|A)

1 n
hold for 0 < a < 1, where I,(A|B) = — log E A; #o B; is Rényi relative operator entropy
@
i=1
for operator distributions. By these inequalities and Corollary 3.5, we have

S(A[B) < Ta(A[B) < Sa(A[B) < ~Ti_a(B|A) = T, (A]B) < S1(A|B)

for 0 < a < 1, where T (A|B) = ZR w(4;|B;) for v € R and R;(v) = R(v; 4;, B;),

as used in section 3. In this sectlon we investigate fundamental properties and relations
between a-divergences and relative operator entropies for operator distributions.
Here, we define a-divergence for operator distributions.
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Definition 4.1. For operator distributions A = (A, Ag, -+, A,) and B = (By, Ba, ---,
B,,), and for a € (0, 1), a-divergence for operator distributions is defined as follows:
" "\ A; Ve Bi — A fo B;
Da(fB) = 3 Dalihi|B) = 30 S =
ol -«
i=1 i=1

As in section 2, we show fundamental properties of a-divergences for operator distributions.

Proposition 4.2. Let A = (A, Ay, -+, Ay,) and B = (By, B, -+, By) be operator
distributions. Then,

0 Do(AIE) = Jim Da(AJB) = —S(AJB),

2) Dy(A[B) = lim Da(A[B) = 51 (AIB)

hold.

Proof. We only show the proof of equality (1) since the equality (2) can be shown similarly.
By Proposition 2.2, we have

Do(A[B) = ZDO(AHBD = Z {Bi — A; — S(Ai|B;)} = —S(A[B).

O

By Proposition 2.3, Theorem 2.4, Theorem 2.5 and Corollary 2.6, we get the following
Proposition 4.3, Theorem 4.4, Theorem 4.5 and Corollary 4.6, respectively.

Proposition 4.3. Let A = (A, As, -+, Ay) and B = (B1, Ba, -+, By) be operator
distributions. Then,
1 1
(1) D,(A|B) = —mTa(AﬂB) = —ET1—a([B|A)7 for a € (0,1),
) Di_a(BIA) = Da(AJB), fora € [0,1]
hold.

Theorem 4.4. Let A = (Ay, As, --+, A,) and B = (By, Bs, -+, B,) be operator distribu-
tions. Then,

(1 0 < Da(AlB) < ——Do(A[B)

©) 0< Do(AJB) < - Dy (A[B)

hold for o € (0,1).

Theorem 4.5. Let A = (A, As, ---, A,) and B = (By, B, ---, B,) be operator distribu-

tions. Then,
Da(A“B) = _{TQ(A“B) + Tl—a(]mA)}

holds for a. € (0,1).
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Corollary 4.6. Let A = (A1, Az, -+-, A,) and B = (B, Ba, -+, By,) be operator distri-
butions. Then,
Da(A[B) < 5)(A[B) — S(A[B)

holds for a. € (0,1).
From above discussion, we remark that the relations
oTo(A[B) = (1 — a)T1_a (BIA)
and
To(AB) 2 —(1 — a){S1(A[B) — S(A|B)}

hold for a € (0,1).
Finally, we apply noncommutative ratio translation to a-divergence for operator distri-
butions by the following notation:

Definition 4.7. Let A = (A;, Ag, ---, A,) and B = (By, Bs, ---, B,) be operator
distributions. For v € R and « € (0,1), we define DY,(A|B) as follows:

DY (AB) = ZR o(Ai| By).

Then, we get the following from Theorem 3.12.

Corollary 4.8. Let A = (A, Ay, ---, A,) and B = (By, Bs, -+, By,) be operator distri-
butions. Then,

n

(1-2) Di(AIB) = 3 Ri(4) Dol 130

(1) mmm=imwmm@x

) D(AJB) = —ZR HTa(AlB) + Ti—a(Bil A},
(3-2) OSDmAm>s;%EDﬂA®x

(3-b) 0 < DY(AJB) < —Di(AJB),

(W %mmzi&wwmwmﬁw@»

hold for o € (0,1) and v € R.
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