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Abstract. The Mackey (�)-property and quasi-weak (�)-property are de-
�ned. For disks in locally convex spaces with the strict Mackey convergence
condition, the quasi drop property (resp. quasi weak drop property) implies
Mackey (�)-property (resp. quasi weak (�)-property). In Frechet spaces, the
quasi drop property and Mackey (�)-property are equivalent. Other equiva-
lences are given.

 

　　　　　　　　　　　　　1. Introduction

Let (X; k�k) be a Banach space and BX its closed unit ball. By the dropD(x;BX)
de�ned by an element x 2 X n BX we mean the set conv (fxg [BX). Danes [2]
proved that, for any Banach space (X; k�k) and every non-empty closed set A � X at
positive distance from BX , there exists an x0 2 A such that D(x0; BX)\A = fx0g.
Motivated by Danes theorem, Rolewicz [21] introduced the notion of drop property
for the norm of a Banach space: the norm k�k in X has the drop property if for
every non-empty closed set A disjoint from BX there exists x0 2 A such that
D(x0; BX) \ A = fx0g. He proved that if the norm has the drop property then
(X; k�k) is re�exive (see [21] Theorem 5). Later, Montesinos (see [14] Theorem 4)
proved that a Banach space is re�exive if and only if it can be renormed to have
the drop property.
Let B be a subset of a Banach space (X; k�k). The Kuratowski index of noncom-

pactness of B, �(B), is the in�mum of all positive numbers r such that B can be
covered by a �nite number of sets of diameter less than r. Given f 2 X� such that
kfk = 1 and 0 < � � 2, consider the slice S(f;BX ; �) = fx 2 BX : f(x) � 1� �g.
The norm k�k in a Banach space X has property (�), if lim

�!0
�(S(f;BX ; �)) = 0 for

every f 2 X�, kfk = 1. Also, Rolewicz ([21] Theorem 4), proved that if the norm
has the drop property then it has property (�), and Montesinos ([14] Theorem 3)
established that these two properties are equivalent.
Giles, Sims and Yorke [3] said that the norm has the weak drop property if for

every non-empty weakly sequentially closed set A disjoint from BX , there exists
an x0 2 A such that D(x0; BX) \ A = fx0g, and they proved that this property
is equivalent to (X; k�k) being re�exive. Kutzarova [8] and Giles and Kutzarova [4]
extended the discussion of these drop properties to closed bounded convex sets in
Banach spaces. Cheng, Zhou and Zang [1], Zheng [23] and other authors studied
those drop properties in locally convex spaces: a bounded, convex and closed subset
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B of a locally convex space (E; �) is said to have the drop property if it is non-
empty and for every non-empty sequentially closed subset A � E disjoint from B
there exists a 2 A such that D(a;B) \A = fag.
Qiu, in [17] and Monterde and Montesinos in [13], introduced another drop

properties in locally convex spaces: a non-empty closed bounded convex subset B
of a locally convex space (E; �) is said to have the quasi weak drop (resp. quasi drop)
property if for every non-empty weakly closed (resp. closed) subset A � E disjoint
from B, there exists an x0 2 A such that D(x0; B)\A = fx0g. In [17] and [18], Qiu
established a number of equivalences for the quasi-weak drop property in Frèchet
spaces and in quasi-complete locally convex spaces. He characterized re�exivity of
those spaces by the condition that every closed bounded convex subset of the space
must satisfy the quasi weak drop property. Concerning drop properties and their
applications, see for example [1], [2], [9], [10], [11],[12], [16], [19] and [20].
Also, in [17], Qiu proved that for every non-empty bounded, closed and convex

subset of a Frechet space B � (E; �) quasi-weak drop property and weak compact-
ness are equivalent, and he asked if this and other properties can be extended to
locally complete spaces. In [18] he answered these questions in negative. In order
to extend some results on quasi drop properties to a bigger family of locally convex
spaces, based on techniques of Qiu and Rolewickz, we consider locally convex spaces
satisfying the strict Mackey convergence condition (sMc), and �nally, based on a
theorem of A. Martellotti we characterize quasi drop property for Frechet spaces.

2. PRELIMINARIES

Throughout this paper, (E; �) is a Hausdor¤ locally convex space over R. A
closed, bounded and absolutely convex subset will be called a disk. If D is a disk
in the space (E; �) then we let ED denote the linear span of D, equipped with
the topology given by �D the gauge (Minkowski�s functional) of D. This topology
has a base of zero neighborhoods of the form faD : a > 0g, and makes ED into a
normed space such that � jED � �D jED , for � the original topology of E. And
(E; �) is said to be locally complete if every disk D � E, is a Banach disk, that
is (ED; �D) is a Banach space. Note that for metrizable spaces, completeness and
local completeness are equivalent. For local completeness, see [7] and [15].
According to Grothendieck (see [6]), we have that a space (E; �) satis�es the

strict Mackey convergence condition (sMc) if for every bounded subset B � (E; �),
there exists a disk D � E containing B such that the topologies of E and ED agree
on B, i.e. � jB = �D jB . Note that every metrizable space satis�es the sMc (see [15],
5.1.27(ii)). And following Gilsdorf [5], every space with a boundedly compatible
web satis�es the sMc (see [5] and [7] for webs). In particular, every strictly barrelled
space satis�es the sMc (see [22] for strictly barrelled spaces).
Let B � (E; �) be a disk, for f 2 (E; �)0 r f0g let Mf = sup ff(x) : x 2 Bg,

and for � > 0 consider the slice S(f;B; �) = fx 2 B : f(x) �Mf � �g. The disk
B is said to have the (�)-property if for every f 2 (E; �)0 r f0g and for every
neighborhood U of 0 in � , there exists � > 0 such that S(f;B; �) can be covered by
a �nite number of translates of U .
Suppose now that (E; �) is a space that satis�es sMc and B � E is a disk. So,

there exists a disk D � E containing B such that � jB = �D jB . The Kuratowski
index of noncompactness of S(f;B; �) associated to the disk D is �D(S(f;B; �)) the
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in�mum of all positive numbers r such that S(f;B; �) is covered by a �nite number
of sets of �D-diameter less than r. The disk B � E is said to have the Mackey
(�)-property if for D as above lim

�!0
�D(S(f;B; �) = 0 for every f 2 (E; �)0 r f0g.

In this case, due to the fact that �D and � induce the same topology on B, we get
that B has the (�)-property with respect to � . Obviously, if (E; k�k) is a normed
space both (�)-properties coincide.

3. RESULTS

Let (E; �) be a locally convex space and B � E a disk.
a) Suppose there exists a disk D � E such that B � D and B has the quasi

drop (resp. quasi weak drop) property in (ED; �D). Note that for every non-empty
subset A � E, � -closed (resp. �(E;E0)-closed), we have AD := A\ED is �D-closed
(resp. �(ED; E0D)-closed, where E

0
D = (ED; �D)

0). Then B has the quasi drop
(resp. quasi-weak drop) property in (E; �).
b) Now, for f 2 (E; �)0 n f0g, �nd x0 2 E such that f(x0) > Mf ; where

Mf := sup ff(x) : x 2 Bg. Suppose that for the disk C = abconv fB [ fx0gg in E,
there exists a disk D � E containing C such that � jC = �D jC ; so, in particular,
� jB = �D jB . If inf

">0
�D(S(f;B; ")) > 2�0 for some �0 > 0, then (see [21], Theorem

4) for every �nite dimensional subspace L � ED we have:

sup
x2S(f;B;")

( inf
y2L

�D(x� y)) �
1

2
inf
">0

�D(S(f;B; ")) > �0 � � � (1)

Take "1 < f(x0)�Mf . And choose x1 2 S(f;B; "1) such that
inf f�D(x1 � z) : z 2 span fx0gg > �0:

Let x1 = x0+x1
2 , then

f(x1) = f(
x0 + x1
2

) =
f(x0)

2
+
f(x1)

2
>
Mf + "1

2
+
Mf � "1

2
=Mf :

Moreover

inf f�D(x1 � z) : z 2 span fx0gg =
1

2
inf f�D(x1 � z) : z 2 span fx0gg >

�0
2

Now, suppose we have fx0; x1; :::; xng, such that xi 6= xj if i 6= j � n, and
i) f(xi) > Mf

ii) inf f�D(xi � z) : z 2 span fx0; :::; xi�1gg > �0
2

iii) xi 2 D(xi�1; B)
for every i � n. Take "n+1 < f(xn) �Mf and by (1) �nd xn+1 2 S(f;B; "n+1)
such that

inf f�D(xn+1 � z) : z 2 span fx0; x1; :::; xngg > �0:
Let xn+1 =

xn+xn+1
2 then, in an analogous way to x1, f(xn+1) > Mf and

inf f�D(xn+1 � z) : z 2 span fx0; :::; xngg

=
1

2
inf f�D(xn+1 � z) : z 2 span fx0; :::; xngg >

�0
2
:

Then the sequence (xn)n satis�es (i,ii,iii) and the set A = fx0; x1; :::; xn; :::g � C is
�D-closed. Since the topologies � and �D agree on C, A is � -closed and A\B = ;.
Hence B, does not have the quasi drop property. So, we conclude
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Proposition 1. Let (E; �) be a locally convex space satisfying the sMc and B � E
a disk. Suppose that B has the quasi drop property. Then there exists a disk D � E
containing B such that � jB = �D jB and B has the Mackey (�)-property associated
to the disk D. B has (�)-property respect to � , too.

For the next proposition, we will suppose that the disk B � E has the Mackey
(�)-property associated to a Banach disk D. So, if we take xn 2 S(f;B; 1n ) for
every n 2 N, there exists a subsequence (xnk)k � (xn)n convergent to some x0 2 B
respect to �D, and hence xnk ! x0 2 B respect to � .

Proposition 2. Let (E; �) be a locally complete space satisfying the sMc. Let
B;D � E be disks such that B � D, � jB = �D jB and for every f 2 (E; �)0 n f0g,
�D(S(f;B; �))! 0; as � ! 0. Then B has the quasi drop property on (E; �).

Proof. Suppose that B does not have the quasi drop property on (E; �). It implies,
there exists a � -closed set A � E, A\B = ;, such that for every x 2 A, D(x;B)\
A 6= fxg. Let AD := A \ ED. So AD is �D-closed in ED and AD \ B = ;. Note
that D(x;B) \ AD 6= fxg, for every x 2 AD. By [17] lemma 2.2, �D(D(z;B) \
AD; B) = 0, for every z 2 AD. Take x1 2 AD �xed and �nd f 2 (E; �)0 such
that f(x1) = Mf + 1, for Mf = sup ff(x) : x 2 Bg. We may suppose Mf > 1.
Since �D(D(x1; B) \ AD; B) = 0, take y1 2 S(f;B; 1) and let R = �D(x1 � y1).
Take x2 2 D(x1; B) \ AD n fx1g, then �D(D(x2; B) \ AD; B) = 0. And �nd
y2 2 S(f;B; 12 )nfy1g such that �D(x2�y2) <

R
2 . Continue this process inductively,

to construct sequences (xn)n 2 AD � (E nB) and (yn)n 2 B, yn 2 S(f;B; 1n ) such
that xn 6= xm and yn 6= ym if n 6= m, and �D(xn � yn) < R

n , for every n 2 N.
Since B has the Mackey (�)-property associated to the Banach disk D, there exists
a subsequence (ynk)k � (yn)n convergent to some y0 2 B, respect to �D and
so, respect to � . Since �D(xnk � ynk) < R

nk
then xnk ! y0 2 B, respect to �D

and respect to � . Recall that AD is �D-closed and A is � -closed which implies
y0 2 AD � A. Hence y0 2 A \B. It is a contradiction, since A and B are disjoint.
Hence B has the quasi drop property in (E; �) �
In [12], A. Martellotti characterizes drop property in Banach spaces in the fol-

lowing way:

Theorem 1. ([12], Theorem 3.7) Let (X; k�k) be a Banach space and B � X a
non-empty, closed and convex subset. The following are equivalent:
i) B has the drop property
ii) For every non-empty closed subset C � X, with B \C = ; there exists x 2 C

such that D(x;B) \ C is compact
iii) For every non-empty closed subset C � X, with B \ C = ; and for every

" > 0 there exists x" 2 C such that �(D(x"; B) \ C) < "

By Martellotti�s theorem and propositions 1 and 2, we obtain the following char-
acterization of quasi drop property for disks in Frechet spaces.

Theorem 2. Let (E; �) be a Frechet space and B � E a disk. The following are
equivalent:
i) B has the quasi drop property
ii) B has the Mackey (�)-property
iii) For every non-empty � -closed subset C � E, with B \ C = ; there exists

x 2 C such that D(x;B) \ C is compact
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iv) For every non-empty � -closed subset C � E, with B \ C = ; and for every
" > 0 there exists x" 2 C and a Banach disk D � E such that D(x"; B) � D,
�
��
D(x";B) = �D

��
D(x";B) and �D(D(x"; B) \ C) < "

Proof. (i,ii) Follows from propositions 1 and 2.
(i()iii()iv) Follows from Martellotti�s theorem, since (E; �) satis�es the strict

Mackey convergence condition and every disk D � E is a Banach disk. �

Corollary 1. Let (E; �) be a Frèchet space and B � E a disk. Then B has the quasi
drop property if and only if there exists a Banach disk D � E containing B such
that � jB = �D jB and �D(S(f;B; �))! 0; as � ! 0, for every f 2 (E; �)0 n f0g.

De�nition 1. A disk C in the locally convex space (E; �) is said to have the
quasi weak (�)-property if for every f 2 (E; �)0 n f0g and every (�n)n 2 R+
such that �n ! 0, every non eventually constant sequence (xn)n 2 C such that
xn 2 S(f; C; �n), for every n 2 N, has a weakly cluster point in C.

Proposition 3. Let (E; �) be a locally convex space and C � E a disk with the
quasi-weak drop property. Then C has the quasi-weak (�)-property.

Proof. By [17] in the proof of Theorem 2.1(i), for every disk C with the quasi-
weak drop property (and with no one additional condition) every stream in E rC
has a weakly cluster point. Suppose that C does not have the quasi-weak (�)-
property. So, there exists f 2 (E; �)0 n f0g such that for every n 2 N there exists
xn 2 S(f; C; 14n ), xn 6= xm if n 6= m and fxn : n 2 Ng has no weakly cluster points.
Let M = sup ff(x) : x 2 Cg. Find x0 2 E such that f(x0) = M + 2. De�ne

yn =
1
2nx0 +

nP
i=1

1
2n�i+1xi. Then

f(yn) =
1

2n
f(x0) +

nX
i=1

1

2n�i+1
f(xi) �

M + 2

2n
+

nX
i=1

1

2n�i+1
(M � 1

4i
)

= M +
3

2n+1
+

1

22n+1
> M +

1

2n+1

So, (yn)n is a stream. If there exists a subsequence (ynk)k � (yn)n with no
weakly cluster points, then A = fynk : k 2 Ng is weakly closed set such that does
not satisfy the quasi weak drop condition for C. It would be a contradiction, and
we would have �nished. So, suppose that every subsequence (ynk)k � (yn)n has
at least a weakly cluster point. Let (ynk)k, (ynk+1)k subsequences of (yn)n. Then
there exists z1; z2 weakly cluster points of (ynk)k and (ynk+1)k respectively. Note
that ynk+1 =

1
2 (ynk+xnk+1). So, for every ' 2 (E; �)

0 nf0g, '(z1) is a cluster point
of the set f'(ynk) : k 2 Ng and '(z2) is a cluster point of the set f'(ynk+1) : k 2 Ng.
Note that '(ynk+1) =

1
2'(ynk) +

1
2'(xnk+1), so 2('(z2) �

1
2'(z1)) = '(2z2 � z1)

is a cluster point of f'(2ynk+1 � ynk) = '(xnk+1) : k 2 Ng, for every ' 2 (E; �)0.
Then 2z2 � z1 is a weakly cluster point of fxnk+1 : k 2 Ng and of fxnk : k 2 Ng. A
contradiction. Hence, C has the quasi-weak (�)-property. �

If we would want to give a converse to this result for locally convex spaces (E; �)
with sMc and local completeness conditions, we should consider B � E a disk with
the quasi-weak (�)-property. So, suppose that B does not have the quasi-weak drop
property, then there exists a subset A � E, �(E;E0)-closed and disjoint from B such
thatD(x;B)\A 6= fxg for every x 2 A. Take x0 2 A �xed. LetD � E be a Banach
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disk such that B[fx0g � D and �
��
D(x0;B) = �D

��
D(x0;B) . Note that AD := A\ED

is �(ED; E0D)-closed, where E
0
D = (ED; �D)

0 and AD is disjoint from B. Moreover,
D(x0; B) \ AD is �(ED; E0D)-closed and di¤erent from fx0g. And for every x 2
D(x0; B)\AD we have fxg 6= D(x;B)\ [D(x0; B) \AD] = D(x;B)\AD. By [16]
lemma 2.2, �D(B;D(z;B) \ AD) = 0, for every z 2 AD. In particular if z = x0.
Find f 2 (E; �)0 such that f(x0) > Mf > 1, where Mf = sup ff(y) : y 2 Bg. Since
�D(B;D(x0; B)\AD) = 0 then there exists x1 2 D(x0; B)\AD and y1 2 S(f;B; 1)
such that �D(x1; y1) < 1. In an analogous way, �D(B;D(x1; B) \ AD) = 0 and
there exist x2 2 D(x1; B) \ AD and y2 2 S(f;B; 12 ) such that �D(x2; y2) <

1
2 . So,

inductively, construct sequences (xn)n, (yn)n ; xn 6= xm and yn 6= ym if n 6= m,
such that xn 2 D(xn�1; B) \ AD and yn 2 S(f;B; 1n ) and �D(xn; yn) <

1
n . Since

B has the quasi-weak (�)-property, there exists y� 2 B weakly cluster point of
fyn : n 2 Ng and since �D(xn; yn)! 0, then xn�yn ! 0 respect to �(ED; E0D) and
respect to �(E;E0). Then y� 2 B is a weakly cluster point of fxn : n 2 Ng � AD.
Since AD is �(ED; E0D)-closed, then y

� 2 AD � A, i.e. y� 2 A\B, a contradiction.
And we have that B has the quasi weak drop property. But a theorem of Qiu
in [16], ensures that a Mackey complete disk is weakly compact if, and only if, it
has the quasi weak drop property. So, if the space (E; �) is locally complete and
satis�es the sMc, then the considered disk B is weakly compact and the equivalence
should be almost obvious.
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