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ABSTRACT. In the present paper, the order preserving property for fuzzy vectors
is investigated, and some classes of fuzzy vectors, which have the order preserving
property and seem to be useful for applications, are constructed and proposed.

1 Introduction and preliminaries The concept of fuzzy vectors is an extension of the
concept of fuzzy numbers, and it is useful for representing uncertain multidimensional quan-
tities. Some properties of fuzzy vectors are investigated in [8]. Fuzzy linear programming
problems involving oblique fuzzy vectors and fuzzy mathematical programming problems
involving fuzzy vectors are considered in [2] and [7], respectively. When an ordering be-
tween any two fuzzy vectors is defined, the order preserving property for fuzzy vectors make
fuzzy mathematical programming problems involving fuzzy vectors easy to solve. The order
preserving property for fuzzy vectors is considered in the present paper. In the following,
some basic notations and definitions are given.

For a,b € R, we set [a,b)] = {x € R:a <z < b}, [a,0[={x € R:a < z < b},
Ja,b) = {z € R : a < z < b}, and Ja,b[ = {z € R : a < z < b}. In addition, we set
R ={z € R": 2z >0} and R” = {z € R” : £ < 0}. Let N be the set of all natural
numbers. For S C R", we denote the closure, interior, and complement of S by cl(.9),
int(.9), and S¢, respectively.

A fuzzy set § on R™ is identified with its membership function s : R™ — [0,1]. Let
F(R™) be the set of all fuzzy sets on R™. Let 5§ € F(R"™). For « € ]0, 1], the set [s], = {x €
R™ : 5(x) > a} is called the a-level set of 5. The 0-level set of 5 is defined as [s]p = cl({x €
R™ : 5(x) > 0}), and [3]p is called the support of 5. The fuzzy set § is said to be closed if
S is upper semicontinuous on R™. The fuzzy set 5 is closed if and only if [s], is closed for
any « € ]0,1]. The fuzzy set $ is said to be convex if s(Axz + (1 — A)y) > min{s(x),s5(y)}
for any x,y € R" and any A € [0, 1], that is, § is quasiconcave on R™. The fuzzy set § is
convex if and only if [§], is convex for any a € ]0,1].

We define fuzzy vectors.

Definition 1 (See [7]). A fuzzy set 5 € F(R") is called a fuzzy vector on R™ if § satisfies
the following conditions:

(i) there exists a unique vector ¢ € R™, called the center of s, such that s(c) = 1,

(ii) §'is a closed fuzzy set, that is, § is upper semicontinuous on R™,
(iii) s is a convex fuzzy set, that is, 5 is quasiconcave on R™,

(iv) [8]o is bounded.

Let FV(R™) be the set of all fuzzy vectors on R"™. In [7], a fuzzy mathematical pro-
gramming problem with a fuzzy vector-valued objective function is considered. Assume
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that an ordering between any two fuzzy vectors is defined based on an ordering between
two a-level sets of the fuzzy vectors for any o € [0,1]. Then, the fuzzy mathematical
programming problem is equivalent to a mathematical programming problem with infinite
many set-valued objective functions. If the fuzzy vector-valued objective function has the
order preserving property, then the fuzzy mathematical programming problem is equivalent
to a mathematical programming problem with finite many set-valued objective functions.
Therefore, the order preserving property of the fuzzy vector-valued objective function make
the fuzzy mathematical programmig problem easy to solve. The order preserving property
of a fuzzy vector-valued function is equivalent to the order preserving property of a class of
fuzzy vectors.

In the present paper, the order preserving property for fuzzy vectors is investigated,
and some classes of fuzzy vectors, which have the order preserving property and seem to be
useful for applications, are constructed and proposed.

For a crisp set S C R™, the function cg : R"™ — {0, 1} defined as

() = 1 ifxels,
STV 0 ifwes

for each ¢ € R™ is called the indicator function of S. A fuzzy set § € F(R™) can be
represented as
s= sup acp,, (1)
«€]0,1]
which is known as the decomposition theoren; see, for example, [1]. In order to construct
fuzzy sets from classes of crisp sets, we set

SR") = {{Sa}acjo] : Sa CR", a €]0,1], and Sz D S, for §,7 € ]0,1] with 3 < 7},
and define a mapping M : S(R") — F(R") as

M({Sa}aclo,1]) = sup acs, (2)
«€]0,1]

for each {Sa}ac)o,1] € S(R™). When 5 = M ({Sa}acjo,17) for 5 € F(R") and {Sa}acion) €
S(R™), 5 is called the fuzzy set generated by {S,}ae)o,1, and {Sa}aejo,1) is called the
generator of 5. For {S,}aej0,1) € S(R") and « € R, it follows that

M({Sa}ac)o))(x) = s?p | acg, () =sup{a €]0,1]: ® € S, },
acl0,1

where sup () = 0. Based on the mapping M defined by (2), the decomposition theorem (1)
can be represented as 5 = M ({[8]a }aejo,1)) for 5 € F(R™).

The following proposition shows a relationship between level sets of a fuzzy set and the
generator of the fuzzy set.

Proposition 1 (See [3]). Let {Sa}acjo,1] € S(R"), and let 5 = M({Sa}aejo,17)- Then,
[3]a = ﬂﬁe]O,a[Sﬂ for any « € 0, 1].

The remainder of the present paper is organized as follows. In Section 2, orderings of
fuzzy sets are defined, and their properties are investigated. In Section 3, the concept of the
order preserving property for fuzzy vectors is introduced. Then, in order to construct some
classes of fuzzy vectors which have the order preserving property, properties of orderings of
crisp sets are investigated when the crisp sets vary parametrically. In Section 4, some classes
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of fuzzy vectors which have the order preserving property are constructed and proposed.
Finally, conclusions are presented in Section 5.

2 Ordering of fuzzy sets In this section, orderings of fuzzy sets are defined, and their
properties are investigated.
In order to define orderings of fuzzy sets based on level sets of the fuzzy sets, orderings
of crisp sets are defined as follows.
Definition 2 (See [5, 6, 7]). Let A, B C R™.
(i) We write A<g Bor B>g Aif BC A+ R} and AC B+ R".
(i) We write A <g Bor B >g Aif BC A+ int(R"}) and A C B + int(R").
The binary relation <g in Definition 2 is a pseudo order on the set of all subsets of R™.
The following proposition shows fundamental properties of <g and <g in Definition 2.
Proposition 2 (See [4]). Let A, B C R™.

(i) The relation A <g B holds if and only if the following two conditions (i-1) and (i-2) are
satisfied: (i-1) for any y € B, there exists € A such that @ < y; (i-2) for any & € A, there
exists y € B such that x < y.

(ii) The relation A <g B holds if and only if the following two conditions (ii-1) and (ii-2)
are satisfied: (ii-1) for any y € B, there exists € A such that < y; (ii-2) for any = € A,
there exists y € B such that = < y.

(iii) A <g A.

(iv) If A <g B, then A <g B.

(v) It does not always hold that A <g B even if A <g B.

(vi)If A=0 and B # 0, then A €5 B, B £s A, A £s B, and B £g A.
(vii) A <g A and A £g A are both possible.

(viii) D <5 0, 0 <g 0, R* <g R" R" <g R".

Based on the orderings of crisp sets given in Definition 2 and level sets of fuzzy sets,
orderings of fuzzy sets are defined as follows.

Definition 3 (Sece [4]). Let @,b € F(R™).
(i) We write @ < b or b = @ if [a]q <g [b]a for any a € [0,1].
(i) We write @ < b or b= @ if [a]a <s [ba for any a € [0,1].

The binary relation =< in Definition 3 is a pseudo order on F(R™), and < is called the
fuzzy max order. In [7], for a,b € FV(R™), <ps and <y are defined as follows:

e we write @ <y bor b=y a if inf([ba) C inf([d]a) + R’ and sup([@]a) C sup([bla) +
R™ for any « € [0, 1],

o we write @ <as bor b = @ if inf([b]) C inf([@ls) +int(R”) and sup([@ls) C sup([bla)
+ int(R™) for any « € [0, 1],
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where inf(S) = {x € S : there does not exist y € S such that y < x and y # «} and sup(5)
= {x € S : there does not exist y € S such that y > « and y # «} for S C R". The binary
relation <) is an extension of the fuzzy max order for fuzzy numbers given in [9].

The following proposition shows that < and < in Definition 3 coincide with <, and <
on FV(R™), respectively. Therefore, < and < are extensions of <y, and <y, respectively.

Proposition 3. Let a,b € FV(R").
(i) a = b if and only if a <z b.

(i) @ < b if and only if @ <y b.

Proof. Let o € [0,1]. We set A = [d], and B = [b],. Since A and B are nonempty
compact convex sets, it follows that inf(A) # 0, sup(A) # 0, inf(B) # 0, and sup(B) # 0.
In order to show (i) and (ii), it is sufficient to show that (i-1) B C A + R’} if and only
if inf(B) C inf(A) + R%}, (i-2) A € B + R” if and only if sup(A) C sup(B) + R”, (ii-1)
B C A+ int(R?) if and only if inf(B) C inf(A) +int(R? ), and (ii-2) A C B + int(R") if
and only if sup(A4) C sup(B) + int(R™). We show only (i-1). (i-2), (ii-1), and (ii-2) can
be shown in the similar way to (i-1). If B C A+ R%, then inf(B) C B ¢ A+ R} C
inf(A) + R} + R} = inf(A4) + R%}. If inf(B) C inf(A) + R%, then B C inf(B) + R} C
inf(A) + R} + R} =inf(A) + R} C A+ R7. O

3 Order preserving property In this section, the concept of the order preserving prop-
erty for fuzzy vectors is introduced. Then, in order to construct some classes of fuzzy
vectors which have the order preserving property, properties of the orderings of crisp sets
are investigated when the crisp sets vary parametrically.

The orderings of two fuzzy sets in Definition 3 are defined by infinite many orderings of
level sets of the fuzzy sets. If finite many orderings of level sets of two fuzzy sets imply the
orderings of the fuzzy sets, then it makes the orderings of fuzzy sets easy to deal with for
applications. Such property is called the order preserving property, and defined for fuzzy
vectors as follows.

Definition 4. (i) Fuzzy vectors b € FV(R") are said to be order preserving on R" if
[@)o <g [b]o and [a]; <g [b]1 imply @ = b, or if [a]g >5 [b]o and [@]; >g [b]; imply @ > b.

(ii) A class of fuzzy vectors, G C FV(R™), is said to be order preserving on R™ if any 5,5 €g
are order preserving on R™.

Definition 5. (i) Fuzzy vectors a,beF V(R™) are said to be strictly order preserving on
R™ if [ao <s [blo and [a]; <s [b]: imply @ < b, or if [a]o >s [blo and [a]; >s [b]: imply
a>b.

(ii) A class of fuzzy vectors, G C FV(R"), is said to be strictly order preserving on R™ if
any a,b € G are strictly order preserving on R".

In the following, in order to construct some classes of fuzzy vectors which have the order
preserving property, properties of the orderings of crisp sets are investigated when the crisp
sets vary parametrically.

The following proposition shows properties of the orderings of crisp sets when the crisp
sets vary parametrically.

Proposition 4. Let A, B C R", and let a,b € R™. In addition, let 7 : [0,1] — [0,1] be a
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monotone decreasing function. Assume that r(0) =1 and (1) = 0. We set F(a) = r(a)A
+ a and G(«) = r(«) B + b for each o € [0, 1].

(i) If F(0) <g G(0) and F (1) <g G(1), then F(a) <g G(«) for any « € [0,1].
(i) If F(0) <s G(0) and F(1) <g G(1), then F(«a) <s G(a) for any « € [0, 1].

Proof. We show only (i). (ii) can be shown in the similar way to (i). (From Proposition
2, if A= or B = (), then the conclusion is obtained. Suppose that A # @ and B # 0. Let
a € [0,1]. Since F(0) <s G(0) and F(1) <s G(1), it follows that B +b C A+ a + R,
A+a C B+b+R"”, and a < b. Though it needs to show that (i-1) r(a)B +b C r(a)A
+ a+ R} and (i-2) r(a)A+a C r(a)B + b+ R™, we show only (i-1). (i-2) can be shown
in the similar way to (i-1). Let @ € r(a)B + b. Then, there exists y € B such that =
r(a)y + b. Since a < b, there exists d; € R such that b = a +d;. Since B +b C A
+ a + R7, there exist z € A and d; € RY} such that y +b = 2 + a + d;. Therefore, we
have z = r(a)y +b=r(a)(y+b) + (L —r(a))b =r(a)(z+a+ds) + (1 —r(a))(a+di)
=r(a)z+a+ (r(a)dy + (1 —r(a))d:) € r(a)A+a+R7. O

The following proposition shows sufficient conditions for generated fuzzy sets by the
mapping M defined by (2) to be fuzzy vectors.

Proposition 5. Let A C R™ be a convex set containing the origin, and let @ € R™. In
addition, let 7 : [0,1] — [0, 1] be a monotone decreasing function. We set F'(a) = r(a)A+a
for each o € [0,1], and 5 = M ({F () }aejo,1])-

(i) §is a convex fuzzy set.
(i) If A is a closed set, then 5 is a closed fuzzy set.
(iii) If A is a compact set, r(1) = 0, and r is left-continuous at 1, then s € FY(R"™).

Proof. (i) and (ii) follow from Proposition 1. We show (iii). Since A is a closed convex
set, S is a closed convex fuzzy set from (i) and (ii).

We show that {z € R™ : 5(x) > 0} is bounded. For x € R" \ (A + a), since F(a) C
F(0) =7(0)A+a C A+a for any a € [0,1], it follows that 5(z) = sup,ejo,1] @Cr(a) () = 0.
Since (A + a)° C {x € R" : 5(x) = 0}, it follows that {x € R" : 5(x) > 0} C A+ a.
Therefore, {x € R™ : 5(x) > 0} is bounded.

For € R", we show that s(x) = 1 if and only if x = a. Since a = r(a)0 + a €
r(@)A+a = F(a) for any « € [0,1], it follows that 5(a) = sup,eo,1] ®Cr(a)(a) = 1. For
b € R", we show that b # a implies s(b) < 1. Since A is bounded, there exists L > 0

such that A € By, = {& € R™ : ||lz|| < L}, where || - | is the Euclidean norm. Since
r(a)A C r(a)By, for any a € [0, 1], it follows that F(a) = r(a)A + a C r(a)Br + a for any
a € [0,1]. We set 8 = ||b— al|. Since r(1) = 0 and r is left-continuous at 1, there exists

0 > 0 such that o — 1| < § and a € [0,1] imply r(a) < % Thus, there exists ag € ]0,1]
such that « € [ag,1] implies b ¢ r(«)Br + a, and then b ¢ F(a) = r(«w)A + a for any
@ € [ap, 1]. Therefore, we have 5(b) = sup,¢jo,1) @Cr(a)(b) < ap < 1. O

The following proposition shows a property of the ordering of crisp sets decreasing
parametrically.

Proposition 6. Let F(3), G(6) C R™, g € ]0,1] be closed sets. Assume that F(v) D
F(6) and G(v) D G(9) for ,6 € ]0,1] with v < §, and that Ugejo,1)F(B) and Ugejo,1)G(5)
are bounded. Let o € ]0,1]. Assume that Ngejo,o[F(B) # 0 and Ngejo,o[(G(B) # 0. If F(B)
<s G(ﬁ) for any 8 € ]O,Ck[, then mﬂE]O,a[F(ﬁ) <s mﬂE]O,a[G(ﬁ)-
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Proof. For any (3 € ]0,«], since F(3) <g G(3), it follows that G(8) C F(3) + R’ and
F(B) € G(B) + R™. Though it needs to show that (i) Ngejo,a(G(B) C Ngejo,alF(B) + R
and (ii) Ngejo,o[F(B) C Ngelo,a]G(B) + R™, we show only (i). (ii) can be shown in the
similar way to (i). Since G(8) C F(8) + R’} for any § € ]0,af, it follows that Ngejo,o(G(5)
C NBelo,af (F(B) + ]R’j_) Thus, it is sufficient to show that Ngejo,qf (F(B) + ]Rﬁﬁ) C NBelo,af
F(B) + R}. Let © € Nggjo,af (F(B) —l—Ri). For each (3 € ]0,a], there exist yz € F(f)
and dg € R} such that = =y + dg. Fix any {f} C ]0,a[ with B — a. Since {yg, } C
Ugelo,11F(3) is bounded, without loss of generality, suppose that y5 — y, for some y, €
R™. Then, it follows that ds, = ¢ — yz — = —y, € R, For any 3 € |0, af, there exists
ko € N such that k > ko implies By € |3, [, and it follows that {yg, }x>r, C F(3), and
that ys — y, € F(B) since F'(f) is a closed set. Since y, € F(f) for any § € ]0,af, we
have x =y, + (T — Yo) € Ngejo,a[F(B) + R, O

The following proposition shows a property of 0-level sets of generated fuzzy sets by the
mapping M defined by (2).

Proposition 7. Let A C R™ be a compact convex set containing the origin, and let a
€ R™. In addition, let r : [0,1] — [0,1] be a monotone decreasing function. Assume that
r(0) = 1, and that r is right-continuous at 0. We set F'(a) = r(a)A + a for each o € [0, 1],
and $ = M ({F(@)}aejo,1])- Then, A+ a = [so.

Proof. Since F(a) = r(a)A+a C F(0) = A+ a for any a € [0,1], it follows that s(x)
=0forx € R"\ (A+ a). Since (A+a)® C {x € R" : 5(x) = 0}, it follows that A +
a D {x € R":5(x) > 0}. Therefore, we have A + a D [s]o since A + a is a closed set.

Let g € A+ a. Then, there exists y, € A such that xyp = y, + a. If y, = 0, then g
= a € [8]p. Thus, suppose that y, # 0. We set A\g = max{\A >0: Ay, € A} > 1.

Suppose that A\g > 1, and fix any sufﬁciently small 6 > 0. Since r is right- continuous at
0, a € [0, 4] implies 1 —r( ) <1—5;. Forany a € [0,4], it follows that 0 < 755 )/\ < 1 and
r(a) oy, € r(a)A, and that y, = r(a),\o (@) Aoy € r(a)A, and that xy = y,+a € r(a)A+
a = F(a), and that cp(a)(zo) = 1. Therefore, since s(zo) = sup,ejo,1] ®Cr(a)(To) > § > 0,
we have @ € [s]o.

Suppose that A\g = 1. By the same arguments as in the case Ag > 1, it can be seen that
$(Ayy+a) > 0 for any A € ]0,1[. Choose any {A;} C ]0, 1] with Ay, — 1 Since {A\ry, + a}
C {z e R":5(x) > 0}, we have \yyy + a — y, + a = g € [d)o.

The following proposition shows a property of crisp sets decreasing parametrically.

Proposition 8. Let A C R™ be a compact convex set containing the origin, and let a €
R™. In addition, let r : [0,1] — [0,1] be a monotone decreasing function. We set F(3) =
7(8)A+a for each 8 € [0,1]. If r is left-continuous at o € |0, 1], then F(a) = Ngejo,a(F'(B)-

Proof. It follows that F(a) = r(a)A 4+ a C Ngejo,o[(r(B)A + a) = Ngejo,oF(3). In order
to show that 7(a)A +a D Ngejo,a[(7(B)A + a), suppose that @y € Ngejo,q[(7(B3)A + a) and
xo ¢ r(a)A + a. Since o € Ngelo,a[(T(B)A +a) C A+ a, it follows that zp —a € A.
Since xg ¢ r(a)A + a, it follows that g — a ¢ r(a)A. Thus, it follows that r(a) < 1 and
xo —a # 0. We set g = max{\ > 0 Mzo —a) € A} > 1. Then, since zy — a € )\%A
and &g — a ¢ r(a)A, it follows that - > r(a). Fix any sufficiently small § > 0. Since r is
left-continuous at a, § € Ja— 6, a] unphes r(B) —r(a) < /\1—0 —r(a). Fix any By € Ja— 4, al.
Then, it follows that r(Gy) < )\io If xp —a ¢ r(Bo)A, then it follows that g ¢ r(5p)A + a,
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and that xo ¢ Ngejo,a[(r(B3)A + a), wihch is a contradiction. Thus, in order to show that
xo —a ¢ r(Bo)A, suppose that g — a € 7(5y)A. Then, since A\g(xg — a) € \or(5o)A and
Aor(Bo) < 1, for sufficiently small € > 0, it follows that (14+¢&)Ag(xo—a) € (1+e)Aor(Bo)A C
A and Ao < (1 4 €)Ag, which contradict the definition of \g. a

4 Main results In this section, based on the mapping M defined by (2), some classes of
fuzzy vectors which have the order preserving property are constructed and proposed.

The following proposition shows sufficient conditions for generated fuzzy vectors by the
mapping M defined by (2) to have the order preserving property.

Proposition 9. Let A, B C R™ be compact convex sets containing the origin, and let a, b
€ R™. In addition, let r : [0,1] — [0,1] be a monotone decreasing function. Assume that
r(0) =1 and r(1) = 0, and that r is right-continuous at 0 and left-continuous at 1. We set
F(a) = r(a)A+ a and G(a) = r(a)B + b for each a € [0,1], and @ = M ({F(a)}ae0,1)
and b = M ({G(@)}aejo))-

(i) If [Ad]o SS [b]o and [Ad]l SS [b]l, then @ j b
(ii) Assume that r is left-continuous. If [d]y <g [blo and [@]; <g [b]1, then @ < b.

Proof. (i) It follows that A 4+ a <g B + b from Proposition 7, and that a < b from
Proposition 5. (From Proposition 4, it follows that r(a)A + a <g r(«a)B + b for any
a € [0,1]. Since [a]o = Ngejo,a[(7(B)A+a) and (b = Ngelo,a[(T(B)B +b) for any o € |0, 1]
from Proposition 1, it follows that [a]a <s [b]o for any o € [0,1] from Proposition 6.

Therefore, we have a < b.

(ii) It follows that A+ a <g B + b from Proposition 7, and that a < b from Proposition
5. (From Proposition 4, it follows that r(a)A + @ <g r(«)B + b for any « € [0,1]. Since

[a]a = Npejo,a[(r(B)A+ a) = r(a)A+ a and [bla = gep,q((7(B)B +b) = r(a)B + b for

any « € |0,1] from Propositions 1 and 8, it follows that [a], <g [b]o for any « € [0,1].
Therefore, we have a < b. O

In the following, some classes of fuzzy vectors which have the order preserving property
are constructed based on the obtained results. Let C(R™) be the set of all compact convex
subsets of R™ containing the origin, and let R be the set of all monotone decreasing functions
from [0, 1] to [0,1]. We set

Ri = {reR:r(0)=1,r(1)=0,
and r is right-continuous at 0 and left-continuous at 1 },
Re = {r€Ry: ris left-continuous }.

In addition, we set

STR") = {{r(a)A+a}aep : A€C(R"),a € R,
FVIR™) = {M{Satacion) : {Satacion € S"(R)} = M(S™(R"))

for each r € Rq, and
FVo(R") = {M({Sa}tacjo,1)) : {Satacio, € S"(R™)} = M(S"(R™))

for each r € Ro.
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The following proposition shows that the classes of fuzzy sets constructed in the above
are classes of fuzzy vectors which have the order preserving property.

Proposition 10. (i) FVI(R") C FV(R") for any r € Ry, and FV5(R™) C FV(R™) for
any r € Ro.

(if) FVI(R™) is order preserving for any r € R;.
(iii) FV5(R™) is strictly order preserving for any r € R;.

Proof. (i) follows from Proposition 5. (ii) and (iii) follow from Proposition 9. a

5 Conclusions In the present paper, we dealt with orderings of fuzzy vectors. When
orderings of two fuzzy vectors were defined based on orderings of level sets of the fuzzy
vectors, it needed to consider infinite many orderings of level sets of the fuzzy vectors.
If finite many orderings of level sets of two fuzzy vectors imply the orderings of the fuzzy
vectors, then it makes the orderings of fuzzy vectors easy to deal with for applications. Such
property was defined as the order preserving property, and the order preserving property
for fuzzy vectors was investigated. Based on classes of crisp sets decreasing parametrically,
some classes of fuzzy vectors, which had the order preserving property and seemed to be
useful for applications, were constructed and proposed.
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