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ABSTRACT. In the present paper we introduce g-deformations of the Chebyshev hy-
pergroups of the first kind and of the second kind as models of g-deformations of
countable discrete hypergroups. Moreover we study g-deformations of character hy-

pergroups K(G) of certain compact groups G.

1 Introduction

The notion of compact quantum groups is introduced in [14] and [15] by S. L. Woronowicz.
Especially, he studied the structure of SU,(2) which is obtained by a g-deformation of SU(2)
in the category of Hopf algebras. Compact quantum groups play an important role not only
in mathematics but also in theoretical physics.

Deformations of groups and hypergroups are investigated in [16] by K. A. Ross and D.
Xu and our previous paper [6] in the category of hypergroups. Many new hypergroups are
produced by deforming groups and hypergroups. The notion of g-deformations of groups
and hypergroups is one of the way to understand hypergroup structures.

The structure of countable discrete hypergroups arising from orthogonal polynomials
has been studied by many authors (for example [7], [8] and [9]). But there is no notion of
g-deformations of countable discrete hypergroups in the category of hypergroups. In the
present paper, we consider g-deformations of countable discrete commutative hypergroups,
mainly of the Chebyshev hypergroups 7 of the first kind and Fy(U) of the second kind. In
the present paper the g-deformation K, of a countable discrete hypergroup K is to deform
continuously structures of K by a parameter ¢ (0 < ¢ < 1) and K; = K in the category
of hypergroups. A notion of dimension functions of countable discrete hypergroups and of
fusion rule algebras plays an essential role in our discussions.

In section 3, we consider dimension functions of countable discrete hypergroups as well
as of fusion rule algebras. In section 4, we discuss g-deformations 7, of the Chebyshev

hypergroup 7 of the first kind. Moreover we consider ¢g-deformations KCy(G) of a character

hypergroup K(G) of the compact group G = T X, Z2 as an application of g-deformations
of 7. In section 5, we discuss g-deformations U, of the Chebyshev hypergroup Fu(U)
of the second kind which is obtained by normalization of the fusion rule algebra U by

the dimension function d of U. Moreover we investigate g-deformations ICq(S/U-\(2)) of a

—

character hypergroup K(SU(2)) of the compact Lie group SU(2).
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2 Preliminary

For a countable discrete set K = {Xo, X1, X2, -+, X,, -} we denote the algebraic
complex linear space based on K by CK, namely

(oo}
CK = {X = Zaka cay € C, [supp(X)| < —I—oo},
k=0

where [supp(X)| is the cardinal number of supp(X) and the support of X is

supp(X) :={k : ar # 0}.

A countable discrete hypergroup (K, CK, o, *) consists of the set K = {Xo, X1, -+, X, -}
together with a product (called convolution) o and an involution * in the complex linear
space CK satisfying the following conditions.

(1) For X,,, X,, € K, the convolution X,, o X,, belongs to CK and

XmoXn= > ab, Xk
keS(m,n)

where

S(m,n) := supp(X,, 0 X,,), ak,. >0 and Z ak. =1.
keS(m,n)

(2) The space (CK, o, x) is an associative x-algebra with unit Xj.

(3) The map X,, — X is a bijection on K. Moreover for all X,,,, X,, € K, X,, = X, if
and only if 0 € supp(X,, o X,,).

We denote the hypergroup (K,CK,o,*) by K. A hypergroup K is called commutative if
the convolution o on CK is commutative and be called hermitian if X! = X,,.

If the given countable discrete hypergroup K is commutative, its dual K can be intro-
duced as the set of all bounded functions x # 0 on CK satisfying

X(Xm o Xn) = X(Xm)X(Xn)v X(X:;) = X(Xn)

for all X;, X; € K. This set of characters K of K becomes a compact space with respect to
the topology of uniform convergence on compact sets, but generally fails to be a hypergroup.
If K is a hypergroup, then K is called a strong hypergroup or a hypergroup of strong type.

Let G be a compact group and G the set of all equivalence classes of irreducible repre-
sentations of G. Put

K(G) := {ch(r) : m € G},
where

eh(m)(g) = ~——tr(n(g)) (g€ G).

dim 7

Then IC(G) always becomes a discrete commutative hypergroup which is called the character
hypergroup of G. (Refer to [1] for details.)
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Let K = (K,CK, o, ) be a countable discrete hypergroup where K = {Xg, X1, -, X,
-+ }. Forq (0 < ¢ <1),put K, ={Xo(q), X1(q), -+, Xn(q), - } anew basis in CK. Then
the convolution X,,(¢) and X, (q) of CK is defined by

Xom(q) 0 Xnlq) = ak,.(q)Xx(q)

k=0

k

where a;,,

(¢) is continuous with respect to ¢. The involution * of K, is given by
Xn(@)" = Xm(g)* when X =X,,.

For the hypergroup K, = (K,,CK, o, ) satisfies the following conditions

X,(1)=X,, and X,(¢) — X, as ¢—1,

we call K, a g-deformation of K.

A fusion rule algebra (F,CF,o, ) consists of the set F = {Yy, Y7, --,Y,, -} together
with a product (called convolution) ¢ and an involution ~ in the complex linear space CF
based on F' satisfying the following conditions.

(1) For Y,,,,Y,, € F, the convolution Y,, ¢ Y,, belongs to CF' and
Y,, oY, = Z a® Vi (ap € Zy ={0,1,2,---}),
keS(m,n)

YooYu=Yo+ > ab, Y
keS(m,n)
k=0

where S(m,n) := supp(Ys, ¢ Yy).
(2) The space (CF, ¢, ) is an associative involutive algebra with unit Y.

We denote the fusion rule algebra (F,CF,o, ) by F.

For the dual G of a compact group G, put
F(G) :={Ch(n) : m e G},
where

Ch(m)(g) :== tr(n(g)) (g9 € G).

Then F(G) always becomes a fusion rule algebra.

3 A dimension function

In this section, we discuss a dimension function of a countable discrete hypergroup and
a fusion rule algebra.

For a countable discrete hypergroup K, the mapping d from K to R} = {x € R: z > 0}
is called a dimension function of K if d is a homomorphism in the sense that

XmoXy= Y ah,Xp=dXp,)dX,)= > af,dXg).
keS(m,n) keS(m,n)
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The dimension function d of K is uniquely extendable as a linear mapping from CK to C

and satisfies
d(Xm © Xn) = d(Xm)d(X")'

Proposition 3.1 Let K be a countable discrete hypergroup where K = { Xy, X1, , X, -+ }.
For the dimension function d of K, put

1
Cp 1= an and Ky := {CO,CI,"' ;Cn;"'}-

Then K, is a hypergroup.

Proof By the axiom (1) of a countable discrete hypergroup, the structure equation of K
is written by

X0 X, = Z ak X
keS(m,n)

Hence, the structure equation of Ky is

Here we note that

by the fact

keS(m,n)

It is clear that the coefficients of the convolution ¢, o ¢, are non-negative. It is easy
to check other conditions of axiom of a countable discrete hypergroup. Hence, K, is a
countable discrete hypergroup. |

Remark If K is a finite hypergroup, the dimension function d of K is known to be unique
such that d(Xy) =1 for all X}, € K.

For a fusion rule algebra F', the dimension function d of F' is defined in a similar way to
the above.

Proposition 3.2 Let F be a fusion rule algebra where F' = {Yy, Y1, -+ ,Y,, - }. For the
dimension function d of a fusion rule algebra F', put

L

by, = )

Y, and Fy:= {bg,by, - ,bp,---}.

Then F,; becomes a hypergroup.

Proof The desired assertion is obtained in a similar way to the proof of Proposition 3.1.
O
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4 (@-deformations of the Chebyshev hypergroup of the first kind

Let T,,(z) be the Chebyshev polynomial of the first kind of degree n, then T, (x) (n =
0,1,2,---) satisfy the following equation.

T (@) T(w) = 5T (2) + 5 T2

Then, for the set T = {Ty,T1, -+ ,Tn, -}, (T,CT, o0, %) is a countable discrete hypergroup
by the product
T o Ty =T ()T, (x).

The hypergroup 7 = (7,CT, o, %) is called the Chebyshev hypergroup of the first kind.

Next, we consider a mapping d, from 7 to RY. For T,, € T the mapping d, defined by

> 1.
5 =

—1 n —n
dy(Ts) = T, <q+2q ) _q"+q

Proposition 4.1 The mapping d, from 7 to Ri is a dimension function of 7.

Proof Put z(q) := % and dy(T},) = T, (z(g)). Then

dq (Tm)dq (Tn) =Tn (LU((]))Tn (x(Q))

1 1

= STl (@) + 5 Tonn (2(a)
1 1

= idQ(TIm—nl) + §dq(Tm+n)

Hence, dg is a dimension function of 7. O
Next, put
1
Xn(q) = an and 7:1 = {Xo(q)axl(Q)7 T ’Xn(q)v e }
q n

Then the following theorem holds.

Theorem 4.2 7, becomes a hypergroup which is a g-deformation of 7. The structure
equation is

Xm(Q) © Xn(‘]) = Z afrm(Q)Xk'(Q)
keS(m,n)

where S(m,n) = {|m —n|,m +n} and

¢ +q"
(@™ +q ™) (q"+q ™)

af,(q) =

Proof By Proposition 3.1, 7, is a hypergroup. The convolution X,,(¢) and X, (q) is

Xm(q) o Xn(q) = ;Tm oT, = Z MXk((I)
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where S(m,n) = {|m —n|,m + n}. Then

ak (q) _ dq(Tk) _ qk + qik .
" 2dg(Tin)dg(T)  (¢™ +q ™) (q" +q7")

Hence, we see that a¥,, (g) is continuous with respect to g. The involution x of 7, is an
identity map by the fact that

1
Xu(q) = T, and T =T,

When ¢ = 1, it is clear that X,,(1) = Tj,. Since dy(T3,) = qngqin is continuous, X, (q) — T),

as ¢ — 1. Hence, 7 is a ¢g-deformation of 7. O

Let o be an action of Zy = {e, g} (g% =€) on the torus T = {z € C : |z| = 1} defined by
ag(2) =Z.

Then we have a compact group G = T x4 Zy in the form of a semi-direct product. We
consider g-deformations of the character hypergroup (G) of G = T %, Zo. The dual of T

of T and 2; of Zy are given by
T = {xn:n €7}, where x,(z) = 2" forz €T,
7o = {10, 71}, where 72 = 70.

For y € T and 7 € z;, the irreducible representations pg, p1 and 7, (n = 1,2,---) of
G =T x4 Zsy are written by

po((2,h)) = 10(h) =

Tn =indSy, (n=

pl((’z?h)) = Tl(h)7

L,
1,2,---).

Then the dual G of G is determined by G= {po, p1,m1, T2, , T, - } by Mackey Machine.
For the irreducible representations 7, (n =1,2,---), put

Ch(m,)(g) = tr(mn(g)) (g9 €G)

and
F(@) = {po, p1,Ch(m1),Ch(ms), - ,Ch(my),- - }.

Then F (G) becomes a fusion rule algebra with unit py. The structure equations are

P% = Po; plCh(ﬂn) = Ch(ﬂ—n)v
Ch(m)Ch(mn) = CM(T|m—n|) + CM(Tmin) (M #n),
Ch(m,)? = po + p1 + Ch(may).

Moreover, put

ch(mn) Ch(r,) = %Ch(wn)

dim 7,

and
IC(G) = {p()vplv Ch(ﬂl)v Ch(WQ)v T vCh(ﬂ—n)a T }
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Then K(G) becomes a hypergroup with unit py by Proposition 3.2. This hypergroup K(G)
is the character hypergroup of G. The hypergroup structure of IC(G) is the hypergroup join
of Zy by T which is written by

K(G)=17Z,VT.

Hence, we obtain a g¢-deformation ICq(é) of the countable discrete hypergroup IC(G) as
follows.

Theorem 4.3 The hypergroup ICq(é) = Zy V1, is a g-deformation of IC(C;’)

The hypergroups 7 and K(G) are strong hypergroup. Since 7 = K%(T) and K(G) =
K(G) where K*(T) is the orbital hypergroup of the action « of Zy on T and K(G) is the
conjugacy class hypergroup of G.

Conjecture When ¢ # 1, the hypergroups 7, and ICq(G) are not strong.

5 (@-deformations of the Chebyshev hypergroup of the second kind
Let U,(x) be the Chebyshev polynomial of the second kind of degree n, then U, (x)
(n=0,1,2,---) satisfy the following equation.
Um(l')Un(x) = U\m—n|(x) + U|m—n|+2(x) + -+ Um+n(x)-

Hence, for the set U = {Up, Uy, -+ ,Up,--- }, (U, CU, o, ) has the structure of a fusion rule
algebra by the product
Up o U, = Uy (2)U, ().

The canonical dimension function d of U is given by

d(U,)=n+1.
Put )
Cp = mUn and Fy(Uf) :={co,c1, -+ ,Cn, -}
Then Fy(U) becomes a hypergroup by the product
1 1
CmOC a0 o a0

This hypergroup is called the Chebyshev hypergroup of the second kind. The structure
equation is

m —n|+1 |m —n|+3
Cm O Cp = —(mﬁ-l)(n—f—l)clmin‘ +—(m+1)(n—|—1)clm7”|+2+”.
m+n+1
(m+1)(n+1) ™

where ¢g is the unit element and ¢}, = ¢,.
Next, we consider a mapping d, from U to R. For U,, € U, the mapping d, defined by

q+q1> B qn+1 o qf(nJrl)

5 R =¢"+q¢" 4+ +q¢ " (0<g<1).

dy(Uy,) :=U, <
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Proposition 5.1 The mapping d, from U to R} is a dimension function of .
Proof The proof is obtained in a similar way to Proposition 4.1. O
Put

Xn(q) = U, and U, :={Xo(q), X1(q), -, Xn(q), -}

1
dq(Un)
Then the following theorem holds.

Theorem 5.2 U, becomes a hypergroup which is a g-deformation of F;;({/). The structure
equation is

Xm(g)o Xu(g) = > ak(9)Xk(q)
keS(m,n)

where S(m,n) = {lm —n|,|m —n|+2,--- ,m +n} and

(¢ — g (" — g+
mn(9) = (qm+T — g~ (mt1)) (gl — g=(ntD))’

Proof By Proposition 3.1, U, is a hypergroup. The convolution X,,(¢) and X, (q) is
1 d, (U,
XW(Q) © Xn(Q) =——UnpoUy,= Z %Xk(q)
keS(m,n)
where S(m,n) = {|m —nl|,/m —n|+2,--- ,m+n}. Then,

Eo(q) = dg(Ux) (= a (@ —g~ ")
et dy(Um)dy(Uy,) — (gm+l — g=(m+D))(gn+l — g—(n+1))’

a

The coefficients a*,, (¢) can also write

(" +d" 2+ +q7")
(@"+q" 24"+ )

ay,,(q) =

Hence, we see that a¥, (q) is continuous with respect to g. The involution of U, is an
identity map by the fact that

1
X = — * = .
n(q) A U, and U, =U,

When ¢ = 1, it is clear that X,,(1) = —=U,. Since d,(U,) = ¢" +¢" 2+ -+ ¢ " is

n4+1-"1
continuous, X, (¢q) — n%HU” as ¢ — 1. Hence, U, is a g-deformation of Fy(U). |
Next, we consider the relation with the dual SU(2) = {mg, 71, ,mn, - }, where

dim 7, =n+1 and 7, @ Ty E Tm—n| © Tm—n|+2 D D Tintn-

—

The character p,, of m, € SU(2) is given by

pnlg) = tr(ma(g)) (g € SU(2)).

Then,
PmPn = Pim—n| T Plm—n|+2 T+ Pmin
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o — o —

as a function on SU(2). Put F(SU(2)) = {po,p1, " ,Pn," - }- Then F(SU(2)) becomes a
fusion rule algebra and isomorphic to U.

cosf —sinf

sind  cosf ) € SU(2) in the conjugacy

For the representative element g = gy = (

class of SU(2),
_sin(n+1)0
pn(gg) = SIT = Un(COSQ).
Put

= (0<qg<1)
Xn = 77~ Pn q<
dq(Un)

and

-

Kq(SU(2)) = {x0,X15" "+ s Xns =" }-

Then, K,(SU(2)) is a hypergroup which is isomorphic to Uj.
Remark The hypergroups Fy;(U) and IC(S/—(\Z)) are strong hypergroups.

—_—

Conjecture The g-deformations U, of Fy(U) and Kq(SU(2)) of K(SU(2)) are not strong
when g # 1.

—

Conjecture The character hypergroup IC(SU,(2)) of the quantum group SU,(2) is well
defined and

—_—

Kq(SU(2)) = K(SU,(2))-
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