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ABSTRACT. B. Bongiorno, Di Piazza and Preiss gave a minimal constructive inte-
gration process of Riemann type, called the C-integral, which contains the Lebesgue
integral and the Newton integral. D. Bongiorno gave a minimal constructive inte-
gration process of Riemann type, called the é-integraL which contains the Lebesgue
integral and the improper Newton integral. On the other hand, Nakanishi gave cri-
teria for the restricted Denjoy integrability. Motivated by the results of Nakanishi,
Kawasaki and Suzuki gave criteria for the C-integrability, and Kawasaki gave criteria
for the é—integrability. In this paper, motivated by the results above, we give new
integrals between the Lebesgue integral and the restricted Denjoy integral. Moreover
we give criteria for the integrability of one of them in the style of Nakanishi.

1 Introduction Throughout this paper we denote by (L)(S), (L*)(S) and (D*)(S) the
class of all Lebesgue integrable functions, the class of all improper Lebesgue integrable
functions and the class of all restricted Denjoy integrable functions from a measurable
set S C R into R, respectively, and we denote by |A| the measure of a measurable set
A. We recall that a gauge ¢ is a function from an interval [a,b] into (0,00) and a J-fine
McShane partition of an interval [a,b] C R is a collection {(Iy,x) | k =1,...,ko} of non-
overlapping intervals Ij, C [a,b] and z, € [a, b] satisfying It, C (xp — d(zk), zx + 0(xy)) and
211:0:1 [Ix| =b—a. If 211:0:1 |7x| < b — a, then we say that the collection is a d-fine partial
McShane partition. Moreover, if x; € I for any k = 1,..., kg, then a J-fine McShane
partition and a J-fine partial McShane partition are called a J-fine Perron partition and
a d-fine partial Perron partition, respectively. We say that a function f from an interval
[a,b] into R is Newton integrable if there exists a differentiable function F from [a,b] into
R such that F' = f on [a,b]. We denote by (IN)([a,b]) the class of all Newton integrable
functions from [a,b] into R. In [3] B. Bongiorno, Di Piazza and Preiss gave a minimal
constructive integration process of Riemann type, called the C-integral, which contains the
Lebesgue integral and the Newton integral. Furthermore in [1-3] B. Bongiorno et al. gave
some criteria for the C-integrability. We denote by (C)([a,b]) the class of all C-integrable
functions from [a,b] into R. We say that a function f from an interval [a,b] into R is
improper Newton integrable if there exist a countable subset N C [a,b] and a function F
from [a,b] into R such that F’ = f on [a,b] \ N. We denote by (N*)([a,b]) the class of all
improper Newton integrable functions from [a, b] into R. In [4] D. Bongiorno gave a minimal
constructive integration process of Riemann type, called the C’—integral, which contains the
Lebesgue integral and the improper Newton integral. Furthermore in [4] D. Bongiorno gave
some criteria for the C-integrability. We denote by (C)([a,b]) the class of all C-integrable
functions from [a, ] into R. The improper Lebesgue integral, the C-integral and the C-
integral are between the Lebesgue integral and the restricted Denjoy integral.
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On the other hand, in [11,14] Nakanishi gave criteria for the restricted Denjoy integra-
bility. Motivated by the results of Nakanishi, in [10] Kawasaki and Suzuki gave criteria for
the C-integrability, and in [9] Kawasaki gave criteria for the C-integrability.

In this paper, motivated by the results above, we give new integrals between the Lebesgue
integral and the restricted Denjoy integral. Moreover we give criteria for the integrability
of one of them in the style of Nakanishi.

2 Preliminaries We know that the Lebesgue integral and the restricted Denjoy integral
are equivalent to the McShane integral and the Henstock-Kurzweil integral, respectively.
The McShane integral and the Henstock-Kurzweil integral are Riemann type integrals and
these definitions are as follows.

Definition 2.1. A function f from an interval [a, b] into R is McShane integrable if there
exists a constant A such that for any positive number ¢ there exists a gauge J such that

ko

> flan)li] - A

k=1

<e€

for any 6-fine McShane partition {(Iy,z;) | k = 1,...,ko}. The constant A is the value of
the McShane integral of f and we denote by

A=S) [ fa)dz = (L) / F(w)da.

[a,b] [a,b]
We denote by (MS)([a,b]) the class of all McShane integrable functions from [a, b] into R.

Definition 2.2. A function f from an interval [a, b] into R is Henstock-Kurzweil integrable
if there exists a constant A such that for any positive number ¢ there exists a gauge ¢ such
that

ko

D @)k - A

k=1

<e

for any d-fine McShane partition {(Ix,zr) | k = 1,...,ko} with zx € Iy, that is, d-fine
Perron partition. The constant A is the value of the Henstock-Kurzweil integral of f and
we denote by

A= (HK) f(@)dx = (D*) f(x)dx.
[a,b] la,b]

We denote by (HK)([a, b]) the class of all Henstock-Kurzweil integrable functions from [a, b]
into R.

In [5] D. Bongiorno showed a criterion for the improper Lebesgue integral as follows.

Theorem 2.1. A function f from an interval [a, ] into R is improper Lebesgue integrable if
and only if there exist a constant A and a finite subset N C [a, b] such that for any positive
number € there exists a gauge 6 such that

ko

> flan)l] - A

k=1

<e
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for any §-fine McShane partition {(Iy,x) | k = 1,...,ko} satisfying xp € Iy whenever
zr € N. Moreover

A= (L") f(x)dx.
[a,b]

The theorem above gives a Riemann type definition for the improper Lebesgue integral.
In [1], see also [2,3], B. Bongiorno gave the C-integral, which is also a Riemann type integral,
as follows.

Definition 2.3. A function f from an interval [a, ] into R is C-integrable if there exists a
constant A such that for any positive number ¢ there exists a gauge J such that

ko

> flan)lIl - A

k=1

<e€

for any d-fine McShane partition {(Ix,xr) | k = 1,...,ko} satisfying lezozl d(I, w) < 2,
where d(I,z) = infycr |y — z|. The constant A is the value of the C-integral of f and we
denote by

=) [ f(z)de.
[a,b]
We denote by (C)([a,b]) the class of all C-integrable functions from [a, b] into R.
In [4] D. Bongiorno gave the C-integral, which is also a Riemann type integral, as follows.

Definition 2.4. A function f from an interval [a,b] into R is C-integrable if there exist
a constant A and a countable subset N C [a,b] such that for any positive number & there
exists a gauge § such that

ko

> Flaw) Ik — A

k=1

<e

for any d-fine McShane partition {(Ix,zx) | k =1,..., ko} satisfying
(1) 220:1 d(I, z) < L
(2) xp € I, whenever z;, € N.

The constant A is the value of the C-integral of f and we denote by

A:(C‘)/[ ) f(x)dz.

We denote by (C)([a,b]) the class of all C-integrable functions from [a, b] into R.

Throughout this paper, we say that a function defined on the class of all intervals in
[a, b] is an interval function on [a,b]. If an interval function F' on [a, b] satisfies F'(I; Ul3) =
F(I,) + F(I,) for any intervals Iy, I C [a,b] with I;" N I;" = @, where I' is the interior
of I, then it is said to be additive. In [11,14] Nakanishi gave the following criteria for the
restricted Denjoy integrability. Firstly Nakanishi considered the following four criteria for
the pair of a function f from [a, b] into R and an additive interval function F' on [a, b].
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For any decreasing sequence {e,} tending to 0 there exists an increasing sequence
{F,} of closed sets such that

(1) U, Fo = [a,b);
(2) f € (L)(F,) for any n;

i(ﬂm—m/

k=1 IxNF,
{It | k=1,...,ko} of non-overlapping intervals in [a,b] with I N F,, # 0.

3)

f (x)dx)‘ < &, for any n and for any finite family

For any decreasing sequence {¢, } tending to 0 there exist increasing sequences { M, }
of non-empty measurable sets and {F,} of closed sets such that

(1) Unzy My = [a, b];
(2) F, C M, for any n and |[a,b] \ Uy—; Fu| = 0;
(3) fe (L)(F,) for any n;

fﬁmm—m/

fayis)
k=1 I,NFy,
{It | k=1,...,ko} of non-overlapping intervals in [a,b] with I N M,, # (.

(4)

< €y for any n and for any finite family

There exists an increasing sequence {F,,} of closed sets such that
(1) UyoLO=1 Fy, = [a, b];
(2) [ e L)(Fy) for any n;

(3) for any n and for any positive number ¢ there exists a positive number 7 such

that

ko

N F(Iy)|<e

k=1
for any finite family {I; | ¥ = 1,...,ko} of non-overlapping intervals in [a, ]
satisfying

(3.1) IxNF, #0 for any k;

(3:2) XpLy 1l <.
(4) for any n and for any interval I C [a, D]

ﬂnzw[waM+ZF@x

where I' is the interior of I, {J, | p € N} is the sequence of all connected
components of I\ F,, and J, is the closure of J,.

There exist increasing sequences {M,,} of non-empty measurable sets and {F,} of
closed sets such that

(1) UZQ:I Mn = [(l, b]7
(2) F, C M, for any n and |[a,b] \ U,—; Fu| = 0;
(3) [ e (L)(Fy) for any n;
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(4) for any n and for any positive number e there exists a positive number 7 such

that

ko

Y F(Iy)| <«

k=1
for any finite family {Ix | k = 1,...,ko} of non-overlapping intervals in [a, b]
satisfying

(4.1) Iy N M, # 0 for any k;

(42) YR, el <.
(5) for any n and for any interval I C [a, b

F(I) = (L) / @)+ P,

where I' is the interior of I, {J, | p € N} is the sequence of all connected
components of I* \ F,, and J, is the closure of .J,,.

Next Nakanishi gave the following theorem for the restricted Denjoy integrability.

Theorem 2.2. A function f from an interval [a,b] into R is restricted Denjoy integrable if
and only if there exists an additive interval function F on [a,b] such that the pair of f and
F satisfies one of (A), (B), (C) and (D). Moreover, if the pair of f and F satisfies one of
(A), (B), (C) and (D), then

F(I) = (D) / f(x)de

holds for any interval I C [a,b].

Motivated by the results of Nakanishi, in [10] Kawasaki and Suzuki gave similar criteria
and theorems for the C-integrability, and in [9] Kawasaki give similar criteria and theorems
for the C-integrability.

3 Definitions of new integrals In this section firstly we define new integrals. By ob-
serving the definitions of the McShane, the improper Lebesgue in the sense of Theorem 2.1,
the Henstock-Kurzweil integrals, C-integral and C-integral, we become aware of the follow-
ing two integrals.

Definition 3.1. A function f from an interval [a, ] into R is C*-integrable if there exist a
constant A and a finite subset N C [a, b] such that for any positive number € there exists a
gauge 0 such that

ko

> flaw) Ik - A

k=1

<é€

for any 0-fine McShane partition {(Iy, zr) | k= 1,..., ko} satisfying

1) S, ddyar) < L

(2) =z € I whenever z € N.
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The constant A is the value of the C*-integral of f and we denote by

A= (CY) f(z)dx.
[a,b]

We denote by (C*)([a,b]) the class of all C*-integrable functions from [a,b] into R.

Definition 3.2. A function f from an interval [a,b] into R is L-integrable if there exist
a constant A and a countable subset N C [a, b] such that for any positive number ¢ there
exists a gauge § such that

ko

D flan)l] - A

k=1

<e€

for any J-fine McShane partition {(Ix,zx) | k¥ = 1,...,ko} satisfying zp € Iy whenever
x, € N. The constant A is the value of the L-integral of f and we denote by

A= (IN/)/[ ) f(z)dz.

We denote by (L)([a,b]) the class of all L-integrable functions from [a, b] into R.

By the definitions of these integrals we obtain the following relations.

(N) - (N¥) (D*)
N N
(C) c (C*) c (O [
v S
(MS) U U (HK)

I
L)y c (&) < (&)
The above relations of inclusion are proper. We give some examples to check these. To

show these, we provide the Saks-Henstock type lemmas. The following is the Saks-Henstock
type lemma for the C*-integral.

Theorem 3.1. If f € (C*)([a,b]), then there exists a finite subset N C [a,b] such that for
any positive number € there exists a gauge § such that

ko

SO |l — () / ICL

k=1

<e

for any d-fine partial McShane partition {(Ix,zx) |k =1,...,ko} satisfying

(1) R d(Ixan) < &
(2) xp € I whenever x, € N.

Proof. Since f € (C*)([a, b]), there exists a finite subset N C [a, b] such that for any positive
number ¢ there exists a gauge J such that

k1

S felIl — (€7) /[ Sy

< €
4
k=1
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for any 0-fine McShane partition {(Iy, zr) | k= 1,..., k1 } satisfying

k1

2
I —
> d(Iy, xy) < .

k=1

and xy € I whenever xy € N. Let {(Ix,zr) | Kk =1,...,ko} be a é-fine partial McShane
partition satisfying

ko

1
> d(Iy, wy) < -

k=1

and zy € I, whenever x € N, and let {I; | k = ko+1,...,k1} be the sequence of intervals
satisfying

k1
U I, = [avb]
k=1

and I NI} =0if ky # k. Since f is C*-integrable on each I, (k =ko+1,..., k1), there

exists a gauge 0 such that
€
< —
/ fle ) P

(k)
> (f(
for any dj-fine McShane partition {(Ix ¢, zre) | £ =1,...,0(k)} satisfying

{=1

(k)

Z AT, xre) <

(=1

1
(k1 — ko)

and zp ¢ € I ¢ whenever z,, € N. Without loss of generality, it may be assumed that
O <o forany k=ky+1,...,k;. Note that

ko ke (k) 9
Sodim)+ Y S dihe i) < 2+ Z 1_k0 ==
k=1 k=ko+1 ¢=1 k=ko +l

Therefore we obtain

kz( wll - (€ )ka@)dx)

k1
<IN f@nll =€) | fa)da
k=1 [a,b]
k1 2(k)
+ Z(f(ffk,z)lfk,el—(C*) f(x)dx)
k=ko+1 |[£=1 Iie

g
< = + E =
W kl—ko ~ 2

o+1
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Moreover we obtain

ko
M@l =€) | f(z)da
k=1 Iy,
= > (f(xk>|fk| () f(x)dx)
f(mk)uﬂf(c*)flk f(z)dz>0 I
+ ) (f(xwm () f(x)da:>
f(mk)“k\*(c*)flk f(z)dz<0 I
& £ N
< § + 5 =£&.

O

The following is the Saks-Henstock type lemma for the L-integral. The proof is similar
to Theorem 3.1.

Theorem 3.2. If f € (L)([a,b]), then there exists a countable subset N C [a,b] such that
for any positive number ¢ there exists a gauge 6 such that

ko
<e€

) Ik — (L) ’ f(z)dz

k=1

for any d-fine partial McShane partition {(I,xr) | k= 1,...,ko} satisfying x) € Iy, when-
ever x € N.

The Saks-Henstock type lemma for the improper Lebesgue integral also holds, see [5].

Theorem 3.3. If f € (L*)([a,b]), then there exists a finite subset N C [a,b] such that for
any positive number € there exists a gauge § such that

ko
<e€

f@w) I = (L7) ; f(z)dz

k=1

for any §-fine partial McShane partition {(Ix,xz;) |k =1,...,ko} satisfying x) € I, when-
ever xp € N.

We show that the above relations of inclusion are proper.
Theorem 3.4. There exists a function f such that f € (C*)([0,1]) but f & (C)([0,1]).
Proof. Let f; be a function from [0, 1] into R defined by

Filz) = (1—2x) (sin x(ll_x) - x(ll_x) cos w(ll_x)> , ifz e (0,1),
0’ ifze {Oa 1}a

and let F) be a function defined by

{ z(1 — x)sin ﬁ, if x € (0,1),

Az =1, if v € {0,1}.
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Since f7 is continuous on (0, 1) and

i, (D) /[a 5l hl@de =l (F1(5) = Fi(e)) =0,

we obtain f; € (L*)([0,1]) and hence f; € (C*)([0,1]). However f; & (C)([0,1]). Indeed,
assume that fi € (C)([0,1]). Then by [2, Lemma 6] for any positive number ¢ with e < 1
there exists a gauge  such that

ko
> (@) (br — ax) — (Fi(be) — Fi(ax))| < e
k=1

for any d-fine partial McShane partition {([ak, bk], k) | kK =1,..., ko} satisfying

ko

1
Z d([ak, bk], J)k) < -
k=1 <
For any natural number n let
4
1 - 1 - 27r+2n7r
ap = )
2
4
]' - ]' 5 +2nm
b, = 5

Note that {[an, bs]} is mutually disjoint and

1
Fi(a,) = —-a,(1—a,)=—5——",
1((1) a( a) %W+2nﬂ'
1
Fi(b,) = b,(1—-0b,)=——"7—.
00 = a1t =

Since the sequence {b,(1—b,)+an(1—a,) | n € N} is a strictly decreasing sequence tending
to 0 and

0 < bp(1—b,)+an(l —ay),

oo

Z(bn(l - b’ﬂ) + an(l - an)) = 00,

n=1

we can take a strictly increasing finite sequence {n(k) | k = 1,..., ko} satisfying b,1) < §(0)
and

1
€<Z (k) (1= bn()) + aniy (1 = ancr))) < .

Then {([an(k); bnx)],0) | K =1,...,ko} is a -fine partial McShane partition and satisfies

ko ko

Z d([an(k)s bn(r)], Z A (i Z by (1 = bpiy) + iy (1 — anqiy)) <

1
k=1 k=1 €
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However
ko
D 1A O) By = Aniey) = (Fi(bary) — Fi(aner))|
k=1

ko
= Z ‘F1<bn(k)) - Fl<an(k))‘
k=1

ko
= () (1= bue)) + ey (1 = i)

k=1
>e€
and hence it is a contradiction. O
Theorem 3.5. There exists a function f such that f € (C)([0,1]) but f & (C*)([0,1]).
Proof. Let fs be a function from [0, 1] into R defined by
Fola) = nn+1)filn(n+ Dz —n), ifze (n%rl,%),neN,
2 (x) =
0, ifz€{L|neN}u{o},

and let F3 be a function defined by

Filnln+ 1Dz —n), ifze <#,l>,neN,
F: = n+l’n
() {0, ifwe{l|neN}u{o},

where f; and Fj are the functions in Theorem 3.4. Since Fi(x) = fa(x) for any = €
L 1) n € N, we obtain fo € (N*)([0,1]) and hence fo € (C)([0,1]). However fo ¢

n+l’n )’
(C*)([0,1]). Indeed, assume that fo € (C*)([0,1]). Then by Theorem 3.1 there exists a
finite subset N C [0, 1] such that for any positive number ¢ with € < 1 there exists a gauge

6 such that
ko
D 1 fa(ar) (b — ar) — (Fa(by) — Falax))| < e
k=1

for any o0-fine partial McShane partition {([ax,bx],zx) | kK =1,...,ko} satisfying

(1) 30 dllan, bl @) < &
(2) xy € [ag, br] whenever xzy € N.

Since N is finite, there exists a natural number p such that [ﬁ, %] NN = (. For any

natural number n let

1 n %Tr+2n7r
a - 9
" p+1 2p(p + 1)
4
1 1- 1- %+2n7r

+
p+1 2p(p +1)
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Note that {[an, bs]} is mutually disjoint and

Fy(a,) = —@@+1a, —p)p+1—-plp+1)ay,)
= —p+1)((p+an —1)(1 - pa,)
1
- %7‘( + 2n7’
Fy(b,) = (plp+1)by —p)(p+1—pp+1)by)
= p(p+1)((p+1)bn - 1)(1 _pbn)
1
- T+ onm’

11

Since the sequence {p(p + 1)(((p + 1)b, — 1)(1 — pb,) + ((p + Va, — 1)(1 — pa,)) | n € N}

is a strictly decreasing sequence tending to 0 and
0 <p(p+1)(((p+1)bn = 1)(L = pby) + ((p + Dan — 1)(1 = pan)),
oo

Zp(p + 1)(((]7 + 1)bn - 1)(1 - pbn) + ((p + l)an - 1)(1 - pan)) = 00,

we can take a strictly increasing finite sequence {n(k) | k = 1,... ko} satisfying b, (1) <

m +6<p+1) and
ko

e <> pp+1)(((p+ Dbuy = 1)(L = pbury) + (2 + Dany — 1)(1 = pan))) <
k=1

M | =

Then { ([an(k), bk ), p+1) ‘ k=1,. ko} is a d-fine partial McShane partition and
ko 1
d n ) bn y 4
Z <[a CORAIO] e 1)
N Z ( T 1)

< Zp(p + 1)(((p + D)bnky — DA = pbyry) + ((p+ Dang) — 1)1 — pan)))

1
< =,
1>
However
ko 1
; f2 <p+1> (bn(k) = @n@r)) — (F2(bnr)) — Falanw)))
ko
=3 [Fa(bugiy) — Falana)|
k=1
= ZP(P +1)(((p + D)bnky — D = pbyry) + ((p+ Dane) — 1)1 — pan)))
>e

and hence it is a contradiction.
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Theorem 3.6. There exists a function f such that f € (L)([0,1]) but f & (L*)([0,1]).
Proof. Let f3 be a function from [0, 1] into R defined by

f3(z) = filn(n+ Dz —n), %fx € (%7%> .neN,
0, if v € {]neNpU{0},

and let F3 be a function defined by

) = | e B De—n), e (G p) el
O’ ifee{;]neNpu{o},

where f; and F| are the functions in Theorem 3.4. Then fs3 € (L)([0,1]) but f3 &

1 1

TFion and

(L*)([0,1]). Indeed, since f3 is improper Lebesgue integrable on each [

by Theorem 2.1 there exists a finite subset N,, C [Tﬂ’ -

e there exists a gauge d,, such that

L l} such that for any positive number

kn

> @) In il

k=1

)
< 2n+1

for any d,,-fine McShane partition {(I, k, Zn k) | K =1,...,kn} of {%—l—l’ %] satisfying =, €

I, . whenever z, ; € N,. It is obvious that NV,, = {%—H’ %} Let

1 1
T € N
{n—kl n}}

M;. Without loss of generality, it may be assumed that

M, = max{|F3(x)

It holds that M, = -2

(z = 0u(2), 2 + 6n(x)) C (#1%) for any o € (#1%) Let N = {1|neN}u{o},

0(x) = On(x) for any x € (%H,%), 6(%) = min{6,(2),0,-1(2)} for any n € N

with n > 2 and §(0) < % with M, < §. Let {(Ix,zx) | k = 1,...,ko} be a d-fine

McShane partition {(I,zr) | ¥ = 1,...,ko} satisfying xy € I whenever z;, € N. Let
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q:min{ ‘11 [nﬂ,%) #@} Then

\Il|+z S Sl >0 £ (i) 1|

n=1p,c[1;,1] n=21cr,

IN

| £3(0)[La]|

+Y D )l + Y fs (;) I

1 1
Mg
RS !

a1
n+1l'n

e PRICAT

n=2 F 16]

+ Z Ja(@r) |1k

IkC[7L+1,,1L]
XA () o [3]
nn|p]|+ X Aol
Ikc[%,l]

<0+ $k|Ik|+Zf3<)

IkC[ 11,%] 1€Ik

1 1 ik €
Ikm|: +1 :|‘+Z2n+1+22

n=2
By Theorem 3.3 we obtain
1 1
S )l + D f3< ) [,H
q+1 ¢
I, C % l} fEIk

< Z Pl = () [ pas

]

f3(w) L1

B [qﬂ’qH(L*)/m[ . fs(w)de

13
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Therefore

q—1
S

g S
< g tMet) oot
n=2

0o
9
< Mp + Z 2n+1
n=1
< €

and hence f3 € (L)([0,1]). However, since it can be shown similarly to Theorem 3.5 that
f3 & (C*)([0,1]), we obtain f5 ¢ (L*)([0,1]). 0

Theorem 3.7. There exists a function f such that f € (C*)(]0,1]) but f & (L*)([0,1]).

Proof. Let C' be the Cantor set in [0,1], let {(cap,3p) | p € N} be the sequence of all
connected components of [0,1] \ C, let f4 be a function from [0, 1] into R defined by

2(apt+Pp—22) ((z—ap)(Bp—2) (Bp_ap)z _ (ﬁp_ap)z
(Bp—ap)? ( Bp—0p)? M G—a,)(B,—a) — (%%)(Br@) ’
f4($>: ifwe (apaﬁp)>p€N>

ifxeC,

and let F be a function defined by

(Bp—ap)? (z—ap)(Bp—x)’

— (I*&p)2(ﬁp*ﬂ€)2 sin (ﬁpiap)Q lf T e (apa/BP>7p € N7
Fy(z) = .
0, ifxeC.

Since Fj(z) = f4(z) for any = € [0, 1], we obtain f4 € (N)(][0, 1]) and hence f, € (C*)([0, 1]).
However f; ¢ (L)([0,1]) and hence f; & (L*)([0,1]). We show f; & (L)([0,1]). Assume
that f4 € (L)([0,1]). Then by Theorem 3.2 there exists a countable subset N C [0, 1] such
that for any positive number ¢ there exists a gauge d such that

ko
> 1 falar) (br — ax) — (Fa(be) — Falar))| < e
k=1

for any d-fine partial McShane partition {([ak,bi],zr) | kK = 1,...,ko} satisfying xp €
[ak,br] whenever z; € N. Since N is countable and C' is perfect, there exist z € C and

{(ap(q) Bpg)) | @ € N} C {(p,Bp) | p € N} such that z ¢ N and (ap(q),a““)f—w”m) C

a
[2,2z + d(z)) for any ¢. For any natural numbers ¢ and n let

(ﬁP(Q) - aP(Q)) (1 - 1 - SWonw)
2 )
(Bp(a) = (@) (1 —y/1- g+42m)
5 .

Qg = Qp(g) T

an = Qp(g) t+
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Note that {[ag.n,bq.n]} is mutually disjoint and

Filagn) = -— (ag.n — ap())*(Bp(q) — agn)?
" (Bpa) — (q))*

1
3 2’
(§7r + 2n7r)
(bg,n — O‘p(q))z(ﬂp(q) - bq,n)Q

(Bp(a) — p(g))*
1

(g + 2n7r)2.

F4(bq,n) =

Since {([ag,n;bg,nl,2) | ¢,n € N} is a d-fine partial McShane partition and

o0

Z | f4(2)(bg,n — aq,n) — (Falbgn) — Fa(agn))| = Z Z |Fa(bg,n) — Falagn)| = oo,

g=1n=1 g=1n=1

there exists {([ag,bx],2) | k=1,...,ko} C {([agn,bgnl,2) | g,n € N} such that

Z |f4(z)(bk - ak) - (F4(bk) - F4(a;c))| > €.
k=1

It is a contradiction. O
Theorem 3.8. There exists a function f such that f € (C)([0,1]) but f ¢ (L)([0,1]).

Proof. We show in the proof of Theorem 3.7 that f; € (N)([0, 1]) and hence f; € () ([0,1])
but fy ¢ (L)([0,1]). 0

Theorem 3.9. There exists a function f such that f € (C*)([0,1]) but f & (L)([0,1]).

Proof. We show in the proof of Theorem 3.7 that f, € (IN)([0, 1]) and hence f; € (C*)([0, 1])
but fy & (L)([0,1]). 0

Theorem 3.10. There exists a function f such that f € (L)([0,1]) but f & (C*)([0,1]).
Proof. We show in the proof of Theorem 3.6 that f3 € (L)([0,1]) but f3 & (C*)([0,1]). O
4 Properties of the C*-integral In this section we give a criterion for the C*-integrability.

Definition 4.1. Let F be an interval function on [a,b] and let N be a finite subset of [a, b].
Then F is said to be C*-absolutely continuous on E C [a,b] with respect to N if for any
positive number € there exist a gauge J and a positive number 7 such that

ko

S OIP(I) <«

k=1
for any d-fine partial McShane partition {(Iy,zx) | k= 1,...,ko} satisfying
(1) xx € E for any k;

2) S, d(I, ) < L

e



16 T. KAWASAKI

(3) xy € I, whenever x € N;

k
(4) Dy Hel <.

We denote by ACc~(FE, N) the class of all C*-absolutely continuous interval functions on
FE with respect to N. Moreover F' is said to be C*-generalized absolutely continuous on
[a,b] if there exist a finite subset N and a sequence {E,,} of measurable sets such that
UX_, En = [a,b] and F € ACc+(E,, N) for any m. We denote by ACGc-([a,b]) the

m=1
class of all C*-generalized absolutely continuous interval functions on |[a, b].

Lemma 4.1. If F € ACG¢-([a,b]) and E C [a,b] with |E| = 0, then there exists a finite
subset N C [a,b] such that for any positive number € there exists a gauge ¢ such that

ko

S IFI)| <«

k=1
for any §-fine partial McShane partition {(Ix,xx) | k=1,...,ko} satisfying
(1) xx € E for any k;
k
(2) Zkozl d(I’f"rk) < %;
(3) k€ Iy whenever x € N.

Proof. Since F' € ACGc+([a,b]), there exist a finite subset N C [a,b] and a sequence
{E,.} of measurable sets such that | J-_; E,, = [a,b] and F € AC¢-(E,,, N) for any m.
Therefore for any positive number € and for any natural number m there exist a gauge d,,
and a positive number 7,, such that

Z|F L)l 2m+1

for any §,,-fine partial McShane partition {(Ix,zx) | k =1,..., ko} satisfying
(1) =z € E,, for any k;

(2) L d(Iy, xy) < 1;

(3) =z € I whenever zj € N;

ki
(4) 226l el < 7m-

Since |E N E,,| = 0, there exists an open set O,, D E N E,, such that |O,,| < 1. Define
0F () = min{d,, (x),d(O%,, )}, where OF, is the complement of O,,. Then we obtain

Z |F Ik 2m+1

for any 0; -fine partial McShane partition {(Ix,zx) | k = 1,...,ko} satisfying (1), (2), (3)
and (4). Define 6(z) = &%, () for any € EN E,, (m € N). Then we obtain

00
Z|FI’€|*ZZ Ik|_2#:%<€
n=1zr€FE,, m=1

for any d0-fine partial McShane partition {(I,zx) | k = 1,...,ko} satisfying
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(1) = € E for any k;
() XLy d(le ) < 1
(3) xy € I whenever z € N.
O

Lemma 4.2. If F is differentiable at x € [a,b], then for any positive number ¢ there exists
a positive number § such that

|F(t) — F(s) — F'(z)(t — s)| < e(2d([s,t],z) +t—s)
for any interval [s,t] C (x — 6,2 + ) N [a, b].

Proof. Since F is differentiable at x € [a, b], there exists a positive number § such that

[F(&) — Fx) = F'(2)(§ — 2)|] <el§ -z

for any € € (z — d,x 4 0) N [a,b]. Therefore for any interval [s,t] C (x — 0,z + §) N [a, b] we
obtain

[F(t) = F(s) = F'(z)(t = s)]
< |P(t) - F(x) = F'(z)(t — )| + |[F(x) = F(s) = F'(2)(x = s)|
<elt—zx| +els— x|
= e(2d([s,t],x) +t — s).

O

Theorem 4.1. For any F € ACG+([a,b]) there exists
[a,b], and there exists f € (C*)([a,b]) such that f(x)
[a,b] and

([a,x]) for almost every x €
([a,z]) for almost every x €

d
%l—xF
=F

Fu>=«ﬁy[fWMx

for any interval I C [a,b].
Conversely the interval function F defined above for any f € (C*)([a,b]) satisfies F €
ACG - ([a.b]).

Proof. Note that, if F € ACGc-([a,b]), then F' € ACGs([a,b]), see [7, Definition 9.14].

By [7, Theorem 9.17] there exists -% F([a,z]) for almost every = € [a,b]. Let

dzx
E:{x

Then |E| = 0, and by Lemma 4.1 there exists a finite subset N C [a, b] such that for any
positive number ¢ with € < ﬁ there exists a gauge d; such that

diF([a,x]) does not exist at x € [a, b] } .
x

ko

> IF() < 5

k=1

for any d0;-fine partial McShane partition {(I,zx) | k = 1,..., ko} satisfying
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(1) xy € E for any k;

(2) Tk d(leax) < &
(3) =z € I, whenever z € N.
If x ¢ E, then by Lemma 4.2 there exists a positive number d5(x) such that

F(1) ~ F(s) — - Fla,2))(t — 5)

< %(2d([s,t],x) +t—9)

for any interval [s,t] C (z — d2(z),x + d2(x)) N [a, b]. Let

_f b1(z), ifzekE,
o(x) _{ do(z), ifzdFE,

and let

0, ifx e E,
f(x)_{ 4 F(la,2]), ifzgF.

Then we obtain

ko
S f@ll =P < | D0 Fe)|+| > flan)Ikl — F(Ii)
k=1 — en@FE
< Y FIT)+ Y f @) Ikl — P(I)|
L €E L €F
€ g?
< S+ Y Sditm) + L)
IkQE
e &2 1 &2
T, ST
< 4+ 3 5+ 8(() a)
< £4.584°¢
4 4 2
= ¢

for any interval I C [a,b] and for any d-fine McShane partition {(Ix,zx) | k= 1,...,ko} of
1 satisfying
(1) Sk o) < &5
(2) =z € I, whenever z € N.
Conversely let f € (C*)([a,b]) and let

ﬂn=wﬂﬂﬂmm

for any interval I C [a,b]. For any natural number m let E,, = {z | z € [a,b],|f(x)] < m}.
Then {J,-_, E, = [a,b]. We show that F € ACc¢+(Ey,, N), where N is an excepting finite
subset of [a,b] in the definition of the C*-integral of f. Let £ be a positive number. By
Theorem 3.1 there exists a gauge d such that

ko

> 1f @)l = F(1)] < 5

k=1

for any d0-fine partial McShane partition {(I,zx) | k = 1,...,ko} satisfying
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k
(1) Rl dUe, wx) < 35
(2) xp € I, whenever z;, € N.
Let n = 5. If 7, € By, for any k and ZZ"Zl || <, then we obtain
ko ko ko
DSUIFI@)L < D 1@l + D 1 (@) [Tk = F (1)
k=1 k=1 k=1
< I —
AT
k=1
< €.
O

5 Criteria for the C*-integrability We consider the following four criteria for the pair
of a function f from [a,d] into R and an additive interval function F' on [a, b].

(A)c- For any decreasing sequence {e,} tending to 0 there exists an increasing sequence
{F,} of closed sets such that
(1) UpZy Fn = [a,0];
(2) 1€ (L)(F) for any
(3) there exists a finite subset N C [a, b] independent of {e,} such that for any n
there exists a gauge d such that
k1
> (F(Ik) - (L)/ f(x)dx) <éen
k=1 I,NFy,
for any finite family {Ix | ¥ = 1,...,ko, ko + 1,..., k1, 0 < ko < K1} of
non-overlapping intervals in [a,b] which consists of a finite family {Iy | k =
1,...,ko} with I N F,, # 0 and a é-fine partial McShane partition {(Ix,zy) |
k=ko+1,...,k} satisfying
(3.1) ap € F, forany k=Fko+1,... k;
(3:2) il Al m) < 2
(3.3) x € I, whenever z;, € N.
(B)c+ For any decreasing sequence {e,} tending to 0 there exist increasing sequences

{M,} of non-empty measurable sets and {F,,} of closed sets such that

) UnZy My = [a,b;
2) F, C M, for any n and |[a,b] \ U, —, Fn| = 0;
) f e (L)(F,) for any n;

)

there exists a finite subset N C [a, b] independent of {e,} such that for any n
there exists a gauge d such that

> (0 |

k=1 I,NF,

<éen

f(x)dx)
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for any finite family {I | ¥ = 1,... ko, ko + 1,...,k1, 0 < kg < ki} of
non-overlapping intervals in [a, b] which consists of a finite family {I | k =
1,...,ko} with I N M,, # () and a é-fine partial McShane partition {(Ix, xy) |
k=ko+1,...,k} satisfying

(4.1) =z, € M, forany k=ko+1,..., ky;
k1

(42) Yplpgsr AUk, 2) < 2

(4.3) =z € I, whenever zj € N.

There exists an increasing sequence {F,,} of closed sets such that
(1) UpZi Fo = [a,];
(2) e (L)(Fy) for any n;

(3) there exists a finite subset N C [a, b] such that for any n and for any positive
number ¢ there exist a positive number 7 and a gauge ¢ such that

ko

> F(I)

k=1

<e

for any o-fine partial McShane partition {(Iy,xr) | & = 1,...,ko} in [a,b]
satisfying

(3.1) xy, € F, for any k;

k1
(3:2) Xyplyyr1 Uk, k) < =
(3.3) =z € I, whenever zj € N;

k
(3:4)  >oly Mkl <.
(4) for any n and for any interval I C [a, b]

F(I) = (L) / f@)a+ > P,

where I is the interior of I, {J, | p € N} is the sequence of all connected
components of I* \ F;, and J,, is the closure of J,,.

There exist increasing sequences {M,,} of non-empty measurable sets and {F,} of
closed sets such that

(1) Unzy My = [a,b];
(2) F, C M, for any n and |[a,b]\ U,—; F| = 0;

(3) fe (L)(F,) for any n;

(4)  there exists a finite subset N C [a,b] such that for any n and for any positive
number ¢ there exist a positive number 7 and a gauge ¢ such that

ko

> F(I)

k=1

<e

for any o-fine partial McShane partition {(Iy,xr) | & = 1,...,ko} in [a,b]
satisfying

(4.1) =z € M, for any k;
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(4.2) Yilpor Ak @) < 2
(4.3) xy € I, whenever z, € N;

(44) S, 1T <.
(5) for any n and for any interval I C [a, D]

F(I) = (L) / fa)a+ Y P,

where I* is the interior of I, {J, | p € N} is the sequence of all connected
components of I' \ F,, and J, is the closure of J,.

It is clear that (A)c- implies (B)¢+ and (C)c~ implies (D)c-. Now we give the following
theorems for the C*-integral.

Theorem 5.1. Let f € (C*)([a,b]) and let F be an additive interval function on [a,b]
defined by

F(I) = (C7) / f(@)dz

for any interval I C [a,b]. Then the pair of f and F satisfies (A)c=.

Proof. Since f € (C*)([a,b]), we obtain f € (D*)([a,b]). Let {e,,} be a decreasing sequence
tending to 0. Since by Theorem 2.2 the pair of f and F satisfies (A), for {%} there exists
an increasing sequence {F,} of closed sets such that (1) and (2) hold. Moreover

5° (Fu-@ [ fw)

k=1 IxNF,

for any finite family {Ix | k = 1,..., ko} of non-overlapping intervals in [a, b] with I}, NF,, # (.
By Theorem 3.1 there exists a finite subset N C [a,b] independent of {e,} such that for
any n there exists a gauge ¢ such that

k1

Z (f (@) x| — F(Ix))

En
< —_
4
k=ko+1

for any d-fine partial McShane partition {(Ix,zx) | k = ko + 1,...,k1} in [a, b] satisfying
(3.2) and (3.3). Since fxr, € (L)([a,b]), where xp, means the characteristic function of
F,,, by the Saks-Henstock lemma for the McShane integral, for instance see [7, Lemma 10.6],
for any n there exists a gauge § such that

i (f(xk)XFn(xk)'Ik - (L)/

k=ko+1 LN Py

< &n

f(x)dac)

for any J-fine partial McShane partition {(Iy,zr) | & = ko + 1,...,k1} in [a,b]. Since
f = fxg, on F,, for any n there exists a gauge § such that

k1
F(I;)— (L f(x)dx
k_%jﬂ( (1) ”/m (x) )
k1 k1
| S (B - Flanlid)| + e, @l - (L) [ fa)de
k:%:ﬂ ' o k—%):+1< o o /Ian )

En L En _En

4+4’2
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for any é-fine partial McShane partition {(Iy,z;) | k = ko + 1,...,k1} in [a, ] satisfying
(3.1), (3.2) and (3.3). Therefore

; (F(Iw —wf f(x)dx)
< kz (ra0-w [ . e )|+ éjﬂ (Fa-w [ . fayis)
< %” + %" = €n

for any finite family {I, | k = 1,...,ko, ko + 1,...,k1, 0 < ko < k1} of non-overlapping
intervals in [a, b] which consists of a finite family {I | k = 1,...,ko} with I N F,, # () and
a o-fine partial McShane partition {(I,zx) | k = ko + 1,..., k1 } satisfying (3.1), (3.2) and
(3.3), that is, (3) holds. O

Theorem 5.2. If the pair of a function f from an inteval [a,b] into R and an additive inter-
val function F on [a,b] satisfies (A)c=, then the pair of f and F satisfies (C)c=. Similarly,
if the pair of a function f from an inteval [a,b] into R and an additive interval function F
on [a,b] satisfies (B)c=, then the pair of f and F satisfies (D).

Proof. Let {e,} be a decreasing sequence tending to 0. Then there exists an increasing
sequence {F,} of closed sets such that (1) and (2) of (C)c+ hold. We show (3) of (C)c=.
Let n be a natural number and let & be a positive number. Since f € (L)(F),), there exists
a positive number p(n, ) such that, if |E| < p(n,e), then

[ | fos

Take a natural number m(n,e) such that e,y < § and m(n,e) > n, and put n =
p(m(n,e),e). By (3) of (A)c+ there exists a subset N C [a,b] independent of {e,} such
that for m(n,e) there exists a gauge O (n.c). Let {(Ix,2x) |k =1,...,ko} be a ,,(n,¢)-fine
partial McShane partition in [a, b] satlsfymg (3.1), (3.2), (3.3) and ( 4) of (C)¢+. Then we

obtain

<€
5

ko
g
_ d —.
; (F(Ik) (L) /MFM(W f(x) x) <emme) < 3

Moreover, since Zzozl || < n = p(m(n,e),e), we obtain

ko

Z(L)/ flx)dz| < <.
k=1 TN Em(n,e) 2
Therefore

ko ko ko

SR 3 (F (L) — / f(x)dx) Y / f(@)da

k=1 k=1 TN Em(n,e) k=1 TeOFm(n,e)

c o fLc_
5 Tg=¢

Next we show (4) of (C)c+. Let I be a subinterval of [a,b]. In the case of I NF,, =0 (4) of
(C)g is clear. Consider the case of INF,, # 0. Let {J, | p=1,2,...} be the sequence of all
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connected components of I* \ F,,. Since I N F,,, # 0 holds for any m > n, by (3) of (A)c-
we obtain

< Em.

]F(I) [ fs

INF,,

Since J, N F,, # 0 holds for any p, by (3) of (A)s we obtain

) (Fup) -w [

= To0Fy

<ém

f(x)d:v)

for any m > n. On the other hand, we obtain

(L) /mFm f(x)de = (L) /1 . f(z)dx + ;(L) /meFm flx)da

for any m > n. Therefore we obtain

(1) - ((L) / BRCIEDY Fup)) ‘

< ’F(I)—(L)/ f(z)dx

INF,,
+|@) / ey <<L> / Ha)dn+ D) / . f(w)dx>|
+ —;Fup) + ;m /JF f(2)dz

<eém+0+e, =2,

for any m > n and hence
PO =) [ fa)dat Y P
INF, o

Similarly, we can prove that, if the pair of f and F satisfies (B)c», then the pair of f
and F satisfies (D)c-. O

Theorem 5.3. If the pair of a function f from an inteval [a,b] into R and an additive
interval function F on [a,b] satisfies (D)c+, then f € (C*)([a,b]) and

F(I) = (C7) / f(@)dz

holds for any interval I C [a,].

Proof. By (1) and (4) there exist a finite subset N C [a,b] and a increasing sequence {M,, }
of non-empty measurable sets such that |J~, M,, = [a,b] and for any n and for any positive
number ¢ there exist a positive number 7 and a gauge J such that

ko

> Pl

k=1

<<
2
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for any d-fine partial McShane partition {(Ix,2%) | k = 1,...,ko} in [a, b] satisfying (4.1),
(4.2), (4.3) and (4.4). Therefore we obtain

ko
SNIFI) = | > FU)|+| >, F(l)
k=1 F(:l)k)>0 F(Ik)<0

< S48,
2 2

and hence F' € ACGc-([a,b]). By Theorem 4.1 there exists - F([a,z]) for almost every
x € [a,b], and there exists g € (C*)([a, b]) such that

F(I) = (C7) / o(x)dz

for any interval I C [a,b]. We show that g = f almost everywhere. To show this, we
consider a function

| f(z), ifxeF,,
9n(2) { g(z), ifzdPF,.

By [16, Theorem (5.1)] g, € (D*)(I) for any interval I C [a,b] and by (3)

(D") / gu(@)dz = (D) /mF f@)ds+3 (D) /Tg@c)dx

p

@ [ | fds s f_ojl<0*> [ st

Jp

(L) / @+ g F(J,),

where {J, | p = 1,2,...} is the sequence of all connected components of I* \ F,. By
comparing the equation above with (5), we obtain

F(1) = (D) [ gu(a)da.

Therefore we obtain %F([a7 x]) = gn(z) = f(z) for almost every = € F,,. By (2) we obtain

g(z) = %F([a,x]) = f(z) for almost every x € [a, b]. O

By Theorems 5.1, 5.2 and 5.3 we obtain the following criteria for the C*-integrability.

Theorem 5.4. A function f from an interval [a,b] into R is C*-integrable if and only if
there exists an additive interval function F on [a,b] such that the pair of f and F satisfies
one of (A)c+, (B)c+, (C)c= and (D)c+. Moreover, if the pair of f and F salisfies one of
(A)C*, (B)C*, (C)C* and (D)C*, then

F(I) = (C7) / f(x)de

holds for any interval I C [a,b].
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