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ABSTRACT. In this paper, we introduce the concepts of centralizer and normalizer of
B-algebras, and we investigate some of their properties. In particular, we prove that if
H is a subalgebra of a B-algebra X, then the centralizer C(H) of H is a subalgebra of
X, which affirms to the result of P.J. Allen, J. Neggers, and H.S. Kim that the center
Z(X) is a subalgebra of X. Moreover, if H is normal in X, then C'(H) is normal in
X, which affirms to the result of A. Walendziak that Z(X) is normal in X.

1 Introduction In 2002, J. Neggers and H.S. Kim [6] introduced the notion of B-
algebras. A B-algebra is an algebra (X;x,0) of type (2, 0) (that is, a nonempty set X
with a binary operation * and a constant 0) satisfying the following axioms: (I) z x x = 0,
(II) 20 =z, and (III) (z*y)* 2z = x x (2 x (0xy)), for all x,y,z € X. A B-algebra
(X;%,0) is commutative [6] if 2% (0xy) =y=* (0*z) for all z,y € X. In [7], J. Neggers and
H.S. Kim introduced the notions of a subalgebra and normality of B-algebras and some of
their properties are established. A nonempty subset N of X is called a subalgebra of X if
zxy € N for any =, y € N. It is called normal in X if for any = % y,a xb € N implies
(xxa)*(yxb) € N. A normal subset of X is a subalgebra of X. Walendziak [9] characterized
normality in a B-algebra. A subalgebra N is normal in X if and only if xx(x*y) € N for any
x € X, y € N. Throughout this paper, X means a B-algebra (X;#,0). There are several
properties of B-algebras as established by some researchers [1—9]. The following properties
are used in this paper, for any z,y,z € X, (P1) 0% (0xx) =z [6], (P2) x *y = 0% (y *x )
8], (P3) x* (yxz) = (x*x(0x2))xy [6], (P4) z*xy = x %z implies y = z [2], and (P5)
(25 y) * (0+y) = = [6].

2 Centralizer and Normalizer of B-algebras In this section, we introduce centralizer
and normalizer of B-algebras. We start with some examples of B-algebras.

Example 2.1. The algebra (Z; *,0) is a B-algebra, where * is defined by z xy = x — y for
all z,y € Z.

Example 2.2. [6] Let X = {0, 1, 2, 3, 4, 5} be a set with the following table of operation:

U W N~ O %
T W N~ OO
W U = O N
=W Ot O NN
N = O Ok Ww
— O N W O |
O N W oot

Then (X; *, 0) is a B-algebra.
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Definition 2.3. The centralizer C(z) of x in X is defined by C(z) = {y € X: y* (0xz) =

Example 2.4. Let X be the B-algebra in Example 2.2. Then C(1) = {0, 1, 2} and
C(3)=1{0,3}.

Theorem 2.5. C(z) is a subalgebra of X for all z € X.

Proof. Let x € X. Clearly, 0 € C(x) and so C(z) # @. Let a, b € C(x). Then a* (0*x) =
xx(0xa)and b* (0xx) =z % (0xb).

Claim 1: bxx = (0xx) % (0% b).

Now, b (0xx) = x*(0xb) implies that 0 (b* (0xx)) = 0% (

(0% b) * . Multiplying both sides by 0 b, we get (0% b) * ((0xx)*b) = (0 b) * ((0*b)
and multiplying both sides by b, we get b [(0%b) * ((0xx)*xb)] =bx[(0*x) * ((0%b) * x
By (P3), b [((0%b) % (0% b)) * (0xx)] = [b* (0 ((0%b)*x))]*(0xd). By (I) 2
bx(0%(0xx)) = [bx(xx(0%b))]*(0xb). Applying (P1) and (III), we get bxx = ((bxb)xx)*(0xb
By (I), we have b = (0 * ) % (0« b). This proves claim 1. Now, a* (0xz) =z * (0% a
(P1) (P2), (P3), and claim 1 imply that

x*(0xb)). By (P)Q , (0xx)

xx (0% (axb)) =z (bxa)
=(zx(0xa))xb
=(ax(0*xx))xb

ax* (bxx)

ax* ((0xxz)*(0xDb))
(0% (0%B)] # (04.2)
= (a*b)* (0x*z).

Therefore, a b € C(z) and so C(x) is a subalgebra of X. O

In Example 2.4, the set C(1) is normal in X, while C(3) is not normal in X since
2% (2% 3) =4 ¢ C(3). This means that C(z) need not be normal in X.

Definition 2.6. Let H be a nonempty subset of X. The centralizer C(H) of H in X is
defined by C(H) ={y € X: y*x(0xxz) =z * (0xy) for all z € H}.
Example 2.7. Let X be the B-algebra in Example 2.2. If H; = {0, 1,2}, Hy = {0, 3},
then C(Hl) = H1 and C(HQ) = H2.
Remark 2.8. Let H be a nonempty subset of X. Then C(H) = ﬂ C(z).

r€H

In [1], the center Z(X) is a subalgebra of X. The following corollary affirms this fact.

Corollary 2.9. Let H be a nonempty subset of X. Then C(H) is a subalgebra of X.

Proof. A direct consequence of Remark 2.8 and Theorem 2.5. O

In Example 2.7, the set C'(H;) is normal in X, while C'(Hz) is not normal in X. This
means that C'(H) need not be normal in X even if H is a subalgebra of X. However, if H
is normal in X, then C(H) is normal in X. The proof of this is given in the last part of
this paper.

Remark 2.10. Let H be a nonempty subset of X. Then U C(z) need not be a subalgebra
r€H

of X.
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To see this remark, consider the B-algebra X in Example 2.2. Let H = {1,3}. Then
C(1)uC(3) ={0,1,2,3}. Since 1 x3 =4 ¢ C(1)UC(3), C(1) UC(3) is not a subalgebra
of X.

Lemma 2.11. For any z, y, z € X,
i. xx (xxy) =z if and only if (0xx) % ((0*z)*2) =y,
Proof. By (P2), (P3), (P4), (P5), and (I), we have

zx(zxy) =2 0xz)*(zx(zxy)) = (0*x)*2
& 1(052) % (0% (2 % (25 9))]# (0x2) = (052) # (052) % 2)
S [((0xz)*(0xx))* (z*xy)]*(0xx) = (0*2)x ((0*x) * 2)
< 0% (zxy))*«(0*xz)=(0*z)* ((0xx)*2)
& (yra) e (0x2) = (05 2) * ((052) %)
Sy=0x*z)*((0*z)*2)

This proves (i). By (III) and (P2), we have

(@*xy)* ((xxy)xz) =a[((xxy)*2)* (0xy)]
=zx{lz* (2% (0xy))]*(0xy)}
=xx{zx {(0xy)* [0 (2 (0xy))]}}

This proves (ii). O

The previous lemma is useful for the succeeding results. We now introduce the concept
of normalizer of B-algebras.

Definition 2.12. Let H and K be nonempty subsets of X. For every x € X, we define
H, as the set H, = {x* (zxh): h € H}. The normalizer of H in K, denoted by Nx (H), is
defined by Nx(H) ={r € K : H, = H}. If K = X, then Nx(H) is called the normalizer
of H, denoted by N(H). If H = {z}, then we write N(x) in place of N({z}).

Theorem 2.13. Let H be a nonempty subset of X and K be a subalgebra of X. Then Ny (H)
s a subalgebra of X.

Proof. By (P1), Hy = H. Since K is a subalgebra, 0 € K. Thus, 0 € Ng(H) and so
Ni(H) # @. Let x,y € Ng(H). Then z,y € K and H, = H = H,,.

Claim 1: 0*xy € Ng(H).

Since K is a subalgebra, 0xy € K. Let a € H. Since H = H,, y * (y xa) = hy for
some hy € H. By Lemma 2.11(i), a = (0% y) * (0 x y) % hy) € Hosy. Thus, H C Ho,y.
Let b € Hosy. Then b = (0% y) * ((0 % y) * hg) for some hy € H. By Lemma 2.11(i),
y* (yxb) = hy € H= H,. Hence, y* (y*b) =yx* (y=hs) for some hy € H. By (P4),
b= hs € H. Thus, Hy.y C H. Therefore, H = Hy,,. This proves claim 1.

Claim 2: x xy € Ng(H).

Since K is a subalgebra, x xy € K. Let a € Hyyy. Then a = (2 *xy) * ((z * y) * ha)
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for some hy € H. By Lemma 2.11(ii), ¢ = = * [x * ((0 x y) * ((0 % y) % hy))]. By claim 1,
(0Oxy)* ((0*y)*hy) € Hywy = H. Hence, a € H, = H. Thus, Hy.y C H. Let b€ H. Then
b€ H,, that is, b = z* (zxhs) for some hs € H. Since H = Ho.y, hs = (0xy) * ((0*y) * hg)
for some hg € H. Hence, b = x x [z % ((0 x y) * ((0 *x y) * he))]. By Lemma 2.11(ii),
b= (x*y)*((x*y)*he) € Hysy. Thus, H C Hy,,. Hence, H = H,,,. This proves claim
2. Therefore, Ni (H) is a subalgebra of X. O

Corollary 2.14. Let H be a nonempty subset of X. Then N(H) is a subalgebra of X.

Proposition 2.15. C(z) = N(z) for all x € X.

In view of Remark 2.10 and Proposition 2.15, U N (x) need not be a subalgebra of X.

cEH

Theorem 2.16. Let H be a subalgebra of X.

1.

H is normal in X if and only if N(H) = X,
H is normal in N(H),

N(H) is the largest subalgebra of X in which H is normal.

Proof. Let H be a subalgebra of X.

i.

ii.

iii.

Suppose H is normal in X. Clearly, N(H) C X. Let x € X. Then x * (x xh) € H
for all h € H. Hence, H, C H. Let h € H. Then (0 x) % ((0*x) * h) € H. Thus,
(0% 2) % ((0xx)*h) =h for some b/ € H. By Lemma 2.11(1), h =z * (x x h’) € H,.
Hence, H C H,. Thus, H = H,, that is, x € N(H). Therefore, N(H) = X.
Conversely, let h € H and « € X. Since N(H) = X, z* (z * h) € H. Therefore, H is
normal in X.

Let z € H. Since H is a subalgebraof X, H, C H. Let h € H. Since H is a subalgebra
of X,0+xz € Hand so (0*x)* ((0xx)+h) € H. Thus, (0xz)* ((0xz)*h) =h
for some b’ € H. By Lemma 2.11(1), h = z x (x * h’) € H,. Hence, H C H,. Thus,
H = H,, that is, x € N(H). Therefore, H C N(H). By Corollary 2.14, N(H) is a
subalgebra of X. Since H C N(H), H is a subalgebra of N(H). In view of Definition
2.12, H is normal in N(H).

Let H be normal in a subalgebra K of X. Let £k € K. Since H is normal in K,
ks (k+h) € H for all h € H. Hence, H, C H. Let h € H. Since H is normal in K
and K is a subalgebra, (0% k) * (0« k) «h) € H. Thus, (0« k)« (0% k) *h) =1’
for some b’ € H. By Lemma 2.11(i), h = k x (k « ') € Hj. Hence, H C Hj. Thus,
H = Hy, that is, k € N(H). Therefore, K C N(H).

O

Corollary 2.17. C(0) = N(0) = X.

Corollary 2.18. Let H and K be subalgebras of X. Then H is normal in K if and only if
HCKCN(H).

Corollary 2.19. Let H be a nonempty subset of X. Then C(H) C N(H).

Let H = {0, 1,2} be the subset of the B-algebra X in Example 2.2. Then C(H) = H #
X = N(H).
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3 Some Properties of Automorphisms of B-algebras In this section, we consider all
B-isomorphisms of X onto itself. A mapping ¢ : X — Y is called a B-homomorphism [7] if
p(zxy) = p(x)*p(y) for any x, y € X. A B-homomorphism ¢ is called a B-monomorphism,
B-epimorphism, or B-isomorphism if ¢ is one-to-one, onto, or a bijection, respectively. A
B-isomorphism ¢ : X — X is called a B-automorphism. We define Aut(X) as the set of
all B-automorphisms of X. We recall from [6] that if (X;o0,e) is a group with identity e,
then (X;*,0 = e) is a B-algebra, where x is defined by z x y = z o y~*. Since Aut(X) is a
group under composition of functions, (Aut(X);®,idx) is a B-algebra, where ® is defined
by f@g= fog!forall f,g € Aut(X), where o denotes the composition of functions.
Theorem 3.1. Let z € X. Define ¢,: X — X by ¢.(y) = xx (x *xy) for all y € X. Then
i. oz € Aut(X),
il. Pz O Poxy = Prxy and Pr O Py = Pax(0xy) fOT’ all z, Yy e X,
111. Yo = idx,

iv. (‘Pz)_l = Poxzx»

v. for all ) € Aut(X), o, o™t = Pyp(z)-
Proof. i. Clearly, ¢, is well-defined. Let a,b € X. Now, by (P1), (P3), (I), (II), and
(I11), we have
% (z % (a*D))
(x * (0% b)) x a)
— (@ (0+a)+ (2 +(0+)
[(zx (0% a)) = ((0%2) % (0% 2))] * (2% (0%D))
= [((z % (0xa)) * z) x (0 )] * (x+ (0% D))

pr(a*xb) ==z
x

*

={[z (% (0% (0xa)))] % (0xz)} * (x+ (0+D))
= ((z* (z*a))* (0xx))* (z*(0xb))
=(xx*x(zxa))*[(z*(0*b)* (0 (0xx))]
=(xx(xxa))*((z*(0xdb))xx)

(o (wra) s ok (o (0% (0%5))

= (xx(xxa)* (z*(z*xb))

Hence, ¢, is a B-homomorphism.
Also, ¢, is onto since by (P1), (P2), (P3), (I), and (III), we get

po((0% ) (0% 2) xa)) =+
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Suppose ¢, (a) = ¢ (b). Then z x (x x a) = x * (x *b). By (P4), a = b. Hence, ¢, is
one-to-one. Therefore, ¢, € Aut(X).

ii. Let a € X. Then by (III) and (P2), we have

Pary(a) = (z*y) * ((x*+y) * a)
=z [((xxy)*a)*(0xy)]
=z {[z*(ax(0xy))]* (0*y)}
zx {z* {(0xy) « [0 (ax(0xy))]}t}
zx [z (05 y) x ((0%y) xa))]
= % (& * ouy(a))
= ‘PI(SDO*?J(@))
= (¢z © Poxy)(a).

Hencea Paxy = P © Poxy- By (P]-)a Px © Py = Pz © Pox(0xy)- Since Prsxy = Pz © Poxy,
we have Pz © Pox(0xy) = Pax(0xy)-

iii-v Straightforward.
O

The ¢, of Theorem 3.1 is called an inner B-automorphism of X. We define Inn(X) as
the set of all inner B-automorphisms of X.

Theorem 3.2. Inn(X) is a normal subalgebra of Aut(X).

Proof. By Theorem 3.1(iii), idx = ¢ € Inn(X) and so Inn(X) # @. By Theorem 3.1(i),
Inn(X) C Aut(X). Let ¢a, ¢, € Inn(X). Then by Theorem 3.1(iv, ii), vz © ¢, =
©r 0Pyt = 01 0 Pouy = Pawy € Inn(X). Thus, Inn(X) is a subalgebra of Aut(X).
Let ¢ € Aut(X) and ¢, € Inn(X). Then by Theorem 3.1(v), we have ¥ ® (¢ ® ¢,) =
Yo (Wopr ) =1po(pop ) t=1o(p,opp™t)= ©y(z) € Inn(X). Therefore, Inn(X) is
a normal subalgebra of Aut(X). O

The following theorem is labeled as the First Isomorphism Theorem for B-algebras and
can be found in [7]. We also note that the kernel of a B-homomorphism is normal [7].

Theorem 3.3. Let ¢: X — Y be a B-homomorphism of X into Y. Then X/Ker ¢ = Im
®.

Theorem 3.4. Let H be a subalgebra of X. Then C(H) is normal in N(H) and N(H)/C(H)
& g subalgebra of Aut(H).

Proof. Define f: N(H) — Aut(H) by f(x) = ¢, for all z € N(H), where ¢,: H — H is
defined by ¢, (h) = x % (z x h) for all h € H. Clearly, f is well-defined. Let =,y € N(H).
Then f(z % Y) = Quwy = Pa © Pory = Pz © 0" = @x @ @y = f(x) © f(y). Therefore, f is a
B-homomorphism. By the First Isomorphism Theorem for B-algebras, N(H)/Ker f = Im
7l
Claim: If z % (x x h) = h for all h € H, then = € C(H).

Suppose z * (x x h) = h for all h € H. Multiplying both sides by 0%z, we get (x x (z *h)) *
(0xx) = h*(0xx). By (IIT), 2% ((0*z)* (0% (x*h))) = h*(0xx). Applying (P2), we obtain
zx ((0xxz)* (h*x)) =hx*(0xz). Hence, by (P3), % [((0xz) * (0% x)) x h] = h* (0 *x).
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Thus, by (I),  * (0% h) = h* (0% z), that is, z € C(H). This proves the claim. Now, by
Corollary 2.19 and the claim,

(H) : f(x) = idu'}

={z e N(H): pz(h) =idy(h) for all h € H}
(H):x*(zxh)="hioral he H}
(H):zeCH)}

Therefore, C'(H) is a normal in N(H) and N(H)/C(H) = a subalgebra of Aut(H).
In [9], the center Z(X) is normal in X. The following corollaries affirm this fact.
Corollary 3.5. Z(X) is normal in X and X/Z(X) = Inn(X).

Proof. Let H = X in Theorem 3.4. Then N(X) = X and C(X) = Z(X) and so Z(X) is
normal in X. Since Im f = Inn(X), X/Z(X) = Inn(X).

Corollary 3.6. If H is normal in X, then so is C(H).
Proof. This follows from Theorems 3.4 and 2.16(i).
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