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ABSTRACT. This paper introduces an algorithmic approach to investigate into the
SIG-dimension of graphs, under the sup-norm. We provide an upper bound for the
SIG-dimension of graphs, without isolated vertices, which do not contain an induced
subgraph isomorphic to K> ».

1 Introduction The sphere-of-influence graph (SIG) on a set of points, each with an
open ball centered about it of radius equal to the distance between that point and its
nearest neighbor, is defined to be the intersection graph of these balls.

The notion of the sphere of influence graphs was introduced by Toussaint to model
situations in pattern recognition and computer vision. These are used to help separate
objects or otherwise capture perceptual relevance, see [6, 7, 8].

Toussaint has used the SIGs under Ly-norm to capture low-level perceptual information
in certain dot patterns. The SIGs in general metric spaces are considered in [3]. It is known
that the SIGs under the L.,-norm perform better for this purpose, see [4]. Below we provide
the construction of SIGs in this case.

Let d be a natural number and R? denotes the d-dimensional Euclidean space. For any
z € R%, let z[j] denotes the j** component of z. The distance between any z,y € R? under
the Loo-metric, denoted by p(z,y), is defined as,

p(z,y) == max{‘x[j] _y[]H = 1727"'7d}'

Let P C R? be a finite set having atleast two points. For a point v € P, let r, denotes
the distance of v to its nearest neighbor, that is

r, = min{p(u,v) : u € P\ {v}}.

The open ball B, := {u € R?: p(u,v) < r,} is known as the sphere of influence at v. The
sphere of influence graph of P, denoted by SIGZ (P), is the graph with vertex set P and
edges corresponding to the pairs of intersecting spheres of influence. That is, the edge set
of SIGL (P) is

{uv : B, N B, # 0;u,v € P}.

Throughout this paper, E(G) and V(G) will denote the vertex set and the edge set of a
graph G. Note that for G = SIG? (P) and u,v € P,

w € B(G) <= p(u,v) < ry+1y.

A graph G is said to be realizable in R? if there exists a finite set P C R? such that G
is isomorphic to SIGY (P). Note that if G is realized in R?, then it is realizable in R4+¢
for every e € N. This can be observed by appending e zero coordinates to each point in
the vertex set. The smallest such d is called the SIG-dimension of a graph G, denoted by
SIG(G). That is,

SIG(G) = min{d : G is realizable in R%}.
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It is trivial to see that if a graph with at least two vertices is realizable in some R
then it can not have isolated vertices. Also, each graph G with atleast two vertices and
no isolated vertices can be realized in R?, for some d € N. This can be seen as the rows of
the matrix 21 + A realize G, where A is the adjacency matrix for G and [ is the identity
matrix, for more details see [4, Theorem 1].

Recently in [9], Taussaint has surveyed the theory and applications of sphere of influence
graphs. In [4], several open problems on SIG-dimension have been discussed, the one
regarding SIG-dimension of trees has already been solved, for details see [2]. In [5], we have
proved the SIG-dimension conjecture for graphs having a perfect matching. A few partial
results regarding the SIG-dimension for some particular graphs are proved in [1, 4].

It is easy to see that if G is path of size n, then SIG(G) = 1. Also it is known that if G
is a graph of size n with no isolated vertex, then SIG(G) < n — 1, for details see [4].

In this paper, we consider the graphs which do not contain an induced subgraph iso-
morphic to K3 2. We call them K» o-free graphs. We prove that if G is a K o-free graph of
order n which has no isolated vertex, then

SIG(G) < PZJ + [logy n] + 1.

2 Definitions and Notations To establish our main result for K5 o-free graphs, we
will map our graph to a suitably required finite dimensional Euclidean space. But before
that, we simply categorize the vertices in terms of triplets and pairs as per the following
algorithm.

We start with a K o-free graph, of size n, without an isolated vertex. The fact that G
is Ky o-free will be used later in our constructions, not for the following algorithm.

Algorithm 1S5tep I. Let G be a K 2-free graph, of size n, without an isolated vertez.
Step II. Take an edge pq € E(G). There are two possible cases:
Case 1. There is a vertex s € V(G) such that exactly one of ps or gs is an edge. That is,
(1)  either'ps € BE(G) & qs ¢ E(G) or'ps¢ E(G) & g¢s € E(G)'.

Define n(p) = n(q) = n(s) = 0. The set {p, q,s} will be called a root of G.
Case 2. There is no verter s € V(QG) satisfying (1). That is, for all s € V(G),

ps € E(G) < g¢s € E(G).
Define n'(p) = n'(q) = 0. The set {p,q} will be called a root of G.
Step II1. Let Gy = G\ R, where R # () is a root of G and r € R. Let

_ ') +1, if|R[ =2
Tl n(r)+1, if|R=3

Case 1. E(Gy) # 0. As above, let Ry be a root of Gy.
If |[Ry| =2, define n'(u) =k and if |R1| = 3, define n(u) =k, for all u € Ry.

Set G = G1 and repeat Step 2.
Case 2. E(G1) = 0. For allv € V(Gy), define n’(v) = k.



Note that, the vertices v for which n”(v) is defined, form an independent set. Therefore,
the vertices of our graph are divided into triplets, pairs and the remaining independent set.

In order to facilitate our argument, we now fix up few notations. Note that for any
v € V(G), exactly one of n(v), n/(v) and n”(v) is defined.

Notations 2. 1. For any v € V(G), the index of v, denoted by m(v), is defined as
follows:
n(v)  if n(v) is defined
m(v):=<¢ n'(v) if n/(v) is defined
n”(v) if n”(v) is defined.

2. Let a denotes the maximum value of m(v);v € V(G).

3. If v is a vertex such that n”(v) is defined, choose a vertex u such that uv € E(G) and
call it N(v). That is, N(v) = u.

Comment: There can be more than one such vertices u, which have an edge with v.
In that case we fix up any one of these and call it N (v).

r

4. Let r > 0 be any real and 0 := 13-

5. For 0 < k < « and for v € V(G), let r(v) :=r 4+ om(v).

As a common practice in most analytic proofs, the purpose of the above particular choice
of § > 0 will be cleared later, in our proofs.

Remark 3. For any triplet {p, q, s}, r(p) = r(q) = r(s) = r+ Im(p). Similarly, it is same on
every pair and on the residual independent set.

3 Mapping the graph to a Euclidean space In this section, we map the vertices
of our given graph to a Euclidean space. This mapping will be done in a way that the
corresponding SIG becomes isomorphic to the given graph. The bijection will be proved in
the next section.

Each triplet, as per the previus section, will determine two dimensions of the Euclidean
space, while the pairs will determine a single dimension. The final independent set will be
considered in a separate manner later, while assigning new dimensions to the vertices.

Below we present the detailed algorithm to ensure the same.

Algorithm 4Step 1. Let G be a Ky o-free graph, of size n(> 2), without an isolated vertez.

Step 2. Apply Algorithm 1 on G to categorize its vertices into triplets, pairs and an indepen-
dent set.

Step 3. Repeat this Step, for each k =0,1,...a. Findv € V(G) with m(v) = k.

Case 1. There is a triplet {p, q, s} such that m(p) = m(q) = m(s) = k and n(p) is defined.
Without loss of generality, we assume that qs ¢ E(G). We define ¢y and coy,)
on vertices of G as follows. Let v € V(G).

Case 1.1. If m(v) < k, then we define

ik (V) := oy (v) == §r(p).



Case 1.2. If m(v) =k, then v € {p,q,s}. Define

0 ifv=q 0 ifv=s
cimy(v) =19 r(p) ifv=p andcyp(v) =4 r(p) ifv=p
2r(p) ifv=s 2r(p) ifv=gq.

Case 1.3. If k <m(v) < o, then we define

2r(p) + r(v) if vp ¢ E(G),vq ¢ E(G) and vs ¢ E(G)
2r(p) + r(v) if vp ¢ E(GQ),vq ¢ E(G) and vs € E(Q)
r(p) + r(v) if vp € E(Q),vq ¢ E(G) and vs ¢ E(G)
Ci(k) (v) := r(p) + r(v) if vp € E(GQ),vq ¢ E(G) and vs € E(Q)
r(p) +r(v)—3 ifvp € E(G),vqg € E(G) and vs € E(Q)
r(p)+r(v)—3d ifvp ¢ E(G),vqg € E(G) and vs ¢ E(G)
r(p) +r(v) =6 ifvp € BE(G),vq € E(G) and vs ¢ E(G)
and
2r(p) + r(v) if vp ¢ E(G),vq ¢ E(G) and vs ¢ E(QG)
r(p)+r(v)—0 ifvp ¢ E(G),vqg ¢ E(G) and vs € E(G)
r(p) + r(v) if vp € E(G),vq ¢ E(G) and vs ¢ E(Q)
caiy(v) :=q r(p) +7(v) =6 ifvp € E(G),vq ¢ E(G) and vs € E(G)
r(p)+r(v) =46 ifvp € E(G),vq € E(G) and vs € E(G)
2r(p) + r(v) if vp ¢ E(G),vq € E(G) and vs ¢ E(G)
r(p) + r(v) if vp € E(G),vq € E(G) and vs ¢ E(G)

Note that if vp ¢ E(GQ),vq € E(G) and vs € E(G), then the induced subgraph
of G on the vertices p, q, s and v is isomorphic to Kz 2y, which is not possible.

Case 1.4. If m(v) = «, define
_ _J ) i N e{paqs}
o) =en®i={ 30, N0 g il
Case 2. There is a pair {p,q} such that n'(p) is defined and m(p) = m(q) = k. We define
ci(k) on vertices v € V(G) as follows:
Case 2.1. If m(v) < k, define c1x)(v) := 37(p).
Case 2.2. If m(v) =k, then v € {p,q}. Define
0 if v =
e ={ ) fu2t
Case 2.3. If k <m(v) < o, then we define
(v) = 2r(p) + r(v) if vp ¢ E(GQ) and vq ¢ E(G)
A= r(p)+r(w) =6 if vp € E(G) and vq € E(G).
Case 2.4. If m(v) = a, we define
1 (V) = { r(p) if N(v) € {p,q}
TR 2e(p) i N () ¢ {poal-

Case 3. k = a. Assume that there are exactly ng vertices vy, ...,v,, Such that m(vy) =
-+ =m(vp,) = . For eachl=1,...,n9, we define

0 ifv=u
Co (k) (V) = § T(v1) if vu; € E(Q)
r(v) +r(v) ifvy ¢ E(G)



Step 4. Define c1/ and cor on vertices uw € V(G) as follows:

Case 1. n(u) is defined. Then there ezist two other vertices vi and ve such that m(vy) =

m(ve) = m(u). Define

\_/
S~—
|
—~
o
3

(crr(u), e (u = (0,7(u)),
(c1r(v1), e (v1)) = (r(u),0)
and  (cr(v2),co(v2)) = (r(u)

Case 2. n'(u) is defined. Then there exists only one other vertex v such that m(v) = m(u).

Define
(cr(u), e (u)) := (0,7(u)) and (cr(v), cx(v)) := (r(u),0).
Case 3. n'"(u) is defined. Define (cy(u), o (u)) := (0,0).
Step 5. Let dy := [logya] and P := {p : p[j] = 1 or — 1} C R%. In this step we choose a

point in R corresponding to every triplet and pair.

For each k = 0,1,...,a — 1, pick a different point from P, say p) € P and let py =
(r —9)p. Also let

Sp={v:m)<a & m)=k}U{v:mw)=a & m(Nw))=F%L }.
Now append py, to each s € Sk.

Remark 5. Note that S NSy = 0, for all k # k’. Therefore the last step above, won’t add
more than [log, @] dimensions to our mapping.

Remark 6. Further, every vertex is appended with [log, «] coordinates in the mapping, as
for every vertex v such that n”(v) is defined, there exists at least one u such that u = N(v)
and n”(u) is not defined. Otherwise, v has to be an isolated vertex in our graph, which is
not the case.

4 The mapping is an isomorphism In the previous section, we mapped the vertex set
on a Euclidean space by assigning the coordinates with respect to each triplet, pair and the
independent set. For convenience, we will use the same symbol v for the image of v, under
this mapping.

In this sense, the vertex set V(G) is now projected in a Euclidean space endowed with
sup metric. We now prove that the SIG of this mapped vertex set is isomorphic to our
given graph. We prove our main result through a series of claims.

In the sequel, for u,v € G we will use the notation |cx(u)—ck (v)|, even when ¢y, represents
a pair of Euclidean dimensions. In that case, as an abuse of notation, it will represent the
sup-norm in those two dimensions.

Lemma 7. For allv € V(G), we have r, < r(v).
Proof. Let u € V(G). We have the following cases:
Case 1. n(u) is defined. Then there exist v; and vy such that n(vy) = n(va) = n(u).

Case 1.1. vivy ¢ E(G). Then uv; € E(G) & wwve € E(G). Note that it is enough to prove
that p(u,v1) < r(u). Therefore it is enough to prove that

(2) lulj] — v1[j]] < r(u), for each j =1,2,...

We verify (2), for each co-ordinate separately. First let k = {0,1,...,a}.



Case 1.1.1. k = m(u). Then the only possibilities for c; ) and cy() are

ciary (u) = r(u) = camy (), crry(v1) € {0,2r(w)} and co) (v1) € {0, 27 (u)}.

Thus (2) is verified for c; ) and cy(x), as we have

lerry (u) — crry(v1)] = r(u) = [eary (u) — coqry(v1)]-

Case 1.1.2. k < m(u). Let v3 € V(G) be such that m(vs) = k.
Case 1.1.2.1. n(vs) is defined. In this case, we have
ey (u) = 2r(v3) 4+ 7(u) or r(vs) +r(u) or r(vs) +r(u) — ¢’
‘e1ky(v1) = 2r(v3) + r(v1) or 7(v3) + r(v1) or 7(v3) +r(vy) — &
Hence we see that

ek (u) — iy (v1)] < r(vs) +6 =1+ 0k +0 < r+ dm(u) = r(u).

The second inequality above holds, as we have m(u) > k + 1. Similarly,
we obtain

|leagry (1) — cary(v1)| < r(u).
Case 1.1.2.2. n/(v3) is defined. In this case, we have
ey (w) = 2r(v3) +r(u) or r(vs) +r(u) -0’
ey (v1) = 2r(v3) + r(vy) or 7(vs) +r(vy) — &
Hence. as earlier, we see that

e1(ry(w) — crpy(v1)| < r(vs) + 6 < r(u).

Case 1.1.3. k> m(u). Let v3 € V(G) be such that m(vs) = k.
Case 1.1.3.1. n(vs) is defined. Then

cimy(u) = %T(’Ug) and ¢y (v1) = %r( 3).
Therefore [cy () (u) — cl(k)(v1)|
Similarly, |ear)(u) — caek)y(v1)| = 0. Similarly we deal with the case when
n/(vs) is defined.
Case 1.1.3.2. n'’(v3) is defined. For each I =1,2,...,i, we have
Cuy (k) (w) = 7(v3) or 7(v3) + r(u)
and c,, (k) (v1) = 7(v3) or r(vs) 4 7(v1)
Therefore [c,, () (u) — ¢y, (r) (v1)] < 7(u).
Also note that max{|cy/(u) — ¢1/(v1)], |ear (u) — cor(v1)|} = r(u) and
max{|pm(u) [.ﬂ - pm(vl)[j” g=12,... } = 0.
This verifies (2) and hence, in this case r, < r(u).
Case 1.2. Either uv; ¢ E(G) or uvy ¢ E(G). Let uv; ¢ E(G). Then we have uvy € E(QG)
and v1ve € E(G). This case is similar to Case 1.1.

Case 2. n/(u) is defined. This case is analogous to Case 1.

Case 3. n”(u) is defined. Then there is v such that N(u) = v. Therefore uv € E(G). Let
ke {0,1,...,a}.

Case 3.1. k=m(u). For [ =1,2,...,n0, ¢y ) (u) =0 or 2r(u).
If ¢y, k) (u) = 0, we have c,, () (v) = r(u).
If cy, (k) (1) = 2r(u), we have c¢,, ) (v) = r(u) or r(u) +7(v).
In both cases, we have |c,, ) (1) — ¢y, ) (V)] < 7(u).



Case 3.2. k < m(u). Let w € V(G) be such that m(w) = k.

Case 3.2.1. n(w) is defined.

Case 3.2.1.1. m(v) = k. Then we have
ciky(u) = r(v) and ¢y (v) = 0,7(v) or 2r(v). Then

leiry (u) — ey (V)| S r(v) =7+ 6k <7+ 0m(u) = r(u).

Similarly, we have [ca()(u) — coar) (V)] < 7(u).
Case 3.2.1.2. m(v) # k. Then we have ¢ (u) = 2r(v) and
1) (v) = 2r(w) + r(v), r(w) + r(v), r(w) +r(v) — § or 3r(w). Again, we
have
[e1(r) (1) = eagay (V)] < 7(v) < r(u).
Case 3.2.2. n/(w) is defined.

Case 3.2.2.1. m(v) = k. Then we have
ci(ky(u) = r(v) and ¢y (v) = 0 or r(v). Then we see that

[e1(r) (1) = eagay (V)] < 7(v) < r(u).

Case 3.2.2.2. m(v) # k. Then we have c)(u) = 2r(v) and cig)(v) = 2r(w) +
r(v),r(w) + r(v) — & or 2r(w). Hence

le1ry (w) — ey (V)] < r(v) < 7(u).
Also, as earlier, we have
max{|cy/ (u)—c1/(v)], [cor (u)—cor (v)|} = r(v) < r(uw) and max{|pm ) [J]=Pmw ]l : 7 =1,2,...} =0.
This implies that p(u,v) = r(u). Therefore r,, < r(u).
Hence the result. O
Lemma 8. For all v € V(G), we have r, > r(v).
Proof. Let vi,vy € V(G).
Case 1. There is some k < « such that vy, vy € S.
Case 1.1. Either m(v1) < a or m(v2) < o. Then we have
max{|c; (v1) — ¢ (v2)| 1 i = 1,2} = r(v1).

Case 1.2. m(v1) = m(ve) = . Then vivy ¢ E(G) and we have
Coy (n7(v1)) (V1) = 0 and ¢y, (7 (vy)) (v2) = 7(v1) + 7(v2). Therefore

oy (n77 (1)) (V1) = Coy (nr (o)) (V2)| = 7(v1) + 7(v2) > 7r(v1).

Case 2. v; € S, and va € Sk,, where k1 # ko. Then, by our construction

max{|pm(v1) [Z] — pm(vg)[iH = 1, 2, . }

ZQ(T_?) :2(712_2n-7|12)
—ar(a) ()
>r() - =r(l+5)

T+k1(nL+2) =7r+kid
=r(v1).



This implies p(v1,v2) > r(v1) = ry, > r(v1), which establishes our lemma. O
The following is immediate from Lemma 7 and Lemma 8.
Proposition 9. For all v € V(G), we have r, = 1(v).
Lemma 10. If vi,va € V(G) are such that vive ¢ E(G), then p(vi,va) > ry, + Toy-
Proofase 1. Either n”(vy) or n”(vg) or both n'(v1) and n”(vy) are defined. Without loss
of generality, let n”(v1) is defined. Then ¢, (nr(v,))(v1) = 0 and ¢, (nr(v,))(v2) =
r(v1) + 7(ve). Hence
p(v1,v2) = max{lu[j] —va[jl] : 7 = 1,2,...}
2 [ vy (77 (01)) (V1) = oy (77 (1)) (V2)]
=r(v1) + r(v2) =1y, + To,-

Case 2. Both n”’(vy) are n”(vs) not defined.

Case 2.1. m(v1) = m(ve). Clearly by our construction, the case that both n’(v1) and n/(v2)
are defined fails, as in that case viv, € E(G). Therefore both n(vy) and n(vs)
must be defined and n(vy) = n(vz). Then, we have c;(,(y,))(v1) = 0 or 27(vy).

AlSo ¢y (n(v,))(v1) = 0 implies ¢; (v, (v2) = 2r(v1)
and ¢y (n(v,))(v1) = 2r(v1) implies ¢y (v, ))(v2) = 0.
Therefore, |ci(n(v,)) (V1) = C1(n(wr)) (v2)] = 2r(v1) = 74, + 74, and hence
,0(’01,1}2) = maX{|v1[j] - UZ[]” =12, }
2 [Cur (o) (V1) = Cor (n(on)) (v2)]
=7r(v1) +7r(v2) =710, + 7oy

Case 2.2. m(vy) # m(vz). Let m(vy) = ki and m(ve) = ko. Without loss of generality,
assume that ki < ks.

Case 2.2.1. n(vy) is defined. Then ¢;(p(v,))(v1) = 0 or 7(vy) or 2r(vy). In each of the
following arguments, we look at the possibilities from our construction.
If cl(m(ul))(vl) = 0 then

Cl(m(v)) (V2) = 2r(v1) +7(v2) or 7(v1) + r(v2).
If ¢1(m(vy)) (v1) = 7(v1) then
Ci(m(v1))(V2) = 2r(v1) +7r(v2) or r(v1) +7r(v2) — 6.
Incase ¢i(m(v,))(v2) = r(v1) + r(v2) — 6, we have
Co(m(vy)) (V2) = 2r(v1) +7(v2). Already co(m(vy)) (v1) = 7(v1).
If ¢1(m(uy)) (V1) = 2r(v1) then cagm(p,))(v1) = 0 and
Cl(m(v)) (V2) = r(v1) +7(v2), 27 (v1) + r(v2) or r(vy) +r(v2) — 4.

Therefore
Co(m(vy)) (V2) = 2r(v1) +7(v2) or 7(vy) + 7r(v2).
Hence we observe that

p(vr,v2) = max{lo[j] —valf]] : j = 1,2,...}

> max{|ci(m(vl))(v1) — Ci(m(vl))(UQ)l 1i=1,2}
> r(vy) +1(ve) =Ty, + Toy-



Case 2.2.2. n/(v1) is defined. Then we have ¢;(y,(v,))(v1) = 0 or 7(v;) and
Cl(m(un)) (V2) = 2r(v1) + 7(v2). Hence

p(v1,v2) = max{|vi[j] —velj]| : 5 = 1,2,...}
> [C1(m(v1)) (V1) = C1(m(vr)) (v2)]
> r(v1) +1(v2) =Ty + Tosy-

This proves our lemma. [
Lemma 11. If vi,ve € V(QG) are such that vive € E(G), then p(vy,v2) < Ty, + Ty,-
Proof. Pick vy,v2 € V(G) with vivy € E(G) and let k; = m(vy) and ka = m(v).
Case 1. k1 = ko.
Case 1.1. n”/(vy) is defined. Then n”(vy) is defined. This implies vive ¢ E(G), which is

not the case.

Case 1.2. n/(vy) is defined. Then n’(v3) is defined. Repeat the following steps for k£ = 0 to
a.

Case 1.2.1. k = k1. Then ¢y()(v1) = 0 or r(vy).
If ¢y (k) (v1) = O then ¢y x) (v2) = r(v1) and if ¢y () (v1) = 7(v1) then ¢y ) (v2) =
0. Hence
vy (V1) — ciry (v2)] = 7(v1) = 10,

Case 1.2.2. k > k.

Case 1.2.2.1. k denotes the index of vertices in the independent set (left at the end of
our algorithm), if any.
Then c,, 1y (v1) = r(v) or r(v) +7(v1). Also ¢y, i) (v2) = 7(vy) or r(v) +
r(v1) and therefore

|C”l(k) (’1)1) — Cu(k) (02)| < T(Ul) =Ty, -

Case 1.2.2.2. Otherwise, ¢z (v1) = %r(vo), with vy € V(G) is such that m(vy) = k.
Also ¢q(x)(v2) = S7(vo) and therefore
ey (V1) — ey (v2)] = 0.

If n(vo) is defined, then ¢y is defined and we have
Cagy (V1) = 37(vg) and coxy (v2) = 37(vg). Therefore

leagry (V1) — cary (v2)] = 0.

Case 1.2.3. k < kq.

Case 1.2.3.1. There exists a vertex v € V(G) such that n'(v3) is defined with k =
n’(vz). Then

ik (v1) = 2r(v3) +7(v1) or r(v3) + r(vy) — 6.
Also ¢k (v2) = 2r(v3) +7(v1) or r(v3) + r(v1) — 6. Hence

lerey (V1) — ey (v2)| < r(v3) +6 < r(v) =1y,



Case 1.2.3.2. There exists a vertex vz € V(G) such that n(vs) is defined with k =
n(vs). Then both ¢y (v1) and ¢z (v2) are either

2r(v3) 4+ r(v1),7m(v3) + r(v1) or 7(v3) + r(v1) — 0.
Therefore, we have
lergry (v1) = ciy (v2)| < r(vs) +0 < r(vr) =10y
Similarly, [ca(k)(v1) = c2(k)(v2)] < 7,
Case 1.2.4. (c1/(v1),c2(v1)) = (0,7(v1)) or (r(v1),0).
If (e1/(v1),co(v1)) = (0,7(v1)), then (c1/(v2), car (v2)) = (r(v1),0).
If (c1/(v1),c(v1)) = (r(v1),0), then (c1/(va),co (v2)) = (0,7(v1)). Hence
max{|cy (v1) — cir(v2)] 1 i =1,2} = r(v1) = 14y,
Case 1.2.5. max{[py,(v,)[f] = Pm(uo)[ill 11 =1,2,...} = 0.

Therefore, if n/(v1) and n'(vy) are defined and n'(vy) = n/(vs2), then
p(V1,v2) STy < Ty F Ty

Case 1.3. n(vy) is defined. Then n(vq) is also defined.

Case 1.3.1. k = ky. Then ¢y () (v1) = 0,7(v1) or 2r(vy).
If ¢ (xy(v1) = 0 then ¢y (v2) = r(v1).
If ¢y (xy(v1) = r(v1) then ¢y (v2) = 0 or 2r(vy).
If ¢1 () (v1) = 2r(v1) then gy (v2) = r(v1).
Hence

1)y (v1) = crgy (v2)| = r(v1) = 1oy
Case 1.3.2. k > k;. This case is same as Case 1.2.2.
Case 1.3.3. k < k;. This case is same as Case 1.2.3.
Case 1.3.4. (c1/(v1),c2(v1)) = (0,7(v1)), (r(v1),0) or (r(vy),r(v1)).
(c1/(v2), car(v2)) = (0,7(v1)), (r(v1),0) or (r(v1),r(v1)). Hence

max{|cy (v1) — cir(v2)] 11 =1,2} <1 (v1) =714y

Case 1.3.5. max{|py,(v,)[i] = Pm(uo)[ill 14 =1,2,...} = 0.

Therefore, if n(vy) and n(vy) are defined such that n(vi) = n(ve) and vivy €
E(G), then we have
P(UhUQ) S Tv1 < Tv1 + Ty, -

This proves the result for the case m(vi) = m(v2).

Case 2. k1 # ko. Without loss of generality, assume that k1 < ko. Repeat the following for
k=0 to a.

Case 2.1. k < k1.
Case 2.1.1. There exists some vs € V(G) such that n(vs) = k. Therefore

ik (v1) = 2r(v3) + r(v1),r(v3) +7(v1) or r(vs) +7(v1) — 0,
ciry (v2) = 2r(v3) + r(va), r(v3) + 7(v2),7(v3) +7r(v2) — J,2r(v3) Or (V3).
Hence we obtain
|Cl(k)(v1) — Ci(k) (Ug)‘ < T(’Ul) + 7"(1)2) =Ty, T Tuy-

Similarly, [cok)(v1) — cor)(v2)] < 7oy + Toy-



Case 2.1.2. There exists v3 € V(G) be such that n'(vs) is defined and n'(vs) = k. Then
we see that

ciky(v1) = 2r(v3) +r(vy) or r(vs) +7(vy) — 0.

ik (v2) = 2r(v3) + 7(v2), r(v3) + r(v2) — 0, 27(v3) or r(vs).
Hence |c1(k)(v1) = c1ry(v2)| < 7(v1) + 1(v2) = 70y + Ty
Case 2.2. k=k;.
Case 2.2.1. n(v;) is defined. Then we have ¢y ()(v1) = 0,7(v1) or 2r(vy).
If ¢y (x)(v1) = 0 then ¢y (y)(v2) = r(v1),2r(v1) or r(vy) +r(v2) — 0. Hence we
have
|Cl(k) (1)1) — Cl(k)(vgﬂ < 7‘(1}1) + 7”(’02) =Ty, T Tuy-
If ¢y (x)(v1) = r(v1) then we have

ci(ky(v2) = r(v1),2r(v1), r(v1) + r(v2) or r(vi) + r(v2) — 6.

Hence, as earlier
le1ey (V1) = e1ey (v2)| < 7(v1) 4+ 7(v2) = Ty + Ty
If ¢y () (v1) = 2r(vy1) then
ik (v2) = 7(v1), 2r(v1), 2r(v1) + r(ve), r(v1) + 7(v2) or r(vi) + 7(ve) — 6.

Therefore [cy(y)(v1) — c1ry(v2)| < 7(v1) +7(V2) = T4, + 70y
Similarly, we obtain

leaqry (V1) = Cahy (V2)] < Ty + Ty

Case 2.2.2. n/(vy) is defined. Then we have
ci(ky(v1) = 0 or 7(v1) and ¢y ) (v2) = 7(v1), 27 (v1) or r(vy)+7(v2) —d. Hence
le1ry (V1) — 1y (v2)| < 7(v1) +7(v2) = 1y) + 7oy
Case 2.3. k1 < k < ka. Then there exists vs € V(G) such that m(vs) = k.
Case 2.3.1. n(v3) is defined. Then we have ¢y (v1) = 3r(v3) and

ik (v2) = 7(v3), 21 (v3), 27 (v3) + r(v2), r(v3) + 7(v2) OF 7(V3) + 7(V2) — .

Case 2.3.2. n'(vs) is defined. Then we have ¢;(;)(v1) = 3r(v3) and
c1(ky (v2) = 7(v3), 27 (v3), 21 (v3) + r(v2) OF 7(V3) + 7(V2) — 0.
Therefore, in both of the above cases, we observe that

le1(ky (V1) = 1y (v2)] < r(vr) +7(v2) = 1oy + Ty

Case 2.4. k = ks.

Case 2.4.1. n(vz) is defined. Then c;()(v1) = 37(v2) and ¢ (x)(v2) = 0,7(v2) or 2r(vs).
Therefore, we have

le1ey (V1) = 1y (v2)| < 7(v1) 4+ 7(v2) = Ty + Ty
Similarly, we obtain

leaqry (V1) — ok (V2)] < Ty + Ty



Case 2.4.2. n'(vs) is defined. Then ¢y (v1) = 37(v2) and ¢y (v2) = 0 or 7(v2).

Case 2.4.3. n"(vg) is defined. Then c,, (1) (v2) = 0 and ¢y, ) (v1) = 7(v2).
Also, for v; # vy such that n”’(v;) is defined, we have c,, ) (v2) = r(v;) +
r(ve) = 2r(ve) and ¢, (x)(v1) = r(ve) or 7(v1) + r(ve). Hence

|C,Ul(k)(’01) = Cyy(k) (UQ)‘ < T(Ul) + T’('UQ) = Ty, + Tyg-

Case 2.5. k > ky. Then there exists vs € V(G) such that m(vs) = k.
3

Case 2.5.1. n(v3) is defined. Then c;(y)(v1) = 37(vs3) and cy(x)(v2) = 37r(vs). Hence
[C1gmy (v1) = 1y (v2)| = 0 <7 (1) +7(v2) = Ty + 70,

Case 2.5.2. n'(v3) is defined. Then ¢y (v1) = 37(vs), cr() (v2) = 37(v3). Hence |ey () (v1)—
ey (v2)] = 0 < 7r(vy) +7(v2) = 14y + 70y

Case 2.5.3. n”(v3) is defined. Then we have c,,x)(v1) = r(v;) or r(v;) + r(v1) and
Coy (k) (V2) = () or r(vy) + r(v2). Hence

|Coy (k) (V1) = Coy iy (V2)| < 7(v1) +7(V2) = T4y + Ty

Case 2.6. (c1(v1), ez (1)) = (0,7(v1)), (r(v1),0) or (r(vr),r(v1)).
(er(v2), c2r (v2)) = (0,7(v2)), (r(v2), 0), (r(v2),r(v2)) or (0,0).
Therefore |c1/(v1) — c1/(v2)| < r(vy) + r(ve) = 1y, + To,.

Also |cgr (v1) — cor(v2)] < 1(v1) + 1(v2) = T4y + 70, Hence

max{|cy (v1) — cir(v2)| 11 =1,2} < 7y + Ty
Case 2.7. Let pg,, be associated with v; and py,, be associated with vs.
Then, either |py,, — px,, | =0 or
Dk, — Pryy | = 2(r = 6) < r(v1) +1r(v2) = 7oy + Ty
This proves the result for the case m(v1) # m(ve). Hence the result. O
The previous two lemmas essentially prove the following theorem.
Theorem 12. For vy,v2 € V(G), we have
v1vg € E(G) if and only if p(v1,v2) < 1y, + Ty

Therefore the SIG of our mapping of V(&) on the Euclidean space is isomorphic to G.
In other words, G is realizable in a Euclidean space, whose dimension is fixed according to
our algorithm. Next we will count the dimension of this Euclidean space.

5 The Main Result We need the following result from [1, Corollary 9].

Lemma 13. If G is a graph of order n with no isolated vertex. If G has an independent set

of sizet > 1, then
SIG(G) <n—1—1t+ [logyt].

Remark 14. In Step 3 of our construction, we attach [log, a] co-ordinates to each vertex.
As o < n/2, we attach maximum [log,| 5 || co-ordinates. Since

[1og2 EH < [logz ﬂ = Mlogyn — log, 2] = [logyn] — 1

we attach maximum [log, n] — 1 co-ordinates.



Now we prove the main result of this paper.

Theorem 15. Let G be a Kz 2-free graph with n(> 2) vertices. If G has no isolated vertez,
then

SIG(G) < fﬂ + [logyn] + 1.

Proof. Let S :={v:v € V(G) and n”(v) is defined}. Let |S| = . Using our construction
in Section 3 along with Remark 14, we obtain

2 2 1
SIG(G) < g(n—ﬁ) + B+ ([loggn] —1)+2= §n+ gﬁ—i- [logon] + 1.
If 3 = 7%, then
2n n 3n
SIG(G) < — + — + [logan] + 1= — + [loggn] + 1.

3 1 4

If 3 < %, then 8 =% — k, for some k > 0 and we have

2 k 3
SIG(G) < §”+%f§+ﬂog2m +1< =2 + Tlogyn] + 1.

If 3> 7%, then 8 = 7 + k, for some k > 0 and then the maximum independent set

has cardinality greater than or equal to 7 + k. Let ¢ be the cardinality of the maximum
independent set of GG. Then t > % + k. Also, as in Lemma 13, we have

1]
2]
3]

SIG(G) <n—1—t+ [logyt].

Therefore,

SIG(G) < % —k—14logyt] < ?%1 + [logyn].

Hence, we have proved that SIG(G) < 2 + [log, n] + 2. Hence

SIG(G) < WJ + [logy n] + 1. O

REFERENCES

E. Boyer, L. Lister and B. Shader, Sphere Of Influence Graphs Using the Sup-Norm, Mathe-
matical and Computer Modelling 32 (2000) 1071-1082.

L. S. Chandran, R. Chitnis and R. Kumar, On the SIG-dimension of trees under the Loo-
metric, Graphs and Combinatorics 29(4) (2013) 773-794.

T. S. Michael and T. Quint, Sphere of influence graphs in general metric spaces, Mathematical
and Computer Modelling 29(7) (1999) 45-53.

T. S. Michael and T. Quint, Sphere of influence graphs and the Loo-metric, Discrete Applied
Mathematics 127 (2003) 447-460.

R. Kumar and S. P. Singh, SIG-Dimension Conjecture proved for Graphs having a Perfect
Matching, accepted for publication in, Discrete Mathematics: Algorithms and Applications.

G. T. Toussaint, Pattern recognition and geometric complezity, Proceedings of the 5th Inter-
national Conference on Pattern Recognition (1980) 1324-1347.

G. T. Toussaint, Computational geometric problems in pattern recognition, Pattern Recognition
Theory and Applications, NATO Advanced Study Institute, Oxford University (1982) 73-91.



[8] G. T. Toussaint, A graph-theoretic primal sketch, Computational Morphology, Elsevier, Ams-
terdam (1998) 220-260.

[9] G. T. Toussaint, Sphere of Influence Graph: Theory and Applications, International Journal
of Information Techonology & Computer Science, 14(2) (2014) 37-42.

Communicated by Hiroaki Ishii

Authors: Ramanjit Kumar, email: ramanjit.graphtheory@gmail.com 6, Ganga Enclave,
Sundar Nagar, Kot Khalsa, Amritsar, Punjab, India.

and Surinder Pal Singh, email: sps@pu.ac.in, Department of Mathematics, Panjab Uni-
versity, Chandigarh, India. (Corresponding Author)



