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Abstract

We prove that an ordered hypersemigroup H is left (resp. right) reg-
ular if and only if every left (resp. right) ideal of H is semiprime and it is
intra-regular if and only if every ideal of H is semiprime. Then we prove
that an ordered hypersemigroup H is left (resp. right) regular if and only
if every fuzzy left (resp. right) ideal of H is fuzzy semiprime and it is
intra-regular if and only if every fuzzy ideal of H is fuzzy semiprime.

1 Introduction and prerequisites

A semigroup (S, ·) is left (resp. right) regular if and only if every left (resp.
right) ideal of S is semiprime, it is intra-regular if and only if every ideal of S is
semiprime (cf. [1; Theorems 4.2, 4.4]). For an ordered semigroup (S, ·,≤) and
a subset A of S, we denote by (A] the subset of S defined by (A] = {t ∈ S | t ≤
a for some a ∈ A}. An ordered semigroup (S, ·,≤) is called left regular if for
every a ∈ S there exists x ∈ S such that a ≤ xa2. This is equivalent to saying
that a ∈ (Sa2] for every a ∈ S or A ⊆ (SA2] for every A ⊆ S. It is called right
regular if for every a ∈ S there exists x ∈ S such that a ≤ a2x, equivalently if
a ∈ (a2S] for every a ∈ S or A ⊆ (A2S] for every A ⊆ S. An ordered semigroup
(S, ·,≤) is called intra-regular if for every a ∈ S there exist x, y ∈ S such that
a ≤ xa2y. This is equivalent to saying that a ∈ (Sa2S] for every a ∈ S or
A ⊆ (SA2S] for every A ⊆ S. We have seen in [10] that an ordered semigroup
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S is left (resp. right) regular if and only if the left (resp. right) ideals of S are
semiprime and it is intra-regular if and only if the ideals of S are semiprime. We
have also seen that an ordered semigroup S is left (resp. right) regular if and
only if the fuzzy left (resp. fuzzy right) ideals of S are semiprime and it is intra-
regular if and only if the fuzzy ideals of S are semiprime. In the present paper
we examine these results for an hypersemigroup. For the sake of completeness,
let us first give some definitions-remarks already given in [7, 8].

An hypergroupoid is a nonempty set H with an hyperoperation

◦ : H × H → P∗(H) | (a, b) → a ◦ b

on H and an operation

∗ : P∗(H) ×P∗(H) → P∗(H) | (A,B) → A ∗ B

on P∗(H) (induced by the operation of H) such that

A ∗ B =
∪

(a,b)∈A×B

(a ◦ b)

for every A,B ∈ P∗(H) (P∗(H) is the set of nonempty subsets of H). As
the operation “∗” depends on the hyperoperation “◦”, an hypergroupoid can
be denoted by (H, ◦) (instead of (H, ◦, ∗)). If (H, ◦) is an hypergroupoid and
A,B,C,D ∈ P∗(H), then

A ⊆ B, implies A ∗ C ⊆ B ∗ C and C ∗ A ⊆ C ∗ B. Equivalently,
A ⊆ B and C ⊆ D implies A ∗ C ⊆ B ∗ D and C ∗ A ⊆ D ∗ B.

We also have H ∗ H ⊆ H.
If H is an hypergroupoid then, for every x, y ∈ H, we have

{x} ∗ {y} = x ◦ y.

Indeed, {x} ∗ {y} =
∪

u∈{x},v∈{y}
(u ◦ v) = x ◦ y.

The following proposition, though clear, plays an essential role in the theory
of hypergroupoids.

Proposition 1.1. Let (H, ◦) be an hypergroupoid, x ∈ H and A,B ∈ P∗(H).
Then we have the following:

1. x ∈ A ∗ B ⇐⇒ x ∈ a ◦ b for some a ∈ A, b ∈ B.

2. If a ∈ A and b ∈ B, then a ◦ b ⊆ A ∗ B.

Lemma 1.2. [7] Let (H, ◦) be an hypergroupoid and Ai, B ∈ P∗(H), i ∈ I.
Then we have the following:

(1) (
∪
i∈I

Ai) ∗ B =
∪
i∈I

(Ai ∗ B).

(2) B ∗ (
∪
i∈I

Ai) =
∪
i∈I

(B ∗ Ai).
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An hypergroupoid H is called hypersemigroup if, for every x, y, z ∈ H, we
have

{x} ∗ (y ◦ z) = (x ◦ y) ∗ {z}

which is equivalent to saying that {x} ∗
(
{y} ∗ {z}

)
=

(
{x} ∗ {y}

)
∗ {z} for

every x, y, z ∈ H. If we like, we can identify the {x} by x and the {z} by z and
write x ∗ (y ◦ z) instead of {x} ∗ (y ◦ z) and (x ◦ y) ∗ z instead of (x ◦ y) ∗ {z}.
So the associativity relation of an hypergroupoid can be also given, for short,
as x ∗ (y ◦ z) = (x ◦ y) ∗ z.

Lemma 1.3 [7] If (H, ◦) is an hypersemigroup and A,B,C ∈ P∗(H), then we
have

(A ∗ B) ∗ C =
∪

(a,b,c)∈A×B×C

(
(a ◦ b) ∗ {c}

)
=

∪
(a,b,c)∈A×B×C

(
{a} ∗ (b ◦ c)

)
= A ∗ (B ∗ C)

=
∪

(a,b,c)∈A×B×C

(
{a} ∗ {b} ∗ {c}

)
.

Thus we can write (A ∗B) ∗C = A ∗ (B ∗C) = A ∗B ∗C. As a consequence, for
any product A1 ∗A2 ∗ .....∗An of elements of P∗(H) we can put the parentheses
in any place beginning with some Ai and ending in some Aj (1 ≤ i, j ≤ n).
In addition, using induction, we have the following which gives the form of the
elements of the set A1 ∗ A2 ∗ ..... ∗ An.

Lemma 1.4. For any finite family A1, A2, ..., An of elements of P∗(H), we have

A1 ∗ A2 ∗ ..... ∗ An =
∪

(a1,a2...an)∈A1×A2×...×An

(
{a1} ∗ {a2} ∗ ... ∗ {an}

)
.

For an hypergroupoid H, we denote by (A] the subset of H defined by

(A] := {t ∈ H | t ≤ a for some a ∈ A}.

Exactly as in ordered semigroups, we have (H] = H and ((A]] = (A] for any
nonempty subset A of H.
The results of the present paper hold not only for the elements but for the
subsets of H as well which shows the pointless character of the results.

2 A characterization of left regular (resp. intra-
regular) ordered hypersemigroups in terms of
semiprime left ideals (resp. ideals)

Notation 2.1. Let (H, ◦) be an hypergroupoid and “≤” an order relation on
H. Denote by “¹” the relation on P∗(H) defined by

¹:= {(A,B) | ∀ a ∈ A ∃ b ∈ B such that (a, b) ∈≤}.
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So, for A,B ∈ P∗(H), we write A ¹ B if for every a ∈ A there exists b ∈ B
such that a ≤ b. This is a reflexive and transitive relation on P∗(H), that is, a
preorder on P∗(H).

A semigroup (S, ·) is called an ordered semigroup if there exists an order
relation “≤” on S such that (a, b) ∈≤ implies (ac, bc) ∈≤ and (ca, cb) ∈≤ for
every c ∈ S. Using the notation a ≤ b instead of (a, b) ∈≤, we write a ≤ b
implies ac ≤ bc and ca ≤ cb for every c ∈ S. The definition of the ordered
semigroup can be naturally transferred to hypersemigroups as follows:

Definition 2.2. (cf. also [13]) Let (H, ◦) be an hypergroupoid and “≤” an order
relation on H. Then H is called an ordered hypergroupoid, denoted by (H, ◦,≤),
if given an element (x, y) ∈≤, we have (x ◦ z, y ◦ z) ∈¹ and (z ◦ x, z ◦ y) ∈¹ for
every z ∈ H. In other words,

x ≤ y implies x ◦ z ¹ y ◦ z and z ◦ x ¹ z ◦ y for all z ∈ H.

The concept of right regular ordered semigroups introduced by Kehayopulu
in [4] is as follows: An ordered semigroup (S, ·,≤) is called right regular if
for every a ∈ S there exists x ∈ S such that a ≤ a2x. Later, in an analogous
manner she defined and studied the left regular ordered semigroups: An ordered
semigroup S is called left regular if for every a ∈ S there exists x ∈ S such that
a ≤ xa2. The concept of left regular ordered semigroups is naturally transferred
to an ordered hypersemigroup H as follows: for every a ∈ H, there exists x ∈ H
such that {a} ¹ {x}∗(a◦a). (Clearly {x}∗(a◦a) = (x◦a)∗{a} = {x}∗{a}∗{a}).
This leads to the following definition.

Definition 2.3. An ordered hypersemigroup H is called left regular if for every
a ∈ H there exist x, t ∈ H such that t ∈ {x} ∗ (a ◦ a) and a ≤ t.
It is called right regular if for every a ∈ H there exist x, t ∈ H such that
t ∈ (a ◦ a) ∗ {x} and a ≤ t.

Proposition 2.4. Let H be an ordered hypersemigroup. The following are
equivalent:

1. H is left regular.

2. a ∈
(
H ∗ (a ◦ a)

]
for every a ∈ H.

3. A ⊆ (H ∗ A ∗ A] for every A ∈ P∗(H).

Proof. (1) =⇒ (2). Let a ∈ H. Since H is left regular, there exist x, t ∈ H
such that t ∈ {x} ∗ (a ◦ a) and a ≤ t. We have

a ≤ t ∈ {x} ∗ (a ◦ a) ⊆ H ∗ (a ◦ a),

so a ∈
(
H ∗ (a ◦ a)

]
.

(2) =⇒ (3). Let A ∈ P∗(H) and a ∈ A. Since a ∈ H, by (2), we have

a ∈
(
H ∗ (a ◦ a)

]
=

(
H ∗ {a} ∗ {a}

]
⊆ (H ∗ A ∗ A],
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thus we get a ∈ (H ∗ A ∗ A], and (3) holds.
(3) =⇒ (1). Let a ∈ H. Since {a} ∈ P∗(H), by (3), we have

a ∈ {a} ⊆
(
H ∗ {a} ∗ {a}

]
.

Then a ≤ t for some t ∈
(
H ∗ {a}

)
∗ {a}. By Proposition 1.1, there exists

y ∈ H ∗ {a} such that t ∈ y ◦ a. Since y ∈ H ∗ {a}, again by Proposition 1.1,
there exists x ∈ H such that y ∈ x ◦ a. We have

t ∈ y ◦ a ⊆ (x ◦ a) ∗ {a} = {x} ∗ (a ◦ a).

Since x, t ∈ H such that t ∈ {x} ∗ (a ◦ a) and a ≤ t, H is left regular. ¤
In a similar way we prove the following:

Proposition 2.5. Let H be an ordered hypersemigroup. The following are
equivalent:

1. H is right regular.

2. a ∈
(
(a ◦ a) ∗ H

]
for every a ∈ H.

3. A ⊆ (A ∗ A ∗ H] for every A ∈ P∗(H).

A subset A of a groupoid or an ordered groupoid S is called semiprime if
x2 ∈ A (x ∈ S) implies x ∈ A [1, 2, 5]. This concept is naturally transferred in
case of hypergroupoids in the definition below:

Definition 2.6. Let H be an hypergroupoid. A nonempty subset A of H is
called semiprime if for every t ∈ H such that t ◦ t ⊆ A, we have t ∈ A.

Proposition 2.7. Let (H, ◦) be an hypergroupoid and A ∈ P∗(H). The follow-
ing are equivalent:

1. A is semiprime.

2. For every T ∈ P∗(H) such that T ∗ T ⊆ A, we have T ⊆ A.

Proof. (1) =⇒ (2). Let T ∈ P∗(H), T ∗ T ⊆ A and t ∈ T . Since t ∈ H and
t ◦ t ⊆ T ∗ T ⊆ A, by (1), we have t ∈ A.
(2) =⇒ (1). Let t ∈ H such that t ◦ t ⊆ A. Since {t} ∈ P∗(H) and {t} ∗ {t} =
t ◦ t ⊆ A, by (2), we have {t} ⊆ A, so t ∈ A, and T is semiprime. ¤
Lemma 2.8. Let H be an ordered hypergroupoid and A,B ∈ P∗(H). Then we
have

(A] ∗ (B] ⊆ (A ∗ B].

Proof. Let t ∈ (A] ∗ (B]. Then t ∈ x ◦ y for some x ∈ (A], y ∈ (B]. Since
x ∈ (A], we have x ≤ a for some a ∈ A. Since y ∈ (B], we get y ≤ b for some
b ∈ B. Since x ≤ a and y ≤ b, we have t ∈ x ◦ y ¹ a ◦ b. Then, there exists
z ∈ a ◦ b such that t ≤ z. We get t ≤ z ∈ a ◦ b, so t ∈ (a ◦ b]. On the other
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hand, since a ∈ A and b ∈ B, we have a ◦ b ⊆ A ∗ B. Then (a ◦ b] ⊆ (A ∗ B],
and t ∈ (A ∗ B]. ¤

The concepts of left and right ideals of ordered groupoids introduced by
Kehayopulu in [3] are naturally transferred in case of ordered hypergroupoids
as follows: A nonempty subset A of an ordered hypergroupoid H is called a left
(resp. right) ideal of H if

1. H ∗ A ⊆ A (resp. A ∗ H ⊆ A) and

2. if a ∈ A and H 3 b ≤ a, then b ∈ A, that is if (A] = A.

It is called an ideal of H if it is both a left and a right ideal of H.

Theorem 2.9. An ordered hypersemigroup H is left regular if and only if every
left ideal of H is semiprime.

Proof. =⇒. Let A be a left ideal of H and a ∈ H such that a ◦ a ⊆ A. Since
H is left regular and a ∈ H, there exist x, t ∈ H such that t ∈ {x} ∗ (a ◦ a) and
a ≤ t. We have t ∈ {x} ∗ (a ◦ a) ⊆ H ∗ A ⊆ A. Then a ≤ t ∈ A, and a ∈ A.
⇐=. Let a ∈ H. We have

(a ◦ a) ∗ (a ◦ a) ⊆ H ∗ (a ◦ a) ⊆
(
H ∗ (a ◦ a)

]
.

The set
(
H ∗ (a ◦ a)

]
is a left ideal of H. Indeed, it is a nonempty subset of H

and we have

H ∗
(
H ∗ (a ◦ a)

]
= (H] ∗

(
H ∗ (a ◦ a)

]
⊆

(
H ∗

(
H ∗ (a ◦ a)

)]
=

(
(H ∗ H) ∗ (a ◦ a)

]
⊆

(
H ∗ (a ◦ a)

]
,

and ((
H ∗ (a ◦ a)

]]
=

(
H ∗ (a ◦ a)

]
(as ((A]] = (A] for any subset A of S). Since

(
H ∗ (a◦a)

]
is semiprime, we have

(a ◦ a) ⊆
(
H ∗ (a ◦ a)

]
, and a ∈

(
H ∗ (a ◦ a)

]
. Then, by Proposition 2.4, H is

left regular.
Now we will give a second proof of the Theorem using only sets: =⇒. Let A be
a left ideal of H and T ∈ P∗(H) such that T ∗ T ⊆ A. Since H is left regular,
by Proposition 2.4, we have T ⊆ (H ∗ T ∗ T ] ⊆ (H ∗ A] ⊆ (A] = A. ⇐=. Let
A ∈ P∗(H). We have

(A ∗ A) ∗ (A ∗ A) ⊆ (H ∗ H) ∗ A ∗ A ⊆ H ∗ A ∗ A ⊆ (H ∗ A ∗ A].

Since (H∗A∗A] is a left ideal of H, it is semiprime, and we have A∗A ⊆ (H∗A∗A]
and A ⊆ (H ∗ A ∗ A]. Thus H is left regular. ¤
In a similar way we prove the following:
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Theorem 2.10. An ordered hypersemigroup H is right regular if and only if
every right ideal of H is semiprime.

Our aim now is to characterize the intra-regular ordered hypersemigroups in
terms of semiprime ideals. The concept of an intra-regular ordered semigroup
introduced by Kehayopulu in [6] is as follows: An ordered semigroup (S, ·,≤) is
called intra-regular if for every a ∈ S there exist x, y ∈ S such that a ≤ xa2y.
This concept is naturally transferred to an ordered hypersemigroup as follows:
For every a ∈ H, {a} ¹ {x} ∗ (a ◦ a) ∗ {y}. This leads to the following definition

Definition 2.11. An ordered hypersemigroup (H, ◦,≤) is called intra-regular
if for every a ∈ H there exist x, y, t ∈ H such that t ∈ {x} ∗ (a ◦ a) ∗ {y} and
a ≤ t.
Clearly, {x} ∗ (a ◦ a) ∗ {y} = (x ◦ a) ∗ (a ◦ y) = {x} ∗ {a} ∗ {a} ∗ {y}.

Proposition 2.12. Let (H, ∗,≤) be an ordered hypersemigroup. The following
are equivalent:

1. H is intra-regular.

2. a ∈
(
H ∗ (a ◦ a) ∗ H

]
for every a ∈ H.

3. A ⊆ (H ∗ A ∗ A ∗ H] for every A ∈ P∗(H).

Proof. (1) =⇒ (2). Let a ∈ H. Since H is intra-regular, there exist x, y, t ∈ H
such that t ∈ {x} ∗ (a ◦ a) ∗ {y} and a ≤ t. We have

a ≤ t ∈ {x} ∗ (a ◦ a) ∗ {y} ⊆ H ∗ (a ◦ a) ∗ H,

so a ∈
(
H ∗ (a ◦ a) ∗ H

]
.

(2) =⇒ (3). Let A ∈ P∗(H) and a ∈ A. By (2), we have

a ∈
(
H ∗ (a ◦ a) ∗ H

]
=

(
H ∗ {a} ∗ {a} ∗ H

]
⊆ (H ∗ A ∗ A ∗ H],

so a ∈ (H ∗ A ∗ A ∗ H] and (3) is satisfied.
(3) =⇒ (1). Let a ∈ H. Since {a} ∈ P∗(H), by (3), we have

a ∈ {a} ⊆
(
H ∗ {a} ∗ {a} ∗ H

]
.

Then a ≤ t for some t ∈ H ∗ {a} ∗ {a} ∗H =
(
H ∗ (a ◦ a)

)
∗H. Then there exist

u ∈ H ∗ (a ◦ a) and y ∈ H such that t ∈ u ◦ y. Since u ∈ H ∗ (a ◦ a), there exist
x ∈ H and w ∈ (a ◦ a) such that u ∈ x ◦ w. We have

t ∈ u ◦ y ⊆ (x ◦ w) ∗ {y} = {x} ∗ {w} ∗ {y} ⊆ {x} ∗ (a ◦ a) ∗ {y}.

For the elements x, y, t ∈ H, we have t ∈ {x} ∗ (a ◦ a) ∗ {y} and a ≤ t, so H is
intra-regular. ¤
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Theorem 2.13. An ordered hypersemigroup H is intra-regular if and only if
every ideal of H is semiprime.

=⇒. Let A be an ideal of H and a ∈ H such that a ◦ a ⊆ A. Since a ∈ H and
H is intra-regular, there exist x, y, t ∈ H such that t ∈ H ∗ (a ◦ a) ∗ {y} and
a ≤ t. Then t ∈ H ∗ (a ◦ a) ∗ {y} ⊆ H ∗A ∗H ⊆ A. Since a ∈ H and a ≤ t ∈ A,
we have a ∈ A. Thus H is semiprime.
⇐=. Let a ∈ H. We have

(a ◦ a) ∗ (a ◦ a) ⊆ H ∗ {a} ∗ {a} ∗ H ⊆
(
H ∗ {a} ∗ {a} ∗ H

]
.

The set
(
H ∗ {a} ∗ {a} ∗H

]
is an ideal of H, so it is semiprime. Hence we have

a ◦ a ⊆
(
H ∗ {a} ∗ {a} ∗ H

]
, and a ∈

(
H ∗ {a} ∗ {a} ∗ H

]
=

(
H ∗ (a ◦ a) ∗ H

]
.

By Proposition 2.12, H is intra-regular.
A second proof of the theorem using only sets is as follows: =⇒. Let A be an
ideal of H and T ∈ P∗(H) such that T ∗ T ⊆ A. Since H is intra-regular, by
Proposition 2.12, we have

T ⊆ (H ∗ T ∗ T ∗ H] ⊆ (H ∗ A ∗ H] ⊆ (A] = A,

so A is semiprime. ⇐=. Let A be a nonempty subset of H. Since (A ∗A) ∗ (A ∗
A) ⊆ (H∗A∗A∗H] and (H∗A∗A∗H] is semiprime, we have A∗A ⊆ (H∗A∗A∗H],
and A ⊆ (H ∗ A ∗ A ∗ H]. ¤

3 A characterization of left regular and intra-
regular ordered hypersemigroups in terms of
fuzzy semiprime subsets

Following Zadeh, any mapping f : H → [0, 1] of a ordered hypergroupoid H
into the closed interval [0, 1] of real numbers is called a fuzzy subset of H (or a
fuzzy set in H) and fA (: the characteristic function of A) is the mapping

fA : H → {0, 1} | x → fA(x) =
{

1 if x ∈ A
0 if x /∈ A.

The concepts of fuzzy right and fuzzy left ideals of an ordered groupoid due to
Kehayopulu-Tsingelis [9] are naturally transferred to an ordered hypersemigroup
as follows:
Definition 3.1. Let H be an ordered hypergroupoid. A fuzzy subset f of H is
called a fuzzy left ideal of H if

1. f(x◦y) ≥ f(y) for all x, y ∈ H, in the sense that if x, y ∈ H and u ∈ x◦y,
then f(u) ≥ f(y) and

2. x ≤ y implies f(x) ≥ f(y).

NIOVI KEHAYOPULU8



A fuzzy subset f of H is called a fuzzy right ideal of H if

1. f(x ◦ y) ≥ f(x) for all x, y ∈ H, meaning that if x, y ∈ H and u ∈ x ◦ y,
then f(u) ≥ f(x) and

2. x ≤ y implies f(x) ≥ f(y).

A fuzzy subset of H is called a fuzzy ideal of H it is both a fuzzy left and a
fuzzy right ideal of H. As one can easily see, a fuzzy subset f of H is a fuzzy
ideal of H if and only if

1. if f(x◦y) ≥ max{f(x), f(y)} for all x, y ∈ H, in the sense that if x, y ∈ H
and u ∈ x ◦ y, then f(u) ≥ max{f(x), f(y)} and

2. if x ≤ y, then f(x) ≥ f(y).

The concept of fuzzy semiprime subsets of groupoids introduced by Kuroki
in [12] is as follows: A fuzzy subset f of a groupoid S is called semiprime if
f(a) ≥ f(a2) for every a ∈ S, and remains the same in case of ordered groupoids
as well [11]. This concept is naturally transferred in case of an hypergroupoid
as follows:

Definition 3.2. Let (H, ◦) be an hypergroupoid. A fuzzy subset f of H is
called fuzzy semiprime if

f(a) ≥ f(a ◦ a) for every a ∈ H,

in the sense that if u ∈ a ◦ a, then f(a) ≥ f(u).

Remark 3.3. Let (H, ◦) be an hypergroupoid and f a semiprime fuzzy left ideal
(or fuzzy right ideal) of H. Then, for every a ∈ H, we have f(a) = f(a ◦ a),
meaning that if u ∈ a ◦ a, then f(a) = f(u). Indeed: Let u ∈ a ◦ a. Since f is
a fuzzy left (or right) ideal of H, we have f(a ◦ a) ≥ f(a), then f(u) ≥ f(a).
Since f is semiprime, we have f(a) ≥ f(a ◦ a), then f(a) ≥ f(u). Thus we have
f(a) = f(u).

Lemma 3.4. Let (H, ◦,≤) be an ordered hypergroupoid. If A is a left (resp.
right) ideal of H, then the characteristic function fA is a fuzzy left (resp. fuzzy
right) ideal of H. “Conversely”, if A is a nonempty subset of H such that fA is
a fuzzy left (resp. fuzzy right) ideal of H, then A is a left (resp. right) ideal of
H.

Proof. For the hypergroupoid (H, ◦) the lemma is satisfied (cf. [8; Proposition
7]). It remains to prove that the following are equivalent:

(1) y ∈ A and H 3 x ≤ y =⇒ x ∈ A and
(2) x ≤ y =⇒ fA(x) ≥ fA(y).

(1) =⇒ (2). Let x ≤ y. If y ∈ A then, by (1), we have x ∈ A. Then
fA(x) = 1 ≥ fA(y). If y /∈ A, then fA(y) = 0 ≤ fA(x).
(2) =⇒ (1). Let y ∈ A and H 3 x ≤ y. Since x ≤ y, by (2), we have
fA(x) ≥ fA(y) = 1. Then fA(x) = 1, and x ∈ A. ¤
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Lemma 3.5. Let H be an ordered hypergroupoid. A nonempty subset A of H is
an ideal of H if and only if the characteristic function fA is a fuzzy ideal of H.

Lemma 3.6. Let (H, ◦,≤) be an ordered hypergroupoid. If I is a subset of H
such that fI is fuzzy semiprime, then I is semiprime. “Conversely”, let I be a
subset of H such that, for every a ∈ H, either a ◦ a ⊆ I or (a ◦ a) ∩ I = ∅. If I
is semiprime, then fI is fuzzy semiprime.

Proof. =⇒. Let a ∈ H such that a◦a ⊆ I. Then a ∈ I. In fact: Since a◦a ⊆ I,
we have fI(a ◦ a) = 1. This is because if u ∈ a ◦ a, then u ∈ I, so fI(u) = 1.
Since fI is fuzzy semiprime, we have fI(a) ≥ fI(a ◦ a) = 1. Since fI is a fuzzy
subset of H, we have fI(a) ≤ 1. Thus we have fI(a) = 1, and a ∈ I, so I is
semiprime.

⇐=. Let I be semiprime. Then fI(a) ≥ fI(a ◦ a). Indeed: If a ◦ a ⊆ I then,
since I is semiprime, we have a ∈ I, then fI(a) = 1 ≥ fI(a ◦ a). If a ◦ a * I
then, by hypothesis, we have (a ◦ a)∩ I = ∅, then fI(a ◦ a) = 0. This is because
if u ∈ a ◦ a, then a /∈ I, so fI(a) = 0. Hence we obtain fI(a ◦ a) = 0 ≤ fI(a). ¤
Lemma 3.7. Let H be an ordered hypergroupoid. A nonempty subset A of
H is a semiprime subset of H if and only if the fuzzy subset fA of H is fuzzy
semiprime.

Theorem 3.8. An ordered hypersemigroup (H,≤) is left regular if and only if
the fuzzy left ideals of H are fuzzy semiprime.

Proof. =⇒. Let f be a fuzzy left ideal of H and a ∈ H. Then f(a) ≥ f(a ◦ a).
In fact: Let u ∈ a ◦ a. Then f(a) ≥ f(u). Indeed: Since u ∈ H and H is
left regular, there exist x, t ∈ H such that t ∈ (x ◦ u) ∗ {u} and a ≤ t. Since
t ∈ (x ◦ u) ∗ {u}, we have t ∈ w ◦ u for some w ∈ x ◦ u. Since f is a fuzzy left
ideal of H, we have f(w ◦u) ≥ f(u). Since t ∈ w ◦u, we have f(t) ≥ f(u). Since
a ≤ t, we have f(a) ≥ f(t). Thus we have f(a) ≥ f(u).
⇐=. By Theorem 2.9, it is enough to prove that every left ideal of H is
semiprime. Let now A be a left ideal of H. By Lemma 3.4, fA is a fuzzy
left ideal of H. By hypothesis, fA is semiprime. Then, by Lemma 3.6, A is
semiprime. ¤
The right analogue of the above theorem also holds, and we have

Theorem 3.9. An ordered hypersemigroup H is right regular if and only if
every fuzzy right ideal of H is fuzzy semiprime.

Theorem 3.10. An ordered hypersemigroup (H, ◦,≤) is intra-regular if and
only if every fuzzy ideal of H is fuzzy semiprime.

Proof. =⇒. Let f be a fuzzy ideal of H and a ∈ H. Then f(a) ≥ f(a ◦ a).
In fact: Let u ∈ a ◦ a. Then f(a) ≥ f(u). Indeed: Since u ∈ H and H is
intra-regular, there exist x, y, t ∈ H such that t ∈ {x} ∗ (u ◦ u) ∗ {y} and a ≤ t.
Since t ∈ (x ◦ u) ∗ (u ◦ y), there exist v ∈ x ◦ u and w ∈ u ◦ y such that t ∈ v ◦w.
Since f is a fuzzy left ideal of H, we have f(v ◦ w) ≥ f(w). Since t ∈ v ◦ w, we
have f(t) ≥ f(w). Since f is a fuzzy right ideal of H, we have f(u ◦ y) ≥ f(u).
Since w ∈ u ◦ y, we have f(w) ≥ f(u). Since a ≤ t, we have f(a) ≥ f(t). Thus
we get f(a) ≥ f(u).
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⇐=. By Theorem 2.13, it is enough to prove that every ideal of H is semiprime.
Let now A be an ideal of H. By Lemma 3.5, the characteristic function fA is a
fuzzy ideal of H. By hypothesis, fA is fuzzy semiprime. Then, by Lemma 3.6,
A is semiprime. ¤
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