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ABSTRACT. Let A and B be strictly positive linear operators on a Hilbert space. The
derivative of the path A iy B (¢ € R) gives the relative operator entropy, that is,
%A 0t B = S:(A|B), which we can regard as the velocity function along A §; B. The
derivative of velocity function is the acceleration function, so we define the accelera-
tion by A:(A|B) = 24 S,(A|B). In this paper, we discuss properties of S;(A|B) and
A:(A|B). Firstly, we interpret some properties of St(A|B) concerning interpolational
property and the noncommutative ratio from the viewpoint of velocity. Secondly, we
show the properties of A;(A|B) similar to those of S;(A|B).

1 Introduction. Let A and B be strictly positive linear operators on a Hilbert space H.
An operator T' on H is said to be positive (we denote it by 7' > 0) if (T€,&) > 0 for all
& € H and T is said to be strictly positive (we denote it by T > 0) if T is invertible and
positive.

For A, B > 0, we define a path A t; B as follows ([2, 3, 6, 8, 14] etc.):

A, B=A*(A"2BA 2)'A? (teR),

which is passing through A = A tg B and B = A f; B. If t € [0,1], the path A t; B
coincides with the weighted geometric operator mean denoted by A #, B (cf. [15]). We
remark that Aty B= B fj_; A holds for t € R (cf. [8]).

Fujii and Kamei [1] defined the following relative operator entropy for A, B > 0:

S(A|B) = AZlog(A"2BA 7)A3.

Furuta [7] defined generalized relative operator entropy as follows (see also [9]):

1

AZ(A"2BA %)% log(A 2 BA2)A?
(A, B)A"'S(A|B) (« € R).

Sa(A|B)

We know immediately So(A|B) = S(A|B). We remark that

d d
S(AIB) = — A4 B| and S,(A|B) = - Ak B

t=0 t=«

Yanagi, Kuriyama and Furuichi [16] introduced the Tsallis relative operator entropy as
follows:

T.(AIB) = (@ € (0,1]).
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x

Since lim 2 = loga holds for a > 0, we have Ty(A|B) = lirr%) T,(A|B) = S(A|B). The
T— a—
Tsallis relative operator entropy can be defined for any o € R by using fj, instead of .
For A,B > 0, t € [0,1] and r € [—1,1], operator power mean A f#;, B is defined as

follows:

S

Aty, B= A} {(1 - t)1+t(A-%BA—%)T} A = A4 {AV, (A4, B)}.

We remark that A f,, B= B #;_;, A holds for ¢ € [0,1] and r € [-1,1] (cf. [10, 12]). The
operator power mean is a path combining A = A 4o, B and B = A §f1 , B, and interpolates
the arithmetic operator mean, the geometric operator mean and the harmonic operator
mean.

-
arithmetic operator mean
AV, B=(1-t)A+tB
Tr:l
geometric operator mean
Aber B =5 Af B=A2(A"2BA )t Az
~Lr:71
harmonic operator mean
L AN B= (A1, B )

For A,B > 0, a € [0,1] and r € [—1,1], expanded relative operator entropy S, (A|B) is
defined as follows (cf. [10]):

Sar(A|B) = %Aﬁtﬂ.B .
.t {(1fa)I+a(A*%BA*%>T}%_1 (AéB‘i%)TI Ab

(A o B)(A Va (Al B)™"S0,(A|B) (r #0),
}%SQ,T(A‘B) = Sa(A|B)

Sa,0(A|B)

We remark that Sy . (A|B) = T,(A|B), S1,(A|B) = —T,(B|A) hold for r € [-1,1].
S(A|B) and Sp,(A|B) are given as follows:

S(A|B) = 4 A, Bl and So,(A|B) = 4 At,, B

dt =0 dt =0

We illustrate an image for S(A|B) and Sy ,.(A|B) in Figure 1.

In [6], S(A|B) and S ,(A|B) are regarded as the velocities on the paths A #; B and
At , B att =0 respectively. According to this viewpoint, it is natural to call S, (A|B) and
Sa,r(A|B) the velocities on the paths A i, B and A f; , B respectively. These interpretations
inspire us to introduce the accelerations A, (A|B) and A, (A|B) on the paths A i, B and
Atfr Batt=a.

In this paper, we can show that the properties concerning the accelerations A, (A|B)
and A, -(A|B), interpolational property, the behavior of noncommutative ratio and so on,
are inherited from those of velocities So(A|B) and Sq.»(A|B). The contents of this paper
are as follows: In section 2, we show properties of the velocity S, (A|B). In section 3, we
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introduce the acceleration A, (A|B) and we show some properties of A, (A|B). In section
4, we introduce the acceleration on the path A #; , B and we show some results for velocity
Sa,r(A|B) and acceleration A, (A|B) on the path A #; , B.

Ay B Aty B AV.B

Figure 1: An image of S(A|B) and Sy -(A|B).

2 Velocity on the path A f; B. As mentioned in section 1, we regard S,(A|B) as the
velocity on the path A iy B at ¢ = a. In this section, we show some properties of the
velocity S, (A|B).

The next lemma shows interpolational property of the path A fj; B. This lemma is
fundamental in our discussion.

Lemma 2.1. ([12]) For A,B >0 and x,y,a € R,

(A hy B) ha (A hz B) = A h(l—a)y+o¢x B
holds.

Let A, B and Aty B (z,y € R) be arbitrary points on the path A f; B. Concerning
the velocity S (A f, B|A b, B) at t = «, we have the following theorem which was proved
in [12].

Theorem 2.2. ([12]) Let A, B > 0 and o, z,y € R. Then
Sa(Aly Bl[At: B) = (2 —¥)St-a)yt+az(A|B).

In our discussion, for a given path v(¢) = X B Y for X,Y > 0 and ¢ € R, we imagine
that an object moves through base points X (¢ =0) and Y (¢ = 1) on the path (). Then
So(A By, B|A b, B) means the velocity on the path v (t) = (4 b, B)b: (A 4§ B)
at t = «, and also S(1_q)y+az(A|B) means the velocity on the path v,(t) = A §; B at
t = (1 — @)y + ax. Note that v1(¢) and ~2(t) represent the same path, and the point on
~1(t) at t = « and the point on v, (t) at t = (1 —a)y + ax are the same point by Lemma 2.1.
In this situation, we consider exchanging the path v (¢) for v2(¢) to change unit length of
the path. Then we can regard Theorem 2.2 as the result on the rate of change of velocities
at the same point.
The next Corollary 2.3 is an immediate consequence of Theorem 2.2.
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Corollary 2.3. For A,B >0 and a,x,y € R, the following hold:

(1) SG(B|A) = _Sl—a(A|B)'
(2) Soc(A|A hLE B) = xSaa:(A|B)
(3) Sa(A hy B|A hy+1 B) = a+y(A|B)'

Proof. (1) is obtained by putting = 0 and y = 1, (2) is obtained by putting y = 0 and (3
is obtained by putting z =y + 1.

o&

Next, from the above point of view, we discuss the noncommutative ratio R(v; A, B) =
(A, B)A™! for v € R which is defined in [11]. Note that it is independent of o in S, (A|B).
Theorem 2.4. ([11]) For A,B >0 and v € R,

R(U7A7B)SQ(A|B) = a+v(A‘B)
for all a € R.

In particular, by putting @ = 0 in Theorem 2.4, we have following relation.
Corollary 2.5. ([11]) For A,B > 0 and v € R, following hold:
R(v; A, B)S(A|B) = S,(A|B).

By Theorem 2.4 and (3) in Corollary 2.3, we have

(@) R(v; A, B)So(A|B) = Sa(A b, B|A by41 B) for a,v € R.

As an extension of this relation, we obtain the following Theorem 2.6. Here, we consider
exchanging the path 71 (£) = (A &, B) 4 (A £, B) for 7a(t) = (A 1y B) & (A by B),
that is, moving base points of the path preserving unit length. Then, Theorem 2.6 shows a
relation between velocity on the path 7 () at ¢ = « and velocity on the path v2(t) at t = «
by using the noncommutative ratio.

Theorem 2.6. Let A, B >0 and a,v,z,y € R. Then
R(vi A, B)Sa(A by BIAt, B) = Sa(Abyes BIA by, B).
Proof. By Theorem 2.2 and Theorem 2.4, we have
R(vi A B)Sa(A by BIA bt B) = (2~ )R A B)S(1-a)ytas(AlB)
= (z— )5(1 a)y+aw+v(A|B)
{

= {(z+v)-(y+ U)}S 1—a) (y+v)+a( z+v)(A|B)
= Sa(A hy+v B‘A thrv )

O

Remark. We know that R(v(z —y); A,B) = R(v;Al, B,A 4, B) holds for A, B > 0 and
v,x,y € R, since

R(v(z —y); A, B)

(A hv(mfy) B)Ail

= A3(A"3BA ) @WHVAS A=3(A"ZBA"E)VA"S

(A Ba—vy+ee B)Aly B)™ = ((Aty B) (At B))(Aly B)™
— R(v;Atf, B,At, B).
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From this relation and (©), we can give an alternative proof of Theorem 2.6 as follows: By
putting v = v(z — y), we have R(u; A,B) = R(:%;Ab, B,Ab, B). Then

rz—y’

R(ui A, B)Sa(A 5, BIA 5 B) = R ik, B.AL B) S.(A%, BlAL B)
— Su((Aty B) b (At B)(Aty B) b 1 (At B))
= Sa(Aba—yyrze BlAG (s t1), B)

= Sa(A uy—&-u B|A hm—&-u B)~

Corollary 2.5 means that R(v; A, B) is the ratio of S, (A|B) and S(A|B). Related to it,
the difference between S, (A|B) and S(A|B) is as follows:

Proposition 2.7. For A,B >0 andv € R,

S,(A|B) — S(A|B) = vT,(A|B)A"'S(A|B)
holds.
Proof. From Corollary 2.5, we have

S,(A|B) — S(A|B) = TR(v;A,B)S(A|B) - S(A|B)
(A, B— A)A"'S(A|B) = vT,(A|B)A™*S(A|B).

O

We remark that the above difference was also represented by using Petz-Bregman divergence
(see [13]).

3 Acceleration on the path A f; B. Since the relative operator entropy S, (A|B) is
regarded as the velocity on the path A fj; B at t = «, it is natural to call the derivative of
St(A|B) acceleration on A f; B.

Definition 3.1. For A, B > 0 and « € R, we define the acceleration on the path A 4, B at
t =« as follows:

d

t t=a

The acceleration A, (A|B) is represented explicitly as follows:

Theorem 3.2. Let A,B >0 and a € R. Then
Ao(A|B) = S,(A|B)A'S(A|B) = S.(A|B)(A 1, B)"'S.(A|B).
In particular,
Ao(A|B) = S(A|B)A™S(A|B).
Proof. For a > 0, we have

d
ﬁat loga = a'(loga)?.



6 H.Isa, M.Ito, E.Kamei, H.Tohyama and M.Watanabe

Then
Aa(AlB) = %St(f”B) —
= A3(ATEBAT3)(log(A"1BATE))%A%
= A3(ATEBATE)log(ATEBATE) AT AT A% log(ATEBATE)A
= S,(A|B)A™'S(A|B),

Nl

which shows the first equality. On the other hand, we have

Sa(AIB)AT'S(AIB) = Sa(AIB)(A ta B)"'(A 5, B)A™'S(A|B)
= Sa(A|B)(A . B)" S, (A|B).

O
Remark. Theorem 3.2 shows that if we put v(t) = A b, B, then it satisfies the geodesic

equation §(t) —(¢) (v(t)) +(t) = 0 since §(t) = S;(A|B) and 4(t) = A;(A|B). Conversely,
Aty B is given as the solution of the geodesic equation for initial conditions v(0) = A and
~v(1) = B. We show it here according to [5] which treats matrices, but the same arguments
are valid for operator valued functions, since, even for a operator valued function ~(t),
it holds that (y(t)™")" = —(3(£))7'9(t) ((£)) ™" and that (logy(t))" = () (v(t) " if
Y(Oy(t) = y(t) 7 ().

By putting f(t) = 7(0)_%7(25)7(0)_% = A_%’y(t)A_%, we have

and that f(0) = A~24(0)A~2 =T and f(1) = A~ 2y(1)A~2 = A"2 BA~=. Since

FOE™ = FOEO) T - FOU@) T 0w
= fOUO) T = OUm)T =0,
then we have f(£)(f(t))~' = C, that is, f'(t) = Cf(t). It is known that f(¢) and f (t) are
selfadjoint, so we have

’

C* = F(0)C" = (CF(0))" = (' (0))* = f'(0) = Cf(0) =

Hence

and then f'(¢)f(t) = f(t)f (t). So we have (log f(t)) = f (#)(f(t))"* = C and then
log f(t) = Ct+ D. By f(0) = I and f(1) = A~2BA~2, we have expC = A~2BA~ = and

D =0, that is, f(t) = (A2 BA~z2)t, Therefore7 we obtain

FOfa)t=0c=C" = Ow) N = (Fe) 7L @),
a

Y(t) = A2 f(t)A? = AZ(A"2BA"2)'A? = Ay, B

Through Theorem 3.2, we know that the acceleration A, (A|B) has the similar properties
to the velocity S, (A|B). First, we have Theorem 3.3 which corresponds to Theorem 2.2.
As mentioned in section 2, the point on the path v1(t) = (A b4, B) o (A i, B)att =«
and the point on 1(t) = A f; B at t = (1 — o)y + ax are the same point. Then Theorem
3.3 shows the result on the rate of change of accelerations at the same point.
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Theorem 3.3. Let A,B >0 and o, xz,y € R. Then
Aa(A by BlA b, B) = (z— y)2A(1fa)y+am(A|B)‘
Proof. By Theorem 3.2, Lemma 2.1 and Theorem 2.2, we have
An(A 4y BlA 4, B)
= Sa(Aty BlAt, B)(Aly B) fa (Als B) 'Sa(Aty B|AL, B)
(il? - y)QS(lfa)y+am(A|B)(A h(lfoz)y%»om: B)_ls(lfa)eram(A'B)
= (1' - y)zA(l—a)y+ax(A|B)'

Corollary 3.4. For A,B >0, and o, x,y € R, the following hold:
(1) Aa(B|A) = -Al—a(A|B)'

(2) Ao(AJA 1, B) = 22 A..(A|B).

(3) Aa(Aly BlA byt B) = Aaty(AlB).

Secondly, related to the noncommutative ratio, we have Theorem 3.5 which corresponds
to Theorem 2.4.

Theorem 3.5. For A,B >0 andv € R,
R(v; A, B)Aa(A|B) = Aatv(A|B)
for all @ € R. In particular,
R(v; A, B)Ao(A|B) = A,(A|B).

Proof. By Theorem 3.2 and Theorem 2.4, we have
R(v; A, B)JAw(A|B) = R(v; A, B)Sa(A|B)A™'S(A|B)
= Sa+v(A\B)A715(A\B) = A,+v(A|B).
O
The following Theorem 3.6 is an extension of Theorem 3.5. Similarly to Theorem 2.6,

Theorem 3.6 shows a relation between acceleration on the paths v, (¢) = (A, B) b; (A 4, B)
and y2(t) = (4 tyto B) 4t (A bzyo B) at t = o by using the noncommutative ratio.

Theorem 3.6. Let A, B >0 and a,v,z,y € R. Then
R(v;A,B)Ao(Aly Bl|A b, B) = Aa(A iyt BlA 1z B).

Proof. By Theorem 3.3 and Theorem 3.5, we have
R(v; A,B)Aq(Aly BlAt, B) = (z—y)*R(v; A, B)A(—a)ytas(A|B)
= (‘T - y)QA(l—a)y+am+1)(A|B)

= {@+v) = W+ Au-a)to) ratero (A1B)
= Aa(A hy+v B|A hz+v B)

Lastly, the difference between A, (A|B) and Ag(A|B) is gotten as follows.
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Proposition 3.7. For A,B >0 and v € R,
Au(A|B) = Ao(A|B) = vT,(A|B)A™" Ag(A|B).
holds.

Proof. By using Theorem 3.5, we have

Ay(A|B) — Ao(A[B) R(v; A, B)Ao(A|B) — Ao(A|B)
= (At B—A)AT A (A]B)

= oT,(A|B)A ' Ay(A|B).

O

4 Velocity and acceleration on the path A f;, B. In this section, we introduce the

velocity and the acceleration on the path A f;, B and show their properties.

We know that the path A f;, B has interpolational property. The next lemma is the

same property as Lemma 2.1.
Lemma 4.1. ([14]) For A,B >0, a,z,y € [0,1] and r € [-1,1],

(A ﬂyw B) ﬁa,?” (A ﬁm,r B) = A ﬁ(l—a)y-‘r(xw,r B

holds.

Although the noncommutative ratio discussed in section 2 can not be extended totally to

the one concerning A 4, , B, the property Corollary 2.5 is extended as follows:

Theorem 4.2. ([12]) For A,B >0, a € [0,1] and r € [-1,1],
Sar(A|B) = (Ata, B)(A Va (Al B))™ So.(A|B).
holds.
We introduce the acceleration on the path A #;, B as follows:
Definition 4.3. For A,B >0, o € [0,1] and r € [-1,1], we define Ay ,(A|B) as

d
Aa’T(A|B) = %St7T(A|B)

t=«

We call it the acceleration on the path A #;, B att = a.

We remark that Ay 0(A|B) = An(A|B) for a € [0, 1] since Sy, 0(A|B) = S.(A|B).

The acceleration A, (A|B) is represented explicitly as follows:
Theorem 4.4. Let A,B >0, a € [0,1] and r € [-1,1]. Then

Aar(AIB) = (1=7)Sar(AIB)(A Va (A bt B))™" S0, (A|B)

)

= (1 =7)Sar(A|B)(A fa.r B) ' Sa.r(AB).

)

In particular,

Ao (AIB) = (1—-7)So.,.(A|B)A™'Sy.(A|B).



Velocity and acceleration on the paths A fj; B and A §;, B 9

Proof. We have shown the case » = 0 in Theorem 3.2. Hence, we have only to show the
case r # 0. Since

45..(41B)
—a-nat{a-nree(atpat) ) <(A‘%Bi—5)" —I>2A;
— -nat [{a-oree(atpat)}) <A-%Bﬁ-%>r—f i
cat{@—nr+e(atpat) ) acial <AéBé%>T—1A;

=
=

1—7)8.(A|B)(AV, (A, B) 'T.(AB)
1—7)S;+(A[B)(A V, (At B))™So.(AlB),
we have
Aar(AlB) = (1 =7)Sa-(A|B)(AV, (At B)) 'So..(A|B).
On the other hand, by Theorem 4.2, we have
(1=7)Sa,r(A|B)(AV, (A, B))_lsO,T(A|B) = (1=7)S(A|B)(A fa,r B>_1Sa,r(A|B)~
O

By Theorem 4.4 and Lemma 4.1, we give similar properties to those in sections 2 and
3. First, we have the next theorem and corollary.

Theorem 4.5. Let A,B >0, a,z,y € [0,1] and r € [-1,1]. Then
(1) SOM”(A ﬁyﬂ“ B|A umﬂ" B) = (:ZJ - y)S(l—a)y+ax,r(A|B)'

(2) -Aoc,T(A ﬁyﬂ‘ BIA ﬁm,r B) = ('T - y)ZA(lfa)eraz,T(A‘B)'
Proof. (1) By using Lemma 4.1, we have

Sa,r(Atyr BlA s, B)
d

= % (A ﬁyﬂ‘ B) ﬁt,'r' (A ﬁf,'f B)
t=«

= lim (A ﬁyw B) ﬁaJrv,T (A ﬁw,r B) B (A ﬁy,r B) ﬁa,r (A ﬁww B)

v—0 v
— lim A ﬁ(l—(a+v))y+(a+v)m,r B-A ﬁ(l—a)y+am,r B

v—0 v
_ (l’ B ) lim u(l—a)y+ax+v(x—y),r B-A Ij(l—oz)y-i-oz;c,r B

v=0 (z —yv

= (z— y>5(1—a)y+ax,r(A|B>-
(2) From Theorem 4.4, (1) in Theorem 4.5 and Lemma 4.1, we obtain
Aar(Aty, BlA s, B)
(1= 1)Sa,r(A by BIA for BY(A by B) far(A fior B)) " Sar(A by BIA o B)
= (=91 =)Sa-aytarr(AB)(A t1-a)yraer B)'S1-a)jytazr(AlB)
(= y)*Aa—a)yrazr (Al B).
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Corollary 4.6. For A,B >0, o,z € [0,1] and r € [-1,1], the following hold:

(1)
(2)

Sar(BlA) = =S1-ar(A|B) and S, ,(AlA 8, B) = xSz (A|B).
Aar(BlA) = Ai_or(A|B) and Au, (AlAt,, B) = 2 A (A|B).
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