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ABSTRACT. Let T'= U|T| be a polar decomposition of a bounded linear oper-

ator T on a complex Hilbert space with ker U = ker |T|. T is said to be class
tp sp

pwA(s, £) if (T[T [T*[) 555 > T[22 and [TP20 > (|T|°|T*2!|T)°) #¥3
with 0 < p<1landO0 < s,t,s+t < 1. This is a generalization of p-hyponormal
or class A operators. In this paper we prove following assertions. (i) If T is
class p-wA(s,t), then T is normaloid and isoloid. (ii) If T is class p-wA(s,t)
and o(T) = {A}, then T = A. (iii) If T is class p-wA(s,t), then T is finite
and the range of generalized derivation ép : B(H) 3 X - TX — XT € B(H)
is orthogonal to its kernel. (iv) If S is class p-wA(s,t),T* is an invertible
p-wA(t, s) operator and X is a Hilbert-Schmidt operator such that SX = XT,
then S*X = XT*.

Dedicated to the memory of Professor Takayuki Furuta with deep gratitude.

1. INTRODUCTION AND PRELIMINARIES

Let B(#H) denote the algebra of all bounded linear operators on a complex Hilbert
space H and let ker(T'), ran(T) and o(T) denote the kernel, the range and the
spectrum of T' € B(H), respectively. Recall that an operator T is said to be
hyponormal if T*T > TT*. Aluthge [1] defined p-hyponormal operator as (T*T)P >
(TT*)? with p € (0, 1], and he proved many interesting properties of p-hyponormal
operators by using Furuta’s inequality [9]. An invertible operator T is said to be
log-hyponormal if log(T*T') > log(TT*). It is known that invertible p-hyponormal
operator is log-hyponormal, but the reverse does not hold by [16]. Moreover, by
using Furuta’s inequality, Furuta, Ito and Yamazaki [10] define class A operator as

7% = |7
and class A(k) operator as
_1
(T*|T|2kT) k+1 > |T|2

These classes are an extension of p-hyponormal, log-hyponormal operators, and
moreover, class A and class A(k) operator are extended to class wA(s,t) operators
with 0 < s,t as

(1.1) (1T TP |") =+ > |T**
and
(1.2) T > (|T)°|T*[*|T]*) = .
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In [8], an operator T is said to be class A(s,t) if T satisfies (1.1). However Ito and
Yamazaki [12] proved that (1.1) implies (1.2). This is a striking result. An operator
T is said to be class A(s,t) if T satisfies (1.1). Hence Ito and Yamazaki proved
that class wA(s,t) coincides with class A(s,t). It is known that every invertible
p-hyponormal operator is log-hyponormal, every p-hyponormal, log-hyponormal
operator is class A(s,t) for all 0 < s,¢ and if T is invertible and class A(s,t) for all
0 < s,t then T is log-hyponormal ([8], [11], [12], [16]).

It is well known that class A(s,t) operators enjoy many interesting properties as
hyponormal operators, for example, Fuglede-Putnam type theorem, Weyl type the-
orem, subscalarity and Putnam’s inequality. Although there are many outstanding
problems which are still open for hyponormal operators, for example, the invariant
subspace problem, investigating new generalizations of hyponormal operators is one
of recent interest in operator theory.

For T € B(H), set |T| = (T*T)% as usual. By taking U|T|z = Tz for z € H
and Uz = 0 for x € ker |T|, T has a unique polar decomposition T' = U|T| with
ker U = ker |T|. An operator T is said to be class p-wA(s,t) [15] if

(1.3) (|7 || T P71 5 > |2t
and
(1.4) (T2 > (|T) |7 2T)*)

where 0 < p < 1 and 0 < s,t,s +t < 1. In [5], the authors proved that a set of
class p-wA(s,t) operators are increasing for 0 < s,¢ and decreasing for 0 < p < 1.

Lemma 1.1. [5] If T € B(H) is class p-wA(s,t) and 0 < s < 81,0 < t < t1,0 <
p1 <p <1, then T is class p1-wA(s1,t1).

Ito and Yamazaki [12] proved that (1.1) implies (1.2). However it is not known
that whether (1.3) implies (1.4) or not. Class A(1,1) is said to be class A and
class A(3, %) is said to be w-hyponormal (see [5, 11, 12, 20]). It is known that an

operator T of class A is normaloid, i.e., its spectral radius r(T") coincides with its
norm ||T']|. Also, class A operator T are isoloid, i.e., its isolated point of spectrum
o(T) is a point spectrum of T. The first aim of this paper is to prove that class
p-wA(s,t) operator is normaloid and isoloid.

Following [19], we say that an operator T' € B(H) is finite if

1= (TX - XT)| =1

holds for all X € B(H). The above inequality is the starting point of the study
of commutator approximations, a topic with roots in quantum theory [18]. Let B
denote a Banach algebra. Recall that b € B is said to be orthogonal to a € B,
written b L a, if the inequality

llall < lla + ubl|

holds for all p € C. The above definition of orthogonality has natural geometric
meaning, namely, b L a if and only if the line {a 4+ pb : p € C} is tangent to the
ball of center zero and radius ||a||. If B = H, then the orthogonality means usual
sense (a,b) = 0.

The generalized derivation dsr : B(H) — B(H) for S,T € B(H) is defined by
0sr(X) = SX — XT for X € B(H), and we note érr = op. If the following
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inequality
1§ = (TX - XT)|| = ||

holds for all S' € kerdr and for all X € B(#), then we say that the range of dp is
orthogonal to the kernel of 7 .

Let T' € B(H) and let {e,} be an orthonormal basis of a Hilbert space H. The
Hilbert-Schmidt norm is given by

1

oo 2

||T|2:<§ Ten||2> :
n=1

An operator T is said to be a Hilbert-Schmidt operator if ||T||z < oo (see [7] for
details). C2(H) denotes a set of all Hilbert-Schmidt operators. For S, T € B(H),
the operator I's r defined as I's 1 : Co(H) 5 X — SXT € C2(H) has been studied
in [3]. It is known that |I'| < ||S||||T|| and (T's,7)*X = S*XT* = I'g« 7~ X. For
more information see [3].

In [19], J. P. Williams proved that normal operators and operators with a com-
pact direct summand are finite. S. Mecheri ([13],[14]) extended Williams’s results
to more general classes of operators containing the classes of hyponormal operators
and paranormal operators and studied range kernel orthogonality for these classes.

The second aim of this paper is to prove that (1) class p-wA(s, t) operators with
0<s+t<1,0<p<1 are finite, and (2) if T € B(H) is class p-wA(s,t), then the
range of generalized derivation dr is orthogonal to its kernel, and (3) if S € B(H)
is class p-wA(s,t) and if T* € B(H) is an invertible class p-wA(t, s) operator and
X is a Hilbert-Schmidt operator such that SX = XT, then S*X = XT*.

2. MAIN REsSULTS
We begin with the definition of generalized Aluthge transformation.

Definition 2.1. Let T = U|T| € B(#H) be the polar decomposition of T' with
ker U = ker |T'|. For s,t > 0, the generalized Aluthge transformation T'(s,t) of T is
defined by

T(s,t) = |T|*U|T|'.

Hence, we have
T(s,t)* = |T|'"U*|T|®.
In [15], the authors proved that if T € B(H) is class p-wA(s,t), then T'(s,t) is

£-hyponormal for any p € (0, min{s, t}].

Proposition 2.2. Let T € B(H) be class p-wA(s,t) with 0 < p < 1 and 0 <
s,t,s+t<1. Then

T (s, 8)] 5% > | 7|2
and

TP > [T(s, )| ¥ .
Hence
(2.1) IT(s,8)| %5 > (TP > |T(s, )|+

for any p € (0, min{s, t}].



4 T. PRASAD, M. CHO, M.H.M RASHID, K. TANAHASHI AND A. UCHIYAMA

A complex number A is said to be an approximate eigenvalue of T' if there exists

a sequence {z,} of unit vectors such that
(T—MNzp =0 (n— o).
Also ) is said to be a joint approximate eigenvalue of T' if there exists a sequence
{z,} of unit vectors such that
(T —MNzxp, >0 and (T — XNz, >0 (n— 00).
We denote the set of all approximate eigenvalues of T' by ¢,(7T") and denote the set
of all joint approximate eigenvalues of T' by ¢,,(T"). We say that A € o(T") belongs
to the (Xia’s) residual spectrum o:X(T) of T if (T — A\)H # H and there exists a
positive number ¢ > 0 such that
T —MNz| > cllz|| for zeH.

By the definition, o(T) is a disjoint union of o, (T) and 02X (T).

Recently, the following result was proved by M. Cho, M.H.M. Rashid, K. Tana-
hashi and A. Uchiyama [5].

Proposition 2.3. [5] Let T € B(H) be class p-wA(s,t) with 0 < p < 1 and
0 < s t,s+t <1 Letre? € Cwith0 < r and (T — re)x, — 0. Then
(T = r)n, (U — e, (U — )z, (T — re?) z, — 0.

Lemma 2.4. Let T = U|T| € B(H) be the polar decomposition of T with ker U =
ker |T| and let T, = U|T|* with 0 < a. Then

0€0.(T) <= 0¢€ 0,(Ty),
0€oX(T) < 0¢coX(T,),
0€0(T) <<= 0¢€o(Ty,).
Proof. Let 0 € 0,(T). Then there exist unit vectors x,, such that Tz, — 0. Then
|T|xy, = U*U|T|xy, = U*Tx,, — 0. Hence Ty, = U|T|*z, — 0 and 0 € 0,(Ty).
The converse is similar. Let 0 € o(T"). Then |T| is invertible and U is unitary.

Hence T,, = U|T|* is invertible and 0 & o(T,). The converse is similar. Since o(T)
is a disjoint union of o, (7T) and X (7)), the proof is completed. O

Theorem 2.5. If T = U|T| € B(H) is class p-wA(s,t) with 0 < p < 1 and
0<s,t,s+t<1andif T, =U|T|* with s+t < «, then

(2.2) 0a(Ts) = {raew | re? e oa(T)},
(2.3) oX(T,) = {ree? | re’ € oX(T)},
(2.4) o(Ty) = {r*e? | re’ € o(T)}.

Proof. Let T = U|T| be class p-wA(s,t) with 0 <p<1land 0 <s,t,s+t<1. Let
A =re? € 0,(T)\{0} with 0 < r. Then there exists a sequence {x,, } of unit vectors
such that (T—re?)x,, — 0. Hence (T'—re)*x,, — 0, (|T|—r)z, — 0, (U—e*)x, —
0 and (U —e*)*z,, — 0 by Proposition 2.3. Hence A, := 1% € 0,(Ts) C 04 (Tn).
Conversely, let u = r'e? € 0,(T,) \ {0} with 0 < 7/. Then there exists a sequence
unit vectors {z,} such that (T, — r'e®)x,, — 0. Since T, is p-wA(s/a,t/a) and
0 < s/a+t/a < 1, we have that u = r'e® € 0j,(T,) by Proposition 2.3. Hence
P1ja = (r") e € 0;4(T) C 04(T). Therefore

(2.5) 0a(Ty) \ {0} = {r*e® | re® € 0,(T)} \ {0}.
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Hence we have (2.2) by Lemma 2.4.

Next we show (2.3). Let A = re? € oX(T)\ {0} with 0 < r. We claim
Ao = 1% € 0(T,).

Assume that A\, = r®? ¢ o(T,). Let J be a closed interval [1, a] (or [, 1]) and
let f be an operator valued continuous function f(z) := T, — 7%’ (z € J). Then
f(1) is a semi-Fredholm operator with the Fredholm index

ind(f(1)) = dim(ker(T — re'?)) — dim(ker(T — re®)*) < —1,

and f(a) is invertible (so, it is Fredholm with index 0).

We claim that there exists a real number zy € J such that f(zg) is not semi-
Fredholm. Assume that there exists no such z € J. Since F(J) = {f(z)|z € J}
is connected in the set of all semi-Fredholm operators of H and every operator
in F(J) has the same Fredholm index, we have that f(1) and f(a) have same
Fredholm index. But this is a contradiction.

Since there exists x¢ € J such that f(zg) is not semi-Fredholm, we have

rtoe? e U(Tro) \Ui((Tro) = O'a(Tmo)~

Since s +t < 29 and 0 < 7, we have A = re? € o,(T) by (2.2). But it is a
contradiction. Hence A\, = r®e € o(Ty).

We claim A\, = r%e? & 0,(T,). Assume \, = %€’ € 0,(T,). Then A = re? ¢
04(T) by (2.2). But it is a contradiction. Hence

{ree’” [ re” € X (T)\ {0}} C o7 (Tu) \ {0}
Similarly we have
{(r)Ve | 1'e? € o (Ta) \ {0}} € oX(T) \ {0}

Hence (2.3) holds by Lemma 2.4. Since o(T) is a disjoint union of o, (T) and o;X (T),
the proof of (2.4) is completed,
O

The following result was proved by [5] if s+¢ =1 and p # 0.

Theorem 2.6. LetT € B(H) be class p-wA(s,t) with0 <p <1and0 < s,t, s+t <
1. Let re'® € C with 0 < r. Then

ker(T — re'®) = ker(T'(s,t) — r*tte’?).

Proof. Assume 0 < r. Let z € ker(T — re??). Then |T|r = rz,Ux = ¥z by
Theorem 2.2 of [5]. Hence T'(s,t)x = |T|*U|T|'z = r**tez and x € ker(T(s,t) —
,’,,erteiG).

Conversely, let € ker(T(s,t) — r*Tte'?). Since

> (TP > |T(s,1)°

2pp
s+t

(2.6) T(s,t)

and T'(s,t) is pp-hyponormal for any p € (0, min{s, ¢}] by Proposition 2.2, we have
T(s,t)*z =r"tte ¥y
and
|T(s,t)|lz = |T(s,t)"|x = r*Tta
by Theorem 4 of [4]. Then

2pp

TP < T (s, )

2pp
s+t

0 < [T(s,1) H T (s, 1)
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and we have

I (1T, 012 = TPl = (17,1

< {(17(s.)

o |Tr) 2,0)

2pp

B T(s, )" T) z,z) = 0.

1
Hence <|T(s,t) o |T|2Pp) *2=0and

(T2 = |T(s, 1) | #0 = 27,
This implies |T'|z = rz. Since
rstte= 0y = T(s,t)*x = |T)'U*|T )Pz = *|T|'U*z,
we have
Tz = |T|" T Uz = |T) " rte Pz = re .
Then
(T = re)a||® = | T2|* = re® (e, Ta) — re™" (T, z) + r*||z||?
= |[IT|a]|* — re®(T*,z) —re” (2, T*z) + r*||z|?
=2 =r*—r2+r?)|z|? = 0.
Hence x € ker(T — re?).
Assume r = 0. Let x € ker(T). Then |T|z = 0 and T'(s,t)z = |T|*U|T|'z = 0.
Conversely, let x € ker(T'(s,t)). Then |T(s,t)|x =0 and |T|z = 0 by (2.6). Thus

x € ker(T).
O

Corollary 2.7. If T is class p-wA(s,t) with0 <p <1 and0 < s,t,s+t <1, then
T is normaloid.

Proof. Since T'(s,t) is £%-hyponormal and satisfies

2pp
s+t

(2.7) IT(s,8)| 5 > TP > |T(s,t)"

for all p € (0, min{s, t}] by Proposition 2.2, we have
o(T(s.t)) = o(|TI°UIT|") = o(UIT|"*") = {r*e” | re’” € o(T)}

by Lemma 6 of [17] and Theorem 2.5. Since T'(s,t) is normaloid, we have
T (s, )= | = [[|T°(s, )]+ = 1T (s, )] =+

= (T(s, 1) = (r(D)"+) 75 = (),

and

2
T2 = TP = NP < 1T (s, )=+ || = r(T)*"
by (2.7). Hence ||T'|| < r(T") and therefore ||T|| = r(T). O

Corollary 2.8. If T is class p-wA(s,t) with0 <p <1 and0 < s,t,s+t <1, then
T is isoloid.



CLASS p-wA(s,t) OPERATORS AND RANGE KERNEL ORTHOGONALITY 7

Proof. Let re'® be an isolated point of o(T) with 0 < r. Since
o(T(s,t)) = o(|ITI°UT|") = o(U|T|**")
by Lemma 6 of [17] and
o(UT|*HY) = {r5te? | re? € o(T)}

by Theorem 2.5, we have r**t¢?® is an isolated point of o(T(s,t)). We remark
T'(s,t) is £5-hyponormal for any p € (0, min{s,¢}] by Proposition 2.2.

Assume re?’ = 0. Since T'(s,t) is £E -hyponormal, we have Eo(s,t) = ker T'(s, t)
where FEy(s,t) is the Riesz idempotent of T'(s,t) for 0 € isoo(T'(s,t)) by Theorem
5 of [6]. Hence there exists non-zero vector x € H such that T'(s,t)x = 0. Hence

Tz =0 by (2.7).
Assume re?® £ 0. Then

Eetegio(s,t) = ker(T(s,t) — r*tte?) = ker((T'(s, t) — r*Tte’®)*)

where E,s1+.s(s,t) is the Riesz idempotent of T'(s,t) for r**te'® € isoo(T'(s,t)) by
Theorem 5 of [(]. Hence there exists non-zero vector x € ker(7'(s,t) —r*Tte'?) such
that T'(s,t)*z = r*tte~ ¥z and |T(s, t)|z = |T'(s,t)*|z = r**t*z by Theorem 5 of [6].
Then we have

0= ((I7(s,)
> <(|T(s,t)*|?% - r2”p) z,x) =0

2 7,2pp) T, T) > <(|T‘2pp _ 7,2;)1)) z,T)

by (2.7). Hence ((|T[*P — r?"?) z,x) = 0. Since 0 < p < min{s, ¢} is arbitrary, we
have ((|T'|PP — rPP) z,z) = 0 by the same arguement. Then

H(T1P = rPP)l|* = (717 = r7P)* @, )
_ <(|T|2pp _ rzp”) x,x) — 2rPP((|T|PP — rPP) 2, x) = 0.
Hence (|T)?P — r#P) x = 0 and this implies |T'|z = rz. Then U*Uxz = U*U|T|r 'z =
|T|r~'z = z. Since r*Tte™®x = T(s,t)*z = |T|'U*|T|*x = |T|'U*r*z, we have
T|'U*x = rte”z = |T|'e="z. Hence (U* — e ")z € ker |T|" = ker |T| = ker U.
Hence U (U* — e_w) r=0and UU*r = e~®Uz. Then
Utz =U'UUz = e U Uz =e 2
because U*Uzx = . Then
| (U —e€®)z|? = ((U—e?)z, (U-e?) )
= ((U =) (U - ) z,z)
=(UUz — e (U—e?)a—e? (U —e )2 —a,2)
= (—e g, (U - ew)* z)y =0.

Hence Uz = e?x. Thus Tz = U|T|z = re’x and the proof is completed.
O

Theorem 2.9. Let T € B(H) be a class p-wA(s,t) operator with 0 < p < 1 and
0<s,t,s+t<1ando(T)={\}. Then T = \.
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Proof. Let A = 0. Since T is normaloid by Corollary 2.7, we have ||T|| = r(T) = 0.
Hence T'=0. Let A # 0. Then S := T/ is class p-wA(s, t) and o(S) = {1}. Hence
S]] = 7(S) = 1 by Corollary 2.7. Since S~! is class p-wA(t,s) by [17], we have
S~ = r(S~1') =1 by Corollary 2.7. This implies S = 1. Hence T = \.

(I

Theorem 2.10. Let T € B(H) be a class p-wA(s,t) operator with 0 <p <1 and
0<s,t,s+t<1. Then T is finite.

Proof. We may assume T # 0. If o(T) = {0}, then T'= 0 by Theorem 2.9. Hence
o(T) # {0}. Hence T has an approximate point spectrum p # 0. Hence there exists
a sequence {x,} of unit vectors such that (T — p)x,, — 0. Then (T — p)*z, — 0
by Proposition 2.3. Hence 0;,(T) # 0 and T € Ry where R is a class of all
operators with a one-dimensional reducing subspace. Thus T is finite by Theorem
6 of [19]. O

Remark. The referee pointed us a simple proof of Theorem 2.10, that is, since
T is normaloid by Corollary 2.7, T is finite by Theorem 5 of [19].

Next we consider a generalization of Theorem 2.10; in other words, we show
the range kernel orthogonality of class p-wA(s,t) operator with 0 < p < 1 and
0 < s,t,s+t <1 by the method of [14]. We begin with the following lemma.

Lemma 2.11. If T € B(H) is a class p-wA(s,t) operator with 0 < p < 1 and
0<s,t,s+t <1 andif S is a normal operator such that TS = ST, then we have

1§ = (TX = XT)|| = ||
for all p € 0,(S) and for all X € B(H).

Proof. Let M, be an eigen space of 1 € 0,(S5). Since S is normal, the Fuglede-
Putnam theorem ensures T'S = ST implies S*T" = ST*. Hence M,, reduces both
T and S. Now we write matrix representations of 7',.5 and X as

o T1 0 (M 0 o X1 Xg
ro (B D) st D) o (B %)
on H = M, ® M. Hence we have

B C
for some operators A, B and C and so
(2.8) 1S = (TX = XT)|| = |lp— (T2 X1 — XaTh)|.

Since T is a class p-wA(s,t) operator and M, is a reducing subspace of T', the
restriction 71 = T'| pq,, is a class p-wA(s, t) operator. Since T} is finite by Theorem
2.10, we have

Xy Xy
(2.9) [(Th X1 — XaTy) — pfl > HT1(7) + (7)T1 — Ulp] = |pl-

From (2.8) and (2.9), we have
IS = (TX = XT)|| = |ul
for all X € B(H). O

The following result due to S.K. Berberian [2] is well known.
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Proposition 2.12. [2] [Berberian technique] Let H be a complex Hilbert space.
Then there exist a Hilbert space K D H and v : B(H) — B(K) such that v is an
x-isometric isomorphism preserving the order satisfying

() (T = $(T), B(In) = Ic, W(aT + BS) = ap(T) + FH(S), Y(TS) =
P(M)P(S), [ =T, ¢(T) < $(S) f T < S for all T,S € B(H) and for all
a, B e C.

(i) o(T) = c((T)),04(T) = 0,(Y(T)) = op(¥(T)), where o,(T) is the point
spectrum of T

Theorem 2.13. Let T € B(H) be a class p-wA(s,t) operator operator with 0 <
p<1land0 < s,t,s+t <1, and let S be a normal operator such that T'S = ST.
Then

ISI < [§ = (TX = XT)]|
for all X € B(H).

Proof. By Proposition 2.12, it follows that 1(S) is normal, ¢(T) is p-wA(s,t) and
Y(T)Y(S) = Y(S)Y(T). Since a,(Y(S)) = 04 (¥(S)) = 04(S) = 0(S), we have
[l < [19(5) = (T)(X) = p(X)p(T)|| = |S = (TX — XT)|
for all p € o(S) and for all X € B(H) by Lemma 2.11. Hence
SUpPeq(s) il = 7(S) = IS < |5 = (TX — XT)]|.

This completes the proof. ([

Now we prove if S € B(H) is a class p-wA(s,t) operator, T* € B(H) is an
invertible class p-wA(t, s) operator and X € B(H) is a Hilbert-Schmidt operator

such that SX = XT, then S*X = XT*. The following key lemma is necessary for
the proof of theorem 2.15.

Lemma 2.14. Let S,T* € B(H) be class p-wA(s,t) operators with 0 < p <1
and 0 < s,t,s +t <1 and let X € B(H) be a Hilbert-Schmidt operator. Then the
operatorT' =Tgp : Co(H) 3 X — SXT € Co(H) is class p-wA(s,t).

Proof. Since T*X = S*XT* |T'|X = |S|X|T*|, |T*|X = |S*|X|T|, we have

tp

((‘F*|t|r|25‘1—\*|t) s+t |1—\*‘2tp) X

tp tp
t

= (IS*[11S**1S[") ¥ X (|7 |7 P 7))+
= (s s8I = 157 2) X (T T

o ‘S*|2th‘T|2tp

18X (T PT) - TR)

)X

_sp_ _sp_
_ |S‘2SPX|T*|2SP _ (|S|S|S*‘2t|s‘s) st (|T*|S|T|2t‘T*|S) S+t
= (ISP = (151°[8°[2181°) 77 ) X |7 2

and

sp
t

(|F|25p _ (\F|S|F*|2t\F|S) s+

+ (1817187 2ISI) 7 X (|72 — (1 TP ) )
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sp

Hence [T[27 — (|T[*|T*[2¢T[*)5%F > 0 and (|*[t|T[2£[T*|t) =+ — [*[2*? > 0. Thus T
is class p-wA(s,t). O

Theorem 2.15. Let S € B(H) be a class p-wA(s,t) operator, T* € B(H) be an
invertible class p-wA(t,s) operator and X € B(H) be a Hilbert-Schmidt operator
such that SX = XT. Then S*X = XT~.

Proof. Let T'gp-1: Co(H) 5 X — SXT € Cy(H). Since S and (T*)~! are class
p-wA(s,t) operators by Corollary 2.4 of [15], Lemma 2.14 ensures that I'g p—1 is
class p-wA(s,t). Since SX = XT, we have I'gp-1 X = SXT~! = X. Applying
Proposition 2.3, it follows that (I'sp-1)*X = X. Hence S*X(T_l)* = X and
S*X = XT~.

O
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