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ABSTRACT. The purpose of this paper is to introduce a new class functions called,
subweakly b-continuous functions. Also, we obtain its characterizations and its basic
properties.

1 Introduction  Functions and of course open functions stand among the most im-
portant notions in the whole of mathematical science. Many different forms of continuous
functions have been introduced over the years. Various interesting problems arise when
one considers continuity. Its importance is significant in various areas of mathematics
and related sciences. In 1996, Andrijevic [2] introduced a weak form of open sets called
b-open sets. In the same year, this notion was also called sp-open sets in the sense of
Dontchev and Przemski [6] but one year later are called v-open sets due to El-Atik [14].
Ekici [3, 7, 8, 9, 10, 11, 12, 13] studied some papers related with b-open sets. In this
paper, we will continue the study of related functions by involving b-open sets. We in-
troduce and characterize the concept of subweakly b-continuous functions in topological
spaces.

2 Preliminaries  Throughout this paper, spaces means topological spaces on which
no separation axioms are assumed unless otherwise mentioned and f : (X,7) — (Y,0)
(or simply f : X — Y) denotes a function f of a space (X,7) into a space (Y,0).
Let A be a subset of a space (X, 7). The closure and the interior of A are denoted by
CI(A) and Int(A), respectively. The #-closure [24] of A, denoted by Clyg(A), is defined
to be the set of all z € X such that AN CI(U) # 0 for every open neighbourhood
Uofx. If A= Clg(A), then A is called d-closed. The complement of f-closed set is
called #-open. A subset A of (X,7) is said to be regular open [23](resp. semi-open
[15], preopen [16], a-open [20], b-open [2] or y-open [14]) if A = Int(CI(A)) (resp.
A C Cl(Int(A)), A C Int(Cl(A)), A C Int(Cl(Int(A))), A C Int(CI(A)) U Cl(Int(A))).
The complement of a semi-open (resp. preopen, b-open) set is called semi-closed [5]
(resp.preclosed [16], b-closed [2]). The intersection of all semi-closed (resp. preclosed,
b-closed) sets containing A is called the semiclosure [4] (resp. preclosure [16], b-closure
[2]) of A and is denoted by sCIl(A) (resp. pCI(A),bCI(A)). For each z € X, the family
of all b-open sets containing x is denoted by BO(X, ;). The family of all a-open (resp.
b-open) sets of a topological space (X, 7) is denoted by aO(X,7) (resp. BO(X,7)). A
function f : (X,7) — (Y, 0) is said to be a-continuous [17] if for every x € X and every
open set V of Y containing f(z), there exists an c-open set U containing x such that
f(U) c V. A function f : (X,7) — (Y,0) is said to be weakly b-continuous [22] if for
every x € X and every open set V of Y containing f(z), there exists U € BO(X, T;z)
such that f(U) C CU(V).
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Lemma 2.1 [2] Let A be a subset of a topological space (X, ).
(i) € bCU(A) if and only if ANU # 0 for every U € BO(X,T;z).
(ii) Any union of b-open sets is b-open.
(iil) bBCI(A) is b-closed.
(iv) A is b-closed if and only if A= bCIl(A).

3 Subweakly b-continuous functions

Definition 3.1 A function f : (X,7) — (Y,0) is said to be subweakly b-continuous if
there exists an open base B for the topology o on Y for which bCI(f~1(V)) C f~1(CL(V))
for every V € B.

Remark 3.2 (i) It is clear that weak b-continuity implies subweak b-continuity.

(ii) The converse of the implication of (i) above is not true in general as it can
be seen from the following example: let (X,7) and (Y, o) be the following topological
spaces, where X := {a,b,¢,d} =Y, 7:={0,{a}, {b},{c},{a, b}, {a,c}, {b,c},{a,b,c}, X}
and 0 := P(Y) and f : (X,7) — (Y,0) be a function defined by f(a) = f(b) := a,
f(e) :== b, f(d) := c¢. Then, there exists an open base B of the topology ¢ on Y
such that bCI(f~H(V)) C f~H(CU(V)) for every set V € Bjie., f: (X,7) — (Y,0) is
subweakly b-continuous. Indeed, we take B := {0, {a}, {b},{c},{d},Y} and we have
that: BO(X,7) = P(X)\{{d}} and BC(X,7) = P(X)\{{a,b,c}}. And, the function
f:(X,7) — (Y,0) is not weakly b-continuous. Indeed. there exist a point d € X and a set
V :={e,d} € o such that f(d) = ce€ Vand f(U) ¢ Cl(V) for every set U € BO(X, 7;d),
where BO(X, 7;d)= {{a,d},{b,d},{c,d},{a,b,d}, {a,c,d}, {b,c,d}, X}.

Theorem 3.3 A function [ : (X,7) — (Y,0) is subweakly b-continuous if and only if
there is an open base B for the topology o on'Y for which Cl(Int(f=*(V)))NInt(Cl(f~1(V))) C
F=HCUV)) for every V € B.

Proof. The proof is clear, because it is well known that bCI(A) = A U (Ci(Int(A)) N
Int(CI(A))) holds for every set A of (X, 7) (cf. Proposition 2.5 and its proof in [2]). q.e.d

Theorem 3.4 If a function f : (X,7) — (Y,0) is subweakly b-continuous, then for
every 0-open (resp. 0-closed) set V of (Y,o), f~1(V) is a union of b-closed sets (resp.
an intersection of b-open sets).

Proof. Let B be an open base for the topology o on Y for which bCI(f~1(V)) C
f7H(CU(V)) for every V € B. Let V be a f-open subset of (Y,0) with x € f=1(V).
Then there exist W € B such that f(x) € W C CI(W) C V. Then z € bCI(f~1(W)) C
fHCIW)) C f~1(V). By Lemma 2.1, bCI(f~*(W)) is b-closed; f~1(V) is a union of
b-closed sets. The second case is proved by an argument similar to the first case above.
q.e.d.

Recall that by the graph of a function f : X — Y, we mean that G(f) := {(z,y)| = €
X,y = f(z)} and by the graph function of f, say ¢ : X — Y, we mean that g(x) :=

(@, f ().

Theorem 3.5 If f: (X,7) — (Y, 0) is subweakly b-continuous and (Y, o) is Hausdorff,
then G(f) is b-closed in (X XY, x o).

Proof. Let (x,y) € (X xY)\ G(f). Then y # f(x). Let B be an open base for the
topology o on Y for which bCI(f~1(V)) C f~1(CIL(V)) for every V € B. Since (Y,0)
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is Hausdorff, there exist disjoint open sets V and W in Y with y € V, f(z) € W,
and V € B. Then f(z) ¢ CI(V) and hence x ¢ f~1(CI(V)). Since f is subweakly
b-continuous, bCI(f~1(V)) C f~1(CI(V)) and hence x & bCI(f~1(V)). Then we see that
(x,y) € (X \OCI(f~1(V))) x V C (X xY)\ G(f). Then by Lemmas 2.1, we have that
G(f) is b-closed. q.e.d

Theorem 3.6 If [ : (X,7) — (Y,0) is subweakly b-continuous, then the graph function
g:(X,7) = (X XY, 7 X 0) is subweakly b-continuous.

Proof. Let B be an open base for the topology ¢ on Y for which bCI(f~1(V)) C
YU V) for every V € B. Then C := {U x V|U C X is open and V € B} is an open
base for the product topology 7x o on X xY. For UxV € C, we have bCl(g~ (U xV)) =
bCLUNFL(V)) C bCLU)NCI(f~H(V)) C CLU)NFLHCUV)) = g H(CLU)xCI(V)) =
g H(CI(U x V)). Thus, the graph function g : (X,7) — (X x Y,7 x o) is subweakly
b-continuous. q.e.d.

Theorem 3.7 Let f : (X,7) — (Y,0) be a function and g : (X,7) — (X xY,7 X 0)
its graph function. Let B be an open base for the topology o on Y. If g : (X,7) —
(X XY, 7x0) is subweakly b-continuous with respect to the open base C = {UxV|U C X
is open and V € B} for the product topology T x 0 on X XY, then f is subweakly b-
continuous with respect to the open base B.

Proof. Let V€ B. We have bCI(f~%(V)) = bCI(X \ f~1(V)) = bCl(g~ (X x V)) C
g HOUX xV)) =g HX x CU(V))) = f~HCI(V)); hence f is subweakly b-continuous.
q.e.d.

Definition 3.8 A topological space (X,7) is said to be b-Ty [10] if for each pair of
distinct points x and y of X, there exists b-open sets U and V containing = and v,
respectively such that y ¢ U and z &€ V.

Theorem 3.9 If f : (X,7) — (Y,0) is subweakly b-continuous injection and (Y,0) is
Hausdorff, then (X, 1) is b-T}.

Proof. Let x and y be distinct points in X. Since f is injective, f(z) # f(y). Let B be
an open base for the topology o on Y for which bCI(f~1(V)) C f=*(CI(V)) for every
V € B. Since (Y, 0) is Hausdorff, there exist disjoint subsets V4 and Wi in (Y, o) with
fly) € Vi, f(x) € Wy. There exists a subset V € B such that f(y) € V, f(z) ¢ V,
VNW; =0and V C Vi. Then f(z) € CI(V); and hence y € f~1(V) C bCI(f~1(V))
and = & f~1(CI(V)). Since f is subweakly b-continuous, z ¢ bC1(f~1(V)). Then, using
Lemma 2.1(iii), we have X \ bCI(f~(V)) is a b-open set containing  but not y. By an
argument similar to that of the above proof, it is shown that there exists a subset W € B
such that X \ bCI(f~1(W)) is a b-open set containing y but not z. It follows that (X, 7)
is b-Ty. q.e.d

Lemma 3.10 Let (X, 7) be a topological space and A a subset of (X, 7). Then we have
the following properties.

(i) [14],[18, Proposition 3.9] (e.g. [1, Proof of Theorem 2.3(3)], [13, Lemma 2.2],[19,
Lemma 3.2],[21, Lemma 5.2 , [25, Lemma 5.1]) If A € aO(X,7) and U € BO(X, 1),
then U N A € BO(A,T]A).

(ii) [14] (e.g., [25, Lemma 5.2 (1)]) If A € aO(X,7) and V € BO(A,T|A) and then
V € BO(X, ).

(iii) [2, Proposition 2.4, Proposition 2.3(b)] If A € aO(X,7) and U € BO(X, 1),
then UN A € BO(X,T).
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(iv) [21,Lemma 5.3] If BC A C X and A € aO(X, 1), then (bCI(B))NA = bCl4(B),
where bCly(B) := ({F| F is b-closed in (A,7|A) with B C F C A}.

Theorem 3.11 If f : (X, 7) — (Y, 0) is subweakly b-continuous and A € aO(X, 1), then
flA: (A, 7]A) — (Y, 0) is subweakly b-continuous.

Proof. Let B be an open base for the topology o on Y for which bCI(f~1(V)) C
f7HCUV)) for every V € B. Then using Lemma 3.10 (iv) we have for V € B,
bCLA((fIA)1- (CU(V)) C ANCI((f|A)~H(V))=AnbCI(ANF~1(V)) C AnbCI(f~1(V)) C
AN fHCUV))=(f|A)"L(CI(V)). Therefore, f|A is subweakly b-continuous. q.e.d.

Theorem 3.12 If f : (X, 7) — (Y, 0) is subweakly b-continuous and E is an open subset
of (Y,o) with f(X) C E, then f: (X,7) — (E,0|E) is subweakly b-continuous.

Proof. Let B be an open base for the topology o on Y for which bCI(f~1(V)) C
f7H(CU(V)) for every V € B. Then, the collection C := {V N E| V € B} is an open
base for the relative topology o|F on E. Since E is open in (Y, 0), it is well known that
CI(V)NE C Clg(VNE). Then, bCI(f~Y(VNE)) C f~Y(CI(V)NE) C f~1(Clg(VNE));
hence f : (X,7) — (F,0|FE) is subweakly b-continuous. q.e.d.

Theorem 3.13 Let f : (X,7) — (X,7) be subweakly b-continuous and let A C X such
that f(X) C A and f|A is the identity function on A. Then, if (X, 7) is Hausdorff, then
A is b-closed.

Proof. Assume A is not b-closed. Let © € bCI(A) \ A. Let B be an open base for the
topology 7 on X for which bCI(f~1(V)) C f~H(CI(V)) for every V € B. Since x ¢ A,
f(z) # x. Since (X, 7) is Hausdorff, there exist disjoint open sets V and W with x € V,
f(z) e Wand V € B. Let U € BO(X,7;z). Then x € U NV which is b-open in (X, )
by Lemma 3.10(iii). Since z € bCI(A), (UNV)NA#D. Let y € (UNV)N A. Since
y € A, fly) =y €V and hence y € f~1(V). Therefore, y € UN f~1(V) and hence
UNf=Y(V) # 0 and, using Lemma 2.1(i), we have = € bCl(f~1(V)). However, f(z) € W
which is open and disjoint from V. So f(z) & CI(V) or, that is, x ¢ f~1(CI(V)), which
contradicts the assumption that f is also subweakly b-continuous. Therefore, A is b-
closed. q.e.d.

Theorem 3.14 If f1 : (X,7) — (Y, 0) is a-continuous, fa: (X,7) — (Y, 0) is subweakly
b-continuous, and (Y,o) is Hausdorff, then the set A := {x € X| fi(x) = fa(x)} is
b-closed in (X, 7).

Proof. Let © € X \ A. Then fi(x) # fa(x). Let B be an open base for the topology o
on Y for which bCI(f~1(V)) C f~1(CIL(V)) for every V € B. Since (Y,0) is Hausdorff,
there exist disjoint open sets V and W with fi(x) € V, fa(x) € W and V € B. Then
f2(z) ¢ CI(V) and hence = ¢ f; *(CI(V)). Then, since f, is subweakly b-continuous,
z € X\bCI(f; (V). Thus, z € f; 1 (V)N(X\bCI(f5*(V))) € X\ A. By Lemma 2.1(iii),
X\ bel(f5*(V)) is b-open in (X,7). Since f; *(V) is a-open in (X,7), it follows from
Lemma 3.10(iii) that the intersection of these sets is b-open in (X, 7). It follows from
Lemma 2.1(ii) that X \ A is b-open; and hence A is b-closed in (X, 7). q.e.d.

Recall that a subset A of a topological space (X, 7) is said to be b-dense [18] if bel(A) = X.

Corollary 3.15 Assume that f1 : (X,7) — (Y,0) is a-continuous, fo: (X,7) — (Y,0)
is subweakly b-continuous, and (Y, o) is Hausdorff. If f1 and fa agree on a b-dense set,
then f1 = fo.
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Proof. Let A :={x € X| fi(x) = fo(x)} and let U be a b-dense set in (X, 7) on which f;
and fo agree. Then, since U C A, we have X = bCIl(U) C bCI(A) = A (cf. Theorem 3.14)
and hence f1 = f>. q.e.d.

Theorem 3.16 If f; : (X,7) — (Yj,0;) is subweakly b-continuous for each j € Ay,
where Ay, := {1,2,..,m}(m > 1), then f : (X,7) — (I}, V;, I1j=, 05) given by f(x) :=
(f1(x), fa(z), ..., fm(z)) is subweakly b-continuous.

Proof. For each j € A, let B; be an open base for the topology on Y; for which
bCI(f;(V5)) C f; 1 (CU(Vy)) for every V; € B;. Then, let B := {[[/2, V;|V; € B;(j €
Am)} be an open base for the topology []j., o; on [[j,Y;. For every set V :=
[T7L, Vi € B, bCU(fH(V)=bCUN{S (Vili € AY) € N{CU(ST (Vi) 5 € Am} C
NHCUVG € Amd=fHTT7 (CUV;))=fH(CL(V)). Thus, f is subweakly b-
continuous. q.e.d.

Theorem 3.17 If f; : (X;,7;) — (Yj,0;) is subweakly b-continuous for each j € A,
where Ay, = {1,2,...,m}(m > 1), then a function T[;-, f; + (IIj2, X5, 1[j2 ) —
(21 Y5, T2 o)) defined by (IT52, £)(2) = (fi(x), fa(x), ., fm(2)) is subweakly b-

continuous.

Proof. For each j € A, let B; be an open base for the topology on Y; for which
bCUS (V) € 15 M(CUV)) Tor every Vy € B Let B = {I[\", V,IV; € B,(j € Au))
be an open base for the topology [[7~, 0; on [[J., Yj. For every set V :=[[[_, V) €
B, we have that: bCU((ITL, f;) "' (V) € TT7L, bCU(F) (V) < TI7L, (F5)~H(CUV;))
=(IT5=, £)HITL cuvy)) =155, £) N (CUTT, Vy) =(TT7% f3) 1 (CUV)). Thus,

H;-n:l f; is subweakly b-continuous. q.e.d.

REFERENCES

[1] M.E.Abd EL-Monsef, A.A.El-Atik and M.M.El-Sharkasy, Some topologies induced by b-
open sets, Kyungpook Math. J., 45(2005),539-547.

[2] D. Andrijevic, On b-open sets, Mat. Vesnik, 48(1996),59-64.

[3] C.W. Baker and E. Ekici, A note on almost contra precontinuous functions, Int. J. Math.
Math. Sci., Volume 2006, Article ID 96032(2006),1-8.

[4] S.G. Crossley and S.K. Hildebr, Semi-closure, Tezas J. Sci., 22(1971),99-112.

[5] S.G. Crossley and S.K. Hildebr, Semi Topological properties, Fun. Math., 74(1972),233-
254.

[6] J. Dontchev,M. Przemski, On the various decompositions of continuous and some weak
continuous functions, Acta Math. Hungar.,71(1-2)(1996),109-120.

[7] E. Ekici, On R-spaces, International J. Pure. Appl. Math.,25(2)(2005),163-172.

[8] E. Ekici, Generalizations of weakly clopen and strongly 6-b-continuous functions, Chaos
Solitons and Fractals, 38(2008),79-88.

[9] E. Ekici, Almost contra precontinuous functions, Bull. Malaysian. Math. Sci. Soc. (Second
series), 27(1)(2004),53-65.

[10] E. Ekici, On contra continuity, Annales Univ. Sci. Budapest, 47(2004),127-137.

[11] E. Ekici, On y-normal spaces, Bull. Math. Soc. Sci. Math. Roumanie, 50(98)(3)(2007),259-
272.

[12] E. Ekici, On the mnotion of (v,s)-continuous functions, Demonstratio Math.,
XXX VIII(3)(2005),715-727.



[13]
[14]
[15]
[16]
[17]
18]
[19]

[20]
21]
[22]

[23]

[24]
[25]

N.RAJESH, S.SHANTHI

E. Ekici and M. Caldas, Slightly ~-continuous functions, Bol. Soc. Paran. Mat.,
22(2)(2004),63-74.

A.A. El-Atik, A study of some types of mappings on topological spaces, Master’s Thesis,
Faculty of Science, Tanta University, Tanta, Egypt(1997).

N. Levine, Semiopen sets and semicontinuity in topological spaces, Amer. Math. Monthly,
70(1963),36-41.

A.S. Mashhour,M.E. Abd El-Monsef and S.N. EL-Deep, On precontinuous and weak pre-
continuous mappings, Proc. Math. Phys. Soc. Egypt, 53(1982),47-53.

A.S. Mashour,I.A. Gasanein and S.N. El-Deep, a-open mappings, Acta Math. Hungar.,
41(1983),213-218.

A.A. Nasef, On b-locally closed sets and related topics, Chaos, Solitons € Fractals,
12(2001),1909-1915.

A.A. Nasef, Some topologies introduced by b-open sets, Kyungpook Math. J., 45(2005),539-
547.

0. Njastad, On some classes of nearly open sets, Pacific J.Math., 15(1965),961-970.
J.H. Park, Strongly 6-b-continuous functions, Acta. Math. Hungar., 110(4) (2006),347-359.

U. Sengul, Weakly b-continuous functions, Chaos, Solutions and Fractals, 41(2009),1070-
1077.

R. Staum, The algebra of bounded continuous functions into a nonarchimedean field, Pacific
J.Math., 50(1974),169-185.

N.V.Velicko, H-closed topological spaces, Trans. Amer. Math. Soc., 78(2)(1968),103-118.

I. Zorlutuna, On b-closed spaces and 6-b-continuous functions, Arabian J. Sci. Engryg.,
34(2A)(2009),205-216.

Communicated by Haruo Maki

N. RAJESH
Department of Mathematics
Rajah Serfoji Govt. College
Thanjavur-613005
Tamilnadu, India.
e-mail:nrajesh_topology@yahoo.co.in

S. SHANTHI
Department of Mathematics
Arignar Anna Govt. Arts College
Namakkal -637 001
Tamilnadu, India.





