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ABSTRACT. It is well known that the meaning of the convergence in posets stings the
interest of many investigators such as R. F. Anderson, J. C. Mathews and V. Olejéek
(see, for example [13,14]). Among others, the notions of the order-convergence and of
the o2-convergence in posets were studied in details, presenting necessary and sufficient
conditions under of which these convergences are topological. Many researchers give a
special attention to the study of these convergences in different posets, inserting new
knowledge in the classical theory of posets’s convergence. In this paper, we introduce
the ideal-order-convergence in posets, proving results which are based on this notion.
We insert topologies in posets and we study their properties. We also give a sufficient
and necessary condition for the ideal-order-convergence in a poset to be topological.
The introduction of a weaker form of the ideal-order-convergence in posets, called
ideal-o2-convergence, completes our study.

Introduction

The order-convergence in posets was introduced by G. Birkhoff [1]. In general, the
order-convergence is not topological, that is a poset X may not have a topology 7 so that
nets order-converge if and only if they converge with respect to the topology 7 on X [14,22].
Then, much attention was paid to those posets in which the order-convergence is topological
[15-17,23]. Also, modifications of the order-convergence was studied in [13,18, 20, 22, 23].

Meanwhile with the study of the order-convergence in posets, the notion of the oo-
convergence was communicated by the authors in [13,18]. In fact, the os-convergence is a
generalization of the order-convergence and, as the order-convergence, the os-convergence
is also, not topological in general. Also in [20], many sufficient and necessary conditions
were given so that this kind of convergence be topological.

On the other hand, in recent years, a lot of papers have been written on statistical
convergence and ideal convergence in metric and topological spaces (see, for instance, [2,3,
7-9,12]).

In the present paper we introduce and study the notion of convergence of nets in posets
via an ideal. We proceed with the following enumeration: In Section 1, we recall some
definitions which will be used in the rest of the paper. In Section 2, we define the notion of
the ideal-order-convergence in posets proving classical results for the notion of convergence.
In Section 3, we introduce topologies in posets and we give a sufficient and necessary
condition for the ideal-order-convergence in a poset to be topological. In Section 4, we
study the ideal-order-convergence in Cartesian products of posets. Finally, in Section 5, the
concepts of the ideal-oo-convergence and the topological ideal-o0s-convergence in posets are
developed.

1 Preliminaries

In this section we recall some definitions that are needed in the sequel and we refer
to [1] for more details. We shall frequently denote posets by their underlying sets, and we
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write X for (X, <). We will also use the following symbols (a,b) = {x € X : a < z < b},
[a,0) ={z € X:a<x<b},(a,b]={z€X:a<x<b},and [a,b) ={r € X : a < z < b}.
In addition, by writing A C¢;, B we mean that the set A is a finite subset of the set B.
(1) A subset A of a poset X is said to be directed if A # (), and for any aj,as € A there
exists a € A such that a1 < a and as < a.

(2) A subset A of a poset X is said to be filtered if A # ), and for any aj,as € A there
exists a € A such that a < a7 and a < as.

If (D1, <1) and (D3, <2) are directed sets, then the Cartesian product D; x Dy is directed
by <, where (dy,d2) < (d},d}) if and only if d; <; d} and da <o d.
A net in a set X is an arbitrary function x from a non-empty directed preordered set D
to X. If 2(d) = g, for all d € D, then the net x will be denoted by the symbol (x4)4ep-
Let X be a topological space. A net (24)qep in X is said to topology-converge to a point
x € X, if for every open neighborhood U of x, x4 € U eventually. In this case we write
(za)aep 5.
A net (yx)rea in X is said to be a semi-subnet of the net (z4)gep in X if there exists
a function ¢ : A — D such that y = x o ¢, or equivalently, yx = x5 for every A € A. We
write (yx)5ca to indicate the fact that ¢ is the function mentioned above.
A family 7 of subsets of a non-empty set D is called an ideal if Z has the following
properties:
(1) 0 e
(2) If Ae 7T and B C A, then B € T.

(3) f ABeZ, then AUB€TZ.
The ideal Z is called non-trivial if D ¢ T.

Suppose that (y)%c, is a semi-subnet of the net (z4)4ep in X. For every ideal 7 of the
directed set D, we consider the family {A C A : ¢(A) € T}. This family is an ideal on A
which will be denoted by Za ().

A filter F in a non-empty set X is a family of subsets of X that has the following
properties:

(1) X e F.
(2) If A€ F and B D A, then B € F.

(3) If A,B e F,then ANB € F.

If ) ¢ F, we say that F is a proper filter.

Given a filter F on aset X, let M = {(x,F) € XxF : x € F} and for (z, F), (y,G) € M
define (z, F) > (y,G) if and only if F' C G. It is easily seen that > directs M. The map
sF: M — X with sg(x, F) = x, is a net in X, which is called the net associated with F. If

(X, 1) is a topological space, then F L 2 € X with respect to 7 if and only if sr L 2 with
respect to 7.
Dually, given a net s : M — X on a set X, define

Fs={F C X :{s(m): m =mp} CF for some mg € M}.

Then F; is a filter on X, which is called the filter associated with s. If (X, 7) is a topological

space, then s L 2 with respect to 7 if and only if Fj L 2 with respect to 7.

Definition 1.1 [9] Let X be a topological space. A net (x4)4ep in X is said to Z-topology-
converge to a point x € X, where 7 is an ideal on D, if for every open neighborhood U of

x,{d € D:xq¢ U} €. In this case we write (z4)qep It
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Definition 1.2 [1] Let X be a poset. A net (24)gep in X is said to order-converge to a
point z € X if there exist subsets A and B of X such that:

(1) A is directed and B is filtered.
(2) z=\VA=AB.
(3) For every a € A and b € B, there exists dy € D such that a < z4 < b hold for all
d > dy.
In this case we write (24)qep — .

Given a poset X, by T¢ we denote the set consisting of all subsets U of X satisfying
the following property: If (z4)acp 2 & € U, then there exists dy € D such that x4 € U for
every d > do. The set Ty forms a topology on X, which is called the order topology on X
(see [21,23)).

Definition 1.3 [19] Let X be a poset and x,y,z € X. We define:

(1) z < y, if for any directed subset A C X, for which \/ A exists and y < \/ A, there is
a € A such that z < a.

(2) z >y, if for any filtered subset B C X, for which A B exists and A\ B < y, there is
b € B such that b < 2.

Clearly, if x,y,z € X, then the following implications hold: * < y = « < y, and z > = =
z > x.

Definition 1.4 [19] A poset X is called doubly continuous if for each element = € X, the
set {a € X : a < x} is directed, the set {b € X : b> x} is filtered and

z:\/{aéX:a<<x}:/\{b€X:bl>x}.

Definition 1.5 [23] The order-convergence in a poset X is called topological, if there exists
a topology 7 on X such that for every net (z4)4ep in X and 2 € X we have (24)gep —
if and only if (24)qep — = with respect to .

Proposition 1.6 [23] Let X be a complete lattice. If X satisfies the two infinite dis-
tributivity (the meet-infinite distributivity and the join-infinite distributivity) laws, then
the following are equivalent:

(1) The order-convergence on X is topological.
(2) X is doubly continuous.
(3) X is a completely distributive lattice.

In the next we recall some definitions and results from [16].

Definition 1.7 Let X be a poset and z,y,z € X. We define:

(1) z g g, if for every directed subset D of X with \/ D = y, there exists d € D such
that z < d.

(2) zrgy, if for every filtered subset G of X with A G = y, there exists g € G such that
z2g.

Clearly, if x,y,2z € X, then the following implications hold: = < y = =z <s y = = < v,
and z>x = zD>gx = 2z > x. Also for a poset X and x € X we use the following symbols:
sz ={ae X :a<gsz} sz ={bec X :z<sb}, Usz ={ce X :z>gc} and
Msz = {dEX : d[>sx}.
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Definition 1.8 A poset X is called

(1) S-doubly continuous if for each element x € X, the sets ||sz and t1sx are directed
and filtered, respectively and \/ sz = A sz = z, and

(2) S*-doubly continuous if it is S-doubly continuous, and for every z € X, y € |sz and
z € Ttsx, there exist yo € sz and zp € Mgz such that [yo, z0] C ftsy N Idsz.

Proposition 1.9 If X is a doubly continuous poset, then X is S*-doubly continuous.

Definition 1.10 Let X be a poset.

(1) A filter F in X order-converges to = in the sense of Birkhoff if there exist a directed
set D and a filtered set G such that \/ D =2 = A G and [a,b] € F for all a € D and

b € G. In this case, we write F 9 4.

(2) A subset U of X is called a B-open set if for any filter F that order converges to
x € U, there exists F' € F such that FF C U. The set Tx of all B-open subsets of X
forms a topology on X, which is called the B-topology on X.

Proposition 1.11 Let X be a poset and U C X. Then, U € Tx if and only if for any
directed subset D of X and any filtered subset G of X with \/ D = AG = z € U, there
exist dgp € D and gy € G such that [dy, go] C U.

Theorem 1.12 For a poset X, the order-convergence in X is topological if and only if X
is an S*-doubly continuous poset.

2 Ideal-oder convergence
In this section we introduce the ideal-order-convergence in posets and prove some of its

properties.

Definition 2.1 Let X be a poset. A net (z4)qep in X is said to Z-order-converge to a
point & € X, where Z is an ideal on D, if there exist subsets A and B of X such that:

(1) A is directed and B is filtered.
(2) z=VA=A\B.
(3) Foreverya€c Aandbe B, {d€ D : x4 ¢ [a,b]} € T.

Notation 2.2 Let (24)4ep be a net in a poset X and let Z be a non-trivial ideal on D.
If (24)qep Z-order-converges to « € X, then the point x is called the Z-o-limit of the net

(24)aep- In this case we write (24)dep SN

The ideal-convergences with respect to non-trivial ideals can be reduced to convergences
of semi-subnets. More precisely, the following fact holds:

Proposition 2.3 Let (xq)qep be a net in a poset X and T a non-trivial ideal on D. Then
there exists a semi-subnet (yx)féAI of (x4)aep such that for every A C X,

{de D:xq¢ A} €T if and only if there exists \g € Az such that yy € A for all A = Xg.
In particular, for x € X and a topology T on X,

(1) (z4)dep I o with respect to T if and only if (yA)féAI L 2 with respect to T.

(2) (za)aep =2 a if and only if (yn){Z,, 2 =.
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Proof. Set Az = {(d,I) € DT :d ¢ I} and define a preorder < on Az by letting
(d,I) < (d',I') if and only if I C I’ for (d,I),(d',I') € Az. Since Z is non-trivial, (Az, <)
is directed. Let ¢z : Az — D such that (d, I) — d be the projection. Then the semi-subnet
(Yn)5en, of (za)aep is as required. Indeed, let {d € D : x4 ¢ A} € T for some A C X. If
we set Ip ={d € D :xq¢ A} and A\g = (do, Ip), then for each A = (d,I) > Ao (i.e. I D I)
we have y\ = x4 € A.

Conversely, let that for some A C X there exists A\g = (do, [p) € Az such that yy = x4 €
Aforall A= (d,I) 2 Xo. Then{d€ D:zq¢ A} C Iy € T.
(1) Take A = U an arbitrary 7-open neighborhood of z.
(2) Take A = [a,b] an arbitrary interval. O

Proposition 2.4 Suppose that the net (xq4)qep in X Z-order-converges to x,y € X, where
7 is a non-trivial ideal on D. Then, x = y.

Proof. 1t follows directly from Proposition 2.3 and the fact that a limit of order-convergence
is uniquely determined (see Remark 1 in p.15 of [11]). O

Example 2.5 Let (24)qep be a net in a poset X and z € X. We consider the family
{ACD:AC{de D:d#dy} for some dy € D}.

This family is a non-trivial ideal on D which will be denoted by Zp. The net (x4)daep

. . Ip—
order-converges to z if and only if (24)qep —2>—> .

Example 2.6 Let X = {z} U {q; : i € N}, where N denotes the set of all natural numbers.
The order < on X is defined as follows:

(01) a; < z, for every i € N.
(02) For all 4,5 € N, if i < 7, then a; < a;.

Then, (a;)ien — 2. Indeed, for the subsets A = {a; : i € N} and B = {z} of X we have:
(1) A is directed and B is filtered.

(2) x=\VA=AB.
(3) For every i € N, there exists jo € N (jo = ¢) such that a; < a; < 2 hold for all j > jo.
Generally, for every admissible ideal Z on N, namely, Z contains all finite subsets of N, we

have (a;)ien I70% 4 Let Z. be the ideal of even numbers on N. Then, the net (a;);en does
not Z.-order-converge to x.

Proposition 2.7 If (24)4ep s a net with xq = x for every d € D, then (x4)dcp 0%
holds for every ideal T of D.

Proof. The sets A = B = {x} satisfy the conditions of Definition 2.1. Particularly, for the
condition (3) we have {d € D:zg=ax ¢ {z}} =0€Z. O

Proposition 2.8 If (z4)depD ZIo, x, then for every semi-subnet (yx)%c, of the net (xq)acp
we have (yx)%5ca lo)=o,

Proof. Let (yx)5ca be a semi-subnet of the net (z4)qep. Suppose that A and B are subsets
of X such that:

(1) A is directed and B is filtered.
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(2) 2=VA=A\B.
(3) Foreverya€ Aand be B, {d€ D : x4 ¢ [a,b]} € T.

It suffices to prove that for every a € A and b € B, {A € A:yx ¢ [a,b]} € Ta(p). Let
C = {NeA:y\¢la,b]}. If C = 0, then we are done. Suppose that C # 0. We
prove that o(C) € Z. Let p(A) € ¢(C), where A € C. Since yn = z,0n) ¢ [a,b], we
have ¢(\) € {d € D : x4 ¢ [a,b]} which means that o(C) C {d € D : x4 ¢ [a,b]}. Since
{deD:xq¢[a,b} €L, p(C)eZ. O

Proposition 2.9 Let X be a poset and xz,y,z € X. If y <s = and z >g x, then for
every net (xq)aep in X, which T-order-converges to x, where I is a non-trivial ideal on D,

{deD:x;s¢ ][y 2]} €.

Proof. Let y <g x, 2>g x and (24)qep be a net in X which Z-order-converges to x, where
7 is a non-trivial ideal on D. Then, there exist subsets A and B of X such that:

(1) A is directed and B is filtered.
(2) z=VA=A\B.
(3) Foreachae€ Aandbe B,{d€ D : x4 ¢ [a,b]} € L.

Since y < g x, there exists ag € A such that y < ag and since z[>gx, there exists by € B such
that by < z. By assumption, for ag € A and by € B we have that {d € D : z4 ¢ [ag, bo]} € Z.
Since {d€ D :xq ¢ [y,2]} C{d € D:xq¢lao,bo]}, we have that {d € D : x4 ¢ [y, 2]} € T.
O

Corollary 2.10 Let X be a poset and z,y,z € X. If y < = and z > x, then for every
net (q)aep n X, which I-order-converges to x, where T is a non-trivial ideal on D,
{deD:xq4¢y,z|} e

Proposition 2.11 Let X be a S-doubly continuous poset, (xq)aecp be a net in X, z € X,
and T be a non-trivial ideal on D. If for every y,z € X with y <s x and z >g v we have

{deD:xq4¢ [y, 2]} €L, then (q)aeD RN
Proof. Is a direct consequence of the Definitions 2.1 and 1.8. O

Proposition 2.12 Let X be a doubly continuous poset, (xq)acp be a net in X, x € X,
and T be a non-trivial ideal on D. If for every y,z € X with y < = and z > x we have

{deD:xq4 ¢y, z|} €L, then (xq)aecp 7% .
Proof. Is a direct consequence of the Definitions 2.1 and 1.4. O

3 Topologies in posets

In this section we introduce topologies in posets and we give a sufficient and necessary
condition for the ideal-order-convergence in a poset to be topological.

Proposition 3.1 Let X be a set and let Cx be a class consisting of triads ((xq4)dep,x,T),
where (xq)aep is a net in X, x € X, and T is a non-trivial ideal on D. The family

{UCX:{deD:2q¢ U} €T for every ((q)aep,®,I) € Cx,x € U}

is a topology 7(Cx) on X.
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Proof. Obviously @ € 7(Cx). Moreover, since {d € D : 24 ¢ X} =0 € I, X € 7(Cx).
Let U,V € 7(Cx) and ((z4)gep,®,Z) € Cx, x € UNV. Then, {d€ D: x4 ¢ U} € T and
{d€ D:xz4¢V} eI Therefore,

{deD:24¢UNV}y={deD :2,¢UlU{deD :z,¢V}eT

which means that the intersection U NV € 7(Cx). Now, let U; € 7(Cx), ¢ € I and
((Id)dep,x,z) € Cx, x € UjcrU;. Then, {d eD:xy ¢ Ui[)} € T for some ig € I. Since

{dEDZ$d¢Uie1Ui}g{dED:$d¢Uio}€I7
we have {d € D : x4 ¢ U;cU;} € Z. Hence, Ui U; € 7(Cx). O

Proposition 3.2 If ((z4)aep,x,Z) € Cx, then (x4)dep 274 & with respect to T(Cx).

Proof. Let ((x4)aep,x,Z) € Cx and U be an open neighborhood of z. Since x € U € 7(Cx),
by the definition of the topology 7(Cx), we have {d € D : x4 ¢ U} € Z. Therefore,

(zd)aeD Z7% 2 with respect to 7(Cx). O

Notation 3.3 For an arbitrary poset X, we denote by C% the class consisting of triads
((x4)dep,,T), where (x4)d4ep is a net in X, x € X, and Z is a non-trivial ideal on D such

that (z4)aep I=o .
Proposition 3.4 Let X be a poset. Then, 7(C%) = T3.

Proof. Firstly, we prove that 7(C%) C T2. Let U € 7(C%) and a net (v4)acp — = € U.

Then by Example 2.5 (z4)4epD In=o 4 By the definition of Zp it follows that (z4)4ep is
eventually in U. Thus U € Tx.

We prove the opposite direction 72 C 7(C%). Let U € T2 and a net (24)aep I p e
U, where 7 is a non-trivial ideal on D. Then by Proposition 2.3 the net (y)\)féAI % .
That is, there exists Ao € Az such that yy € U for all A > \g. Thus {d€ D : 24 ¢ U} € T,
which means that U € 7(C%). O

The following result is a characterization of open sets in 7.

Lemma 3.5 Let X be a poset and U C X. Then, U € Ty if and only if for any directed
subset D of X and any filtered subset F' of X with \/ D = A F' =« € U, there exist dy € D
and fo € F such that [dy, fo] C U.

Proof. Let U € T2, D be a directed subset of X, F be a filtered subset of X and \/ D =
ANF = x € U. Suppose that for each d € D and f € F there exist g4, € X with
d < gy < fand gqy ¢ U. The Cartesian product D x F is directed if we define
(d',f") = (d,f) to mean that d" > d and f' < f. Then, (9(4,f))(d.f)eDxF 2 x, and,
therefore, the net (g(d’f))(d’f)eDXF converges to x, with respect to 7, contradiction. Thus,
for some dy € D and fy € F we get [dy, fo] C U.

Now, let U C X and suppose that for any directed subset D of X and any filtered subset
F of X with \/ D = AF =z € U, there exist dy € D and fy € F such that [dy, fo] C U.
Consider a net (zx)aea 2y & € U. Then, by Definition 1.2 there exist a directed subset F
of X and a filtered subset G of X with \/ E = AG = z and for every e € F and g € G,
there exists Ae, € A such that z) € [e,g] for every A > Ac,. By hypothesis there exist
eo € E and go € G such that [eg,go] € U. Consequently, there exists A\g € A such that
Zx € [eo,g0] C U for every A > A\g. Hence, by the definition of the topology 72 we have
UeTg. O
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Lemma 3.6 Let X be a poset and U C X. Then, U € 7(C%) if and only if for any directed
subset D of X and any filtered subset F' of X with\| D = \F = x € U, there exist dy € D
and fo € F such that [dy, fo] CU.

Proof. The proof is similar to the proof of Lemma 3.5. O

Remark 3.7 We observe that Proposition 3.4 it follows, alternatively, as a direct conse-
quence of the Lemmas 3.5 and 3.6. Also, given a poset X, in view of Lemma 3.5 and
Proposition 1.11 we have that the topology T3 on X is equal to the B-topology on X (see
Definition 1.10).

Corollary 3.8 Let X be a poset. If (xq)aepD N x, then (zq4)dep Z2t o with respect to
T2.

Proof. 1s similar to Proposition 3.2. O

Proposition 3.9 Let X be a poset. The topology Ty is the finest topology T on X such
that ideal-order-convergence implies ideal-topology-convergence with respect to 7.

Proof. Let T be a topology on X such that ideal-order-convergence implies ideal-topology-
convergence with respect to 7. We prove that 7 C 7¢. Let U € 7. It suffices to prove that
for every ((z4)aep,x,I) € C%, © € U we have that {d € D : x4 ¢ U} € T (see Proposition

3.4). Let ((za)dep,x,T) € C%. Then, (zq)dep I7% 2 and, by assumption, (z4)dep It
with respect to 7. Therefore, {d € D:xq ¢ U} € Z. O

Definition 3.10 The ideal-order-convergence in a poset X is called topological, if there
exists a topology 7 on X such that for every net (z4)4qep in X, x € X and for every

non-trivial ideal Z of D, (z4)aep I70 2 if and only if (z4)aen I7 & with respect to T.

Proposition 3.11 Let X be a poset such that the ideal-order-convergence is topological and
let T be the corresponding topology on X. Then, T C T¢.

Proof. Is a direct consequence of the Proposition 3.9. O

Proposition 3.12 The ideal-order-convergence in a poset X is topological if and only if
the order-convergence in X is topological.

Proof. Consider a poset X and suppose that the ideal-order-convergence in X is topological.
Let (z4)aep be a net in X and « € X. For the non-trivial ideal Zp of D (see Example 2.5)

we have that (24)aep IO o+ if and only if (z4)dep It o with respect to some topology
7 on X. Therefore, (24)qep — « if and only if (z4)qep converges to x with respect to 7.
Thus, the order-convergence in X is topological.

Conversely, suppose that the order-convergence in X is topological. Let (z4)4ep be a
net in X, 7 a non-trivial ideal on D and = € X. Then by Proposition 2.3 and hypothesis

we have the following equivalences: (24)4ep Z7% 2 if and only if (yx)5za, 2 ¢ if and only

if (yk)féAI L 2 with respect to some topology 7 on X if and only if (z4)4ep I ¢ with
respect to 7. Thus, the ideal-order-convergence in X is topological. O

As the study of the notion of the ideal-order-convergence is extended, it raises the
necessity to clarify, in which posets, is the ideal-order-convergence topological. Following
[16] we prove that for a poset X the ideal-order-convergence is topological if and only if X
is an S*-doubly continuous poset.
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Proposition 3.13 Let X be a poset.

(1) If F is a filter on X and sx is its associated net, then F GareX (in the sense of
Definition 1.10) if and only if sy = = (in the sense of Definition 1.2).

(2) If s : M — X is a net in X and F, is its associated filter, then s % x € X (in the
sense of Definition 1.2) if and only if Fs 9z (in the sense of Definition 1.10).

Proof. (1) Suppose that F 9 reX. Then, there exist a directed set D C X and a
filtered set G C X such that VD = AG = z and [a,b] = E € F foralla € D and b € G.
It follows that for every (f, F') > (e, E) equivalently F' C E, we have sz(f,F) = f € F C
E=a<sz(f,F)<b. Thus sz > .

Conversely, let s 2 = € X. Then, there exist a directed set D C X and a filtered
set G C X such that VD = AG = z and for every a € D and b € G there exists my =
(fo, Fo) € M such that a < sz(m) < b for all m > mg. Then, for all f € Fy we have

a < sr(f,Fo) = f <b, since (f, Fy) > (fo, Fo). Thus, Fy C [a,b]. So [a,b] € F and F % z.

(2) Suppose that s 2 2 € X. Then, there exist a directed set D C X and a filtered set
G C X such that VD = AG = z and for every a € D and b € G there exists my € M such
that a < s(m) < b for all m > mg, which means that [a,b] 2 {s(m) : m > mg} € Fs and
thus Fj 2> .

Conversely, let Fj © reXx. Then, there exist a directed set D C X and a filtered set
G C X such that VD = AG = z and [a,b] € F; for all a € D and b € G. This means that
for some mo € M we have {s(m) : m > mg} C [a,b] and thus s % z. O

We observe that the coincidence of 7y and B-topology on X is, also, immediate from
Proposition 3.13.

Proposition 3.14 The order-convergence in a poset X (in the sense of Definition 1.2) is
topological if and only if the order-convergence in X (in the sense of Definition 1.10) is
topological.

Proof. Is a direct consequence of Proposition 3.13. O

Proposition 3.15 For a poset X, the ideal-oder convergence is topological for the T3 topol-
ogy if and only if X is an S*-doubly continuous poset.

Proof. Is a direct consequence of Theorem 1.12; Remark 3.7, Proposition 3.12 and Propo-
sition 3.14. O

4 Ideal-order-convergence in Cartesian products of posets

In this section we study ideal-order-convergence in the Cartesian product of two posets
X and Y.

For an ideal (resp., filter) Z on a set X, let Z* denote the dual filter (resp., ideal) on Z,
that is, Z* = {A C X : X \ A € Z}. For filters F; and F> on sets D; and D,, respectively,
let F1 x F2 denote the product filter, that is,

FixFa={AC Dy xDy:F; x Fy CA for some Fy € F; and some F, € Fa}.

Then the following trivial facts hold:

(1) An ideal (resp., filter) Z on a set X is non-trivial if and only if so is the dual filter
(resp., ideal) Z*.
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(2) If filters F; and F; on sets Dy and Da, respectively, are non-trivial, so is the product
filter F1 X Fo.

Proposition 4.1 Let Dy, Dy be two directed sets and let Iy, Ty be two non-trivial ideals
on Dy and D, respectively. The family (Z7 x I5)* is a non-trivial ideal on D1 x Dy, which
will denote by Iy X Is.

Proof. Is an easy consequence of the above discussion. O

Proposition 4.2 Let X and Y be two posets. Then, we have (24,)d,eD, 7% 2 and
(Ydy ) dpe Do Lao, y, where Iy and Iy are two non-trivial ideals of D1 and D, respectively

. . Z1XZIy—o
Zf and Only Zf ((xdlvyd2))(d1,d2)€D1 X Dy ﬁ—_) (l’,y)

Proof. Let (24,)ayep, ——% x and (ya,)ase D, —2—2 y. We prove that

I] XIQ—O

((l‘dlaydz))(dl,dz)ED1XD2 (a:,y)

There exist subsets A;, By and As, Bs of X and Y, respectively such that:
(1) A, As are directed and By, By are filtered.
(2) x=VV A =AB;andy=\ A2 = A\ Bs.
(3) For every a; € Ay and by € By, {dy € Dy : x4, ¢ [a1,01]} € T5.
(4) For every ag € As and by € By, {ds € Ds : ya, ¢ |az,ba]} € Ts.
We set A = Ay X Ay and B = By X By. Then:
(5) A is directed and B is filtered.

(6) (z,y) =VA=AB.
Let (a1,a2) € A and (by,bs) € B. We prove that

{(dl,dQ) € Dy x Dy : (l‘dl,yd2) ¢ [(al,az), (bl,bg)]} €1y X Is.

It suffices to prove that
W = {(dl,dz) € Dy X Dy (xdl,de) € [(al,ag), (bl,bg)]} S Iik X I;

We set I} = {dl € Dy : Td, ¢ [ahbl]} and Iy = {d2 € D5 : Yds ¢ [a27b2]}.
Then Dl\ll = {d1 € Dy : T4, € [al,bl]} S If and D2\I2 = {dg € Dy : Yd, € [ag,bg]} S I;
We see that

(D1 \ Il) X (DQ \ IQ) - w.
Therefore, W € Z7 x Z5.
Il XIQ*O

Conversely, let ((4,,%d,))(dy,d2)eDixDs ——— (x,). We prove that

I —
(xdl)d1€D1 1—O> Z.

There exist subsets A and B of X x Y such that:
(7) A is directed and B is filtered.
(8) (z,y)=VA=AB.
(9) For every (a1,a2) € A and (b1,b2) € B,
{(d1,d2) € D1 x Dy : (z4y,9a,) & [(a1,a2), (b1,b2)]} € Ty X Iy,
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We set:
Ay ={x1 € X : (z1,y1) € A for some y; € Y},
By ={x1 € X :(x1,y1) € B for some y; € Y}.
Then A; is directed, Bj is filtered and x = \/ Ay = A By.
We prove that:
(10) For every a; € Ay and by € By, {dy € Dy : x4, ¢ [a1,01]} € T5.
Let a; € Ay and by € B;. Then, there exist as,by € Y such that (a1,a2) € A and
(b1, bg) € B. Hence,

{(d1,d2) € D1 x Dy : (a,,ya,) & [(a1,a2), (b1, b2)]} € Iy X I,
or equivalently
W = {(dy,d2) € D1 X Da : (x4,,Ya,) € [(a1,a2), (b1,b2)]} € I7 x I3.
Therefore, there exist Iy € Z; and Iy € T such that (D; \ I1) x (D2 \ I2) € W. Since
{dy € Dy : 24, € [a1,01]} 2 D1\ I € I,

we have {dy € Dy : x4, ¢ [a1,01]} € Zy. Similarly, we get (yd,)d,eDs EZRN y. O

Proposition 4.3 Let X and Y be two posets. Then, (x4)dcp I7% ¢ and (Yd)dep N y
. . Z—o
if and only if ((24,Yd))dep — (x,y).

Proof. Is similar to the proof of Proposition 4.2. O

Based on the ideas of papers [4-6], we will use Proposition 3.4 to prove the following
two propositions.

Proposition 4.4 Let X and Y be two posets. Then, T2 X T2 C T2,y

Proof. Suppose that Ux € Ty and Uy € Ty. It suffices to prove that Ux x Uy € Tg,y-
Let (((za;Ya))den; (z,y),Z) € Ckyy, (z,y) € Ux x Uy. From Proposition 4.3, it follows
that ((z4)aep,x,Z) € C% and ((ya)aep,y,Z) € Cy, where x € Ux and y € Uy. Therefore,

{deD:24¢Ux} €T and {deD:ys¢ Uy} €.

SinCE{dGD:(l’d,yd) ¢UXny}:{deD:xd¢Ux}U{d€D:yd¢Uy} IS
we conclude that {d € D : (z4,y4) ¢ Ux X Uy} € T and, consequently, the product
Ux x Uy € T)?XY' O

Proposition 4.5 Let X and Y be two posets. The Cartesian product topology T2 x Ty
coincides with the topology T3,y if the latter has a base of Cartesian product sets.

Proof. By Proposition 4.4 it suffices to prove that 7¢ .y C 7¢ x 7y?. Consider any product
Ux x Uy which is open in the topology 7% ,y. We prove that Ux x Uy € Tg x Ty. For
this purpose we show that Ux € T2 and Uy € T2. Let ((z4)dep,2,Z) € C&, x € Ux. Let
y € Uy and consider the net (yq)qep, where y4 = y for every d € D. By Propositions 2.7 and
4.3 we have (((z4, Ya))dep, (,9),T) € C& vy, (z,y) € Ux x Uy. Since Ux x Uy € T2y,
we have {d € D : (z4,y4) ¢ Ux x Uy} € Z. Now, since

{deD:24¢Ux} C{deD: (xq,yq) ¢ Ux x Uy},

we have {d € D : zq ¢ Ux} € Z. Therefore, Ux € T2. Similarly, we can see that Uy € T2
O
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5 Ideal-o;-convergence and ideal-os-topology

A generalization of the ideal-order-convergence in posets, the so-called ideal-os-converge-
nce, is discussed in this section. Moreover, an investigation of the topological ideal-0o-
convergence in posets completes this section.

We will need the following notions.

Definition 5.1 [13,18] Let X be a poset. A net (z4)qep in X is said to og-converge to a
point z € X if there exist subsets M and N of X such that:

(1) x=\VM=AN.
(2) For each m € M and n € N, there exists dy € D such that m < x4 < n hold for all
d = do.

In this case we write (2q)qep — .

Definition 5.2 [20] Let X be a poset and z,y,z € X. We define:
(1) z <4 y, if for every net (x4)gep in X with (z4)dep 22, y there exists dy € D such
that x4 > z for every d > dj.

(2) 24y, if for every net (24)qep in X with (z4)qep — y there exists dy € D such that
xq < z for every d > dp.

Definition 5.3 [20] A poset X is called a-doubly continuous if for each element z € X,
r=V{eeX:a<gyz}=A\{be X :b>yx}.

Definition 5.4 [10] A poset X is called Oz-doubly continuous if it satisfies the following
conditions:

(1) X is a-doubly continuous and

(2) if y <o z and z >4 , then there exist A Cpy {a € X a0 < x} and B Cypyp, {bE X ¢

b, x} such that y <, cand 2>, cforeach c€ [ () [m,n].
meAneB

Definition 5.5 Let X be a poset. A net (x4)qep in X is said to Z-0s-converge to a point
x € X, where 7 is a non-trivial ideal on D, if there exist subsets M and N of X such that:

(1) 2=V M=AN.
(2) Foreachme M andn e N, {d€ D : x4 ¢ [m,n]} € L.

Notation 5.6 Let (x4)qep be a net in a poset X and let Z be a non-trivial ideal on D.
If (x4)dep Z-09-converges to x € X, then the point x is called the Z-oq-limit of the net

(xd)dep. In this case we write (24)4ep Lm0z, o

Proposition 5.7 Let X be a poset, (xq4)aecp be a net in X and Z a non-trivial ideal on D.

Then (x4)aeD Iy if and only if (yx)Xen, 22 .

Proof. Is similar to Proposition 2.3 (2). O

Proposition 5.8 If a net (x4)qep in X Z-03-converges to x,y € X, where T is a non-trivial
ideal on D, then x = y.

Proof. Tt follows directly from Proposition 5.7 and the fact that a limit of os-convergence
is uniquely determined (see Remark 3 (2) of [20]). O
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Proposition 5.9 Let (24)acp be a net in a poset X and let T be a non-trivial ideal on D.

If (xq)aep 1o, x, where x € X, then (24)aep 102, o, Therefore, the Z-order-convergence
implies the Z-oo-convergence.

Proof. Is a direct consequence of the Definitions 2.1 and 5.5. O

The converse of Proposition 5.9 is not necessarily true as the following example verifies.
Example 5.10 Let (Z, <) be the poset represented by the following diagram:

-1 -2 -3 —4

Figure 1: The poset (Z, <)

Let Z be an admissible ideal on N. For the net (ay)nen, where a, = n, n € N, we have
(an)nen 2792, 0. Indeed, for the subsets M = {0} and N = {—n:n € N} of Z we have:
(1) 0=\VM=AN.
(2) For every n € N, {m € N:a,, ¢ [0,—n|} € T.

But the net (ay)nen does not Z-order-converge to 0, because the subset N of Z is not
filtered.

Remark 5.11 From Proposition 5.9 we can, easily, see that Propositions 2.7, 2.8, Corollary
2.10, and Propositions 4.2, 4.3 are satisfied, also, for the notion of Z-0s-convergence.

Notation 5.12 For an arbitrary poset X, we denote by C$? the class consisting of triads
((x4)aep,z,T), where (24)4cp is a net in X, x € X, and Z is a non-trivial ideal on D such

that (xq)aep 2792, 4. The corresponding topology 7(C32) on X (see Proposition 3.1) is
called the ideal-o2-topology on X.

Proposition 5.13 For any poset X, 7(C¥) =Ty C T%.

Proof. The equality is similar to the proof of Proposition 3.4 taking into account Proposition
5.7. The inclusion it follows immediately from the definitions. O

Proposition 5.14 If ((z4)acp,z,Z) € C¢, then (xa)aecp I7t o with respect to T(C'E).
Proof. 1t is similar to the proof of Proposition 3.2. O

Remark 5.15 The Corollary 3.8 and the Propositions 3.9, 4.4, 4.5 are satisfied for the
ideal-os-convergence, replacing the correspondent notions.
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Definition 5.16 The ideal-os-convergence in a poset X is called topological, if there exists
a topology 7 on X such that for every net (z4)qep in X, 2 € X and for every non-trivial

ideal Z of D, (x4)aep I7%2, vif and only if (z4)aep I7¢ & with respect to T.

Proposition 5.17 The ideal-o2-convergence in a poset X is topological if and only if the
0g-convergence in X is topological.

Proof. Is similar to the proof of Proposition 3.12 taking into account Propositions 2.3 and
5.7. 0

Proposition 5.18 Let X be a chain and x1,x2 € X. Then, (z1,22) € 7(C3).

Proof. 1t suffices to prove that for every ((zq)acp,z,Z) € CZ, x € (x1,x2) we have that

{deD:x4¢ (x1,22)} € Z. Let ((zq)aep,z,T) € C. Then, (24)aecn 2292, 4. Therefore,
there exist subsets M and N of X such that:

(1) z=\VM=AN.
(2) For each me M andn € N, {d € D : x4 ¢ [m,n]} € L.
Let mg € M and ng € N such that z; < mg < x <ng < x3. Then,

{d €D :xy ¢ [mo,’no]} cT.

Since
{deD:xg¢ (x1,22)} C{d € D:xq¢[mo,nol},

we have {d € D : x4 ¢ (v1,22)} €Z. O

Proposition 5.19 Let X be a poset and x,y, 2z € X. Then, the following statements hold:

(1) <, y if and only if for every net (z4)4ep in X and every non-trivial ideal Z on D
such that (x4)qep 2792, 4 we have {deD:zqFa}el

(2) z 4y if and only if for every net (x4)gep in X and every non-trivial ideal Z on D
such that (x4)qep 2792, 4 we have {deD:axg Lz} el

Proof. (1) (<) Let (z4)d4ep be net in X such that (x4)qep -2 y. Consider the ideal Zp.

Then, (24)dep In=oa, y and therefore, {d € D : x4 # x} € Ip. By the definition of Zp
there exists dy € D such that {d € D : x4 2 2} C {d € D :d # dp}. Therefore, x4 > z for
every d > dy.

(=) Let (24)aep be anet in X and Z a non-trivial ideal on D such that (z4)4ep EanicN Y.
Then, by Proposition 5.7, (yx)5ea, 22, y. Thus, there exists Ao € Az such that yy > « for
all A > Ag. By Proposition 2.3 {d € D : zq # 2} € T.

(2) Is similar to the proof of (1). O

Proposition 5.20 The ideal-oo-convergence in a poset X is topological if and only if X 1is
an Oz-doubly continuous poset.

Proof. According to Theorem 4.11 in [10] and Proposition 5.17 we have the result. O

Corollary 5.21 The ideal-oo-convergence in every finite lattice, every chain or antichain
1s topological.
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Proof. Ts a direct consequence of Remark 3.3 in [10] and Proposition 5.20. O
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