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ABSTRACT. Furuta inequality and Ando-Hiai inequality have been actively investi-
gated since they were established about thirty years ago. Recently, Kian and Seo
obtained the Ando-Hiai type inequality with negative powers as follows: For A, B > 0,
Ab_o B < I for @ € [0,1] implies A" fj_o B" < I for r > 1. Related to this result,
Fujii and Nakamoto obtained Furuta type inequality with negative powers. Moreover,
they discussed these generalizations. In this paper, we improve their results based on
properties of Furuta inequality and Ando-Hiai inequality.

1 Introduction

Throughout this paper, an operator means a bounded linear operator on a complex
Hilbert space. For convenience, we denote A > 0 (resp. A > 0) if A is a positive (resp.
strictly positive) operator.

First of all, we state Furuta inequality [10] established in 1987 (cf. [2, 11, 15, 19, 23]):
If A> B >0, then for each r > 0,

(i) (B5APB3)T > B and (i) A% > (A3 BPA%)7

hold for p > 0 and ¢ > 1 with (1 + r)g > p + r. We remark that Furuta inequality is a
generalization of Loewner-Heinz theorem “A > B > 0 ensures A* > B® for any o € [0, 1],”
and also it is known that (i) is equivalent to (ii) under the assumption A > B > 0. As stated
in [19] (cf. [11]), Furuta inequality can be arranged in terms of the weighted geometric mean

fo defined by Aty B = A2(AZ BA7)*A% for A,B>0and a € [0,1]:

(F) A>DB>0 implies A*Tﬁ%TBprgAgB*TﬁHTT AP for p>1andr > 0.
(F) is sometimes called the satellite theorem for Furuta inequality.

On the other hand, in 1994, Ando and Hiai [1] obtained the following inequality called
Ando-Hiai inequality as follows: For A, B > 0,

(AH) Aty B<Ifor o€ (0,1) implies A"#, B" <I forr > 1.

We remark that they obtained the log majorization theorem by using (AH).

As a generalization of Furuta and Ando-Hiai inequalities, Furuta established grand Fu-
ruta inequality in [13] (cf. [7, 14, 15, 16, 25]): If A > B > 0 with A > 0, then for each
te[0,1] and p > 1,

AT > (AT (AT BPAT )P AS ) Ghee
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holds for r > ¢ and s > 1. Similarly to (F), it is known in [13] that grand Furuta inequality
can be arranged in terms of the weighted geometric mean, that is, we can get the satellite
theorem for grand Furuta inequality:

(SGF) A> B >0 implies AT B oa—egr (A_t s Bp) < AT fi-e:r BP<B<A

—t)s+r p—t+r

fort € [0,1], p> 1,7 >t and s > 1, where A, B = A%(A%IBA%I)O‘A% for a € R. The
notation fi, is the same as f, if & € [0,1]. We remark that (SGF) leads (F) by putting ¢t = 0
and s = 1, and also (SGF) leads the equivalent inequality to (AH) by putting ¢ = 1 and
s =r. On Ando-Hiai inequality, its generalization was shown in [8], and also related topics
were discussed in [5, 18].

Recently, Kian and Seo [22] obtained the Ando-Hiai type inequality with negative powers
as follows:

Theorem 1.A ([22]). For A,B >0,

(KS) At_oB<I foracl0,1] implies A"fh_oB" <I for0<r<1.

Fujii and Nakamoto [9] discussed generalizations of Theorem 1.A, and also they obtained
the Furuta type inequality with negative powers as follows:

Theorem 1.B ([9, Theorem 3.1]). If A> B >0, then A" uli BP < A holds forp < —1
ptr
and r € [-1,0].

By replacing p,r by —p, —r respectively, we can rewrite Theorem 1.B as follows:

(FN) A>B>0 implies A"f#1. BP <A™ forp>land0<r<1.

p+r

We remark that the equivalence between two inequalities

A"hay BP<A and A "#i, BP <A

—p—r ptr

can be shown by using the relation
(%) Ay, B=A(A1y,. B HA.

Fujii and Nakamoto [9] also discussed the grand Furuta type inequalities. We state them
later.

In this paper, from the viewpoint of the satellite theorem for Furuta inequality, we
improve some results in [9], and also we discuss relations among Theorem 1.A, Theorem
1.B and our results.
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2 Furuta type inequalities and their grand Furuta type generalizations

Firstly, we show an improvement of (FN).

Theorem 2.1. Let A> B >0 and r > 0. Then for p > 1, the following inequalities hold.

< Bl*2r < A172'r'
(2.1) AT Bir BP {_ -

if0<r<ig,
Fr S A172'r g 31727‘ Zf% S r g ]_7
(2.2) A g, BY > AV e > 1.
Proof. Firstly, we show (2.1). If 0 < r < 1, then we have
AT ﬂl;r BP S B~" ﬂl;r BP — Bl—2r
T T
and
—r D AT N —r N D
AT e BP = AT e (AT fe BP)

<A " H#is -r s BPY=A""8.:_~ < A" Hai-s = Al7?,
<A ﬁ%r(B ﬂ%B) A ﬁ}ﬁB_A ljiTTA A
Therefore we obtain (2.1) since Bl=2r < A1=2" holds if 0 < r < % and A172r < pl-2r
holds if % <r<I1.

If r > 1, then we have (2.2) since
AT h% BY = A7"(A" jj% B7P)A™T

_ A—T‘(B_p ﬁlj'r—p A’I‘)A—T‘ 2 A TAATT = A1—2r
holds by (%) and (F).

O

Next, we discuss grand Furuta type generalizations of Theorem 2.1. As a generalization
of Theorem 1.B, Fujii and Nakamoto [9] showed the following result related to grand Furuta
inequality.

Theorem 2.A ([9, Theorem 3.4]). If A> B >0 and t € [0,1], then

ATy L, (A8 BP)< A
r+(p—t)s
—t —2r—(1-t)
holds for p < =1, r € [0,t] and s € [max {—p L, 7;4 71}-

Replacing p by —p and using (x), Theorem 2.A can be rewritten as follows: If A > B > 0
and t € [0,1], then

r—(p+t)s

ATty FHT(AWSBﬂUSAﬁtmnm,ApimtTr(A%ﬁJV)gAk%F”
pt+t)s—r
holds for p > 1, r € [0,¢] and s € {max{

t 1—t+2r
prt? pt }71}'

Here, we show an improvement of Theorem 2.A.
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Theorem 2.2. Let A>B>0and 0<r <t <1. Then

At (A

(p+t)s—r

—tﬁ Bp) < Bl—2(t—r) < A1—2(t—7") ZfO
s < Al-2(t-r) < Bl-2(t-r) Zf%

1—t+42r
holds for p > 1 andW <s<l1.

Proof. Noting that 0 < (pl;f)l'z <1land 0<t—r <1 hold, we have

AT e (AT BY) S BT e (BT BY) = BT

(p+t)s

Next we show A"~* ﬁ 1ir (A7t 4, BP) < A'2(27) by dividing into three cases.

Foys—7

(p+t)s —t > 1 holds, then

A8 e (AT BY) S A e (B4, BY) = AT 1 BORO

Fis—r pFt)ys—r iDs—r

=Ar‘tu—i;:tr( T e BRI

PFOs—tF(t—7)

< ATt uijrff’ (Br_tﬂ () B(p+t)s—t)

(pFt)s—t+(t—r)

= A"t ﬁ17t+r B
I+t—r
<A T g, A= A2,

T+t—r

If0<(p+t)s—t <1 holds, then

A e (AT BY) S A i (BT B = AT i, B

t)s ™

< AT tli Lt A(p+t)s t Al 2(t— r).
(pt+t)s—r

If (p+t)s —t < 0 holds, then

p+t

< A_t ﬁ(ptt)s (B_t ﬁ# Bp) = A_t ﬁ(?tt)s I= A(p+t)s_t

p+t

AT B = A7 uns (A7 E o BY)

so that we have

AT tn 1 (A tﬁ BP) < A" tﬁ —— A(P-‘rt)s—t — gl-2(t-r)

(pF+t)s—r (pFt)ys—r

Therefore we obtain the desired result since B =2(t=m) < A1=2(t=7) holds if 0 < t—7r <

and A1=2(t=7) < B1=2(t=7) Llds if 1<t—r<i.

If

1
2
O

We remark that Theorem 2.2 (grand Furuta type inequality) interpolates Theorem 2.1

(Furuta type inequality) and Theorem 1.A (Ando-Hiai type inequality) as follows:

By

putting s = 1 and 7 = 0 (and replacing ¢ by r) in Theorem 2.2, we have (2.1) in Theorem

2.1.

On the other hand, by putting ¢ = 1, Theorem 2.2 implies the following Theorem 2.3,

which is an improvement of [9, Theorem 3.2].
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Theorem 2.3. Let A>B>0and 0<r <1. Then

< B27‘71 < A2r71 ’Lf% <r< 17

(p+1)s—r < A2r—1 < BQr—l ifO <r< %

AT e (AT BP) {

2r
holds for p > 1 and T <s<1.

Theorem 2.3 implies the following result by putting s = r.

Corollary 2.4. Let A> B >0 and 0 <r <1. Then
A'rfl Ijl (A71 ﬂr Bp) § A2r71

holds for p > 1.

We understand that Theorem 1.A is equivalent to Corollary 2.4 by the replacements
S=A1 T=(A2BA 2)“andp= L as follows: For a € [0, 1],

Ay_oB<I & (A7BA3) <A™ «— §>T.
Since T = (A"2BA™2)~“ is equivalent to B = (S2T52)~!, for r € [0,1],
AT o B' < < S o (S2T=82)7" <]
— 5 {ST o (S%Tésé)’”} ST <T by (%)
— g {S’“—l fo (S, T%)} St <
— Sl (ST, TP) < §F L

3 Inequalities for chaotic order

In this section, we show a generalization of Theorems 2.1 and 2.2.

Theorem 3.1. Letlog A > logB for A,B >0 and 0 <r <t.

(i) Forp>0 andl_;%%gsgl,

< B2 gfo<t—r<g
r—t . —t P — — = 2>
A ﬁ(ﬁwﬁ(A ﬂSB){ Al—2(-r) zfégtfrgl.
(ii) Forp >0 and% <s<1,
At I (A7t 4, BP) > AV205) g — > 1.
pt+t)s—r
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We remark that inequalities in Theorem 3.1 hold for chaotic order log A > log B, which
is weaker assumption than usual order A > B, and Theorem 3.1 holds for some looser
conditions of parameters than Theorem 2.2. Moreover, Theorem 3.1 gives a generalization
of Theorem 2.1 by putting s = 1 and » = 0 (and replacing ¢ by r).

In order to prove Theorem 3.1, we use the following theorem in [16] (see also [3, 6, 12,
21, 26]).

Theorem 3.A ([16]). Let A, B > 0. Then the following assertions are mutually equivalent.
(i) log A > log B.

(ii) For any fized ¢ > 0, Fy(p,r) = A™" $41r BP is decreasing for p > q and r > 0.

p+r
(iii) For any fized ¢ <0, Fy(p,r) = A™" 44+ BP is decreasing for p > 0 and r > —q.

p+r

Since log A > log B is equivalent to log B~! > log A~!, Theorem 3.A ensures that
log A > log B implies the following two statements.

(i) For any fixed ¢ > 0, ﬁq(p7 r) = B™" 4+ AP is increasing for p > ¢ and r > 0,
p+r

(ii) For any fixed ¢ <0, ﬁq(p, r) = B™" #4+ AP is increasing for p > 0 and r > —q.

p+r

We remark that log A > log B implies that

Fy(p,7) < Fy(p,0) =B? forp>qgandr>0ifqg>0,

3.1
(3:-1) Fy(p,r) < Fy(p,—q) =A? forp>0andr>—qifg<0

by Theorem 3.A, and also the similar inequalities hold for ﬁq (p,7).

Proof of Theorem 3.1. By (3.1), log A > log B implies

< BlH)s=t if (p 4 t)s —t >0
3.2 A U8, BP = A7 rysmiee BP{ =
( ) ﬁ ﬁ(l’+]})+t + {S A(ert)Sft if (p + t)S —t S 0
forp>0,t>0and 0 <s < 1.
Firstly, we show (i). We may assume t—r < 1. We note that 1 —¢t+r > 0, (p+t)s—r >0

and 0 < (;_:t‘;iir <1 hold. If (p +t)s —t > 0, then

AT e (AU, BP) < ATTUE 4., BPTDSTE

(pFt)s—r (pFt)s—r

< B2 i1 -2t — )
<AV - 2(t — 1)

holds for ¢t —r > 0, where the first inequality holds by (3.2) and the second ones hold by

(3.1) since (;;tt)'gir = %;ft()t;fzi((:::)) If (p+1t)s—t <0, then

>0,
<0

A aeee (AT BP) S AT oo ARTOSTE o 417200

(pt+t)s—r

holds by (3.2). In this case, % < s < ﬁ holds, so that 1 — 2(¢ —r) < 0 holds.

Therefore the proof of (i) is complete.
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Next we show (ii). We note that 1 —¢t+7 <0, (p+¢t)s—r >0and -1 < (le:tt)JSrir <0
hold. If (p 4+ t)s — t > 0, then

ATt e (ATME, BP) = AT {At"" b1, (AT, BP)—l} ATt

PFs—7 pFhs—r

> Arft {Atf'r ﬁ P B*((pﬁLt)sft)}Arft

+bs—r

= ATt {B—((P-‘rt)s—t) ﬁ L (ptye—t At—r} ATt
> A7‘—tAA7'—t _ Al—2(t—’r‘)
holds for t — r > 1 by (3.2) and Theorem 3.A. If (p +¢)s — ¢t < 0, then

ATt 1 aoser (A7t BP) > A"y 1oy, APHDs—E = p1=2(m)
p+t

Fhys—r Fbs—r

holds by (3.2). Therefore the proof of (ii) is complete. O

4 Inequalities for s < %

t_ l—t42r
p+t < ptt
tion of [9, Theorems 3.6 and 3.8], we obtain the following results.

In [9], Fujii and Nakamoto also considered the case s = . As a generaliza-

Theorem 4.1. Let A> B >0 and 0 <r <¢t. Then

A7y e (AP, BPY < AT ﬂ# BP < A1-2(-7)

rhs—r

holds for p > 1 and max{lig_ﬁ;, pit} <s< % with (p+t)s —r # 0.

Theorem 4.2. Letlog A >1logB for A,B>0and0<r <t witht—r> % Then

Ar—th 1—t4r (A—t ﬁs B;D) < At hﬂ BP < A1—2(t—7-)

(p+t)s—r Pt

holds for p > 0 and max{lz_(;ir?)", ﬁ} <s< % with (p+t)s —r # 0.

In order to prove Theorems 4.1 and 4.2, we use the following inequalities in [20] known
as the Furuta type inequalities with negative powers (cf. [4, 17, 24, 27]).

Theorem 4.A ([20]). If A> B >0 with A > 0, then the following inequalities hold.

(i) Ath;%tBPSBSAholdsf0r0§t<p§1withpz%.

(i) Azt B? < B < A holds for 0 <t <p < 3.

By replacing A, B,p,t by A, B?, g, 5 respectively, we have the following proposition.
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Proposition 4.3. Let A > 0 and B > 0. If A? > B? for q > 0, then the following
inequalities hold.

(i) AtbngnggAq holds for 0 <t < p < q withp > 1.

o\ at q
(ii)) A h%Bprquq holds for 0 <t <p < 1.

Proof of Theorem 4.1. By Furuta inequality, A > B > 0 implies
(4.1) AV > (AZBPAS)wrr

forp>1andt>0. Put A, = A'** and By = (A%BPA%)ﬁ. Then A? > B{ holds for

0 < ¢ <1by (4.1) and Loewner-Heinz theorem. Then by putting p; = (plft)s, t1 = 1p; and
q= 1_1’:2%, (i) in Proposition 4.3 ensures that
At B < BY < Af
P1—t1
holds for 0 < #; < p; < ¢ <1 with p; > £, that is,
A" aoier (A%BPA%)S < (AéBpAé)l;ﬂjzr < Al-ther

(ptt)s—r

holds for 0 < r < t, p > 1 and max 12_(515)7’7]0;} < s < % with (p+t)s —r # 0.

Therefore we have the desired result. O

Proof of Theorem 4.2. By Theorem 3.A, log A > log B implies
(4.2) At > (A3 BPA%)wte

forp >0and t > 0. Put 4, = A® and By = (A%BPA%)ﬁ, Then A{ > B holds for
0 < ¢ <1 by (4.2) and Loewner-Heinz theorem. Then by putting p; = (ptt)s 4 — 7 and

t )
q= #, (i) in Proposition 4.3 ensures that
AT e BY' < Bf < Af
p1—t1
holds for 0 < t; < p1 < ¢ <1 with p; > 4, that is,
1—t+42r

A" 2 (ATBPA3)S < (A2BPAZ) pit. < A4

(p+t)s—r

holdsfor0 <r <t,p>0,t—r > % and max { 12_(513;, p:_t} <s< 1_;%% with (p+t)s—r #

0. Therefore we have the desired result. O

Theorems 3.1 and 4.1 ensure the following, which is a slight extension of [9, Theorems
3.6 and 3.8].
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Theorem 4.4. Let A>B>0and 0<r <t with—1<1-2(t—r)<t. Then

(4.3) AT e (ATHE BP) < A0

Fos—

holds forp > 1 and s = #.

Proof. By putting s = zﬁ in Theorem 4.1, (4.3) holds for 0 <1 —2(t —r) < t. By putting

s= ﬁ in (i) of Theorem 3.1, (4.3) holds for —1 <1 —2(t —r) <0. O
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